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�¢¥¤¥­¨¥
� âà¥âì¥¬ â®¬¥ ý�ãàá  ¤¨ää¥à¥­æ¨ «ì­®£® ¨ ¨­â¥£à «ì-

­®£® ¨áç¨á«¥­¨ïþ �à¨£®à¨ï �¨å ©«®¢¨ç  �¨åâ¥­£®«ìæ  [1]
¥áâì à §¤¥«ë, ¯®á¢ïé¥­­ë¥ á«¥¤ãîé¥© ¯à®¡«¥¬¥. �® § -
¤ ­­®¬ã âà¨£®­®¬¥âà¨ç¥áª®¬ã àï¤ã ­ã¦­® ãáâ ­®¢¨âì, çâ®
®­ áå®¤¨âáï ª ­¥ª®â®à®©  ¡á®«îâ­® ¨­â¥£à¨àã¥¬®© ­  [−π, π]
äã­ªæ¨¨ ¨ ï¢«ï¥âáï ¥ñ àï¤®¬ �ãàì¥.

�®«ìè®© ¢ª« ¤ ¢ à¥è¥­¨¥ íâ®© ¯à®¡«¥¬ë ¢­¥á  ­£«¨©áª¨©
¬ â¥¬ â¨ª �­£ (W.H. Young, 1863{1942). �¥§ã«ìâ âë ¥£® ¨á-
á«¥¤®¢ ­¨© ¨§«®¦¥­ë ¢ ã¯®¬ï­ãâ®¬ ªãàá¥ ¢ ¢¨¤¥ ­¥áª®«ìª¨å
â¥®à¥¬. �¤¥áì ¤®ª § ­  â¥®à¥¬ , ª®â®à ï ¢ 692 à §¤¥«¥ [1] ®¡®-
§­ ç¥­  ª ª ãâ¢¥à¦¤¥­¨¥ ­®¬¥à âà¨. � ¯®áª®«ìªã ¢á¥ ãâ¢¥à¦-
¤¥­¨ï ¢ à §¤¥«¥ ¯à¨­ ¤«¥¦ â �­£ã, ­ §®¢¥¬ ¥ñ âà¥âì¥© â¥®-
à¥¬®© �­£ .

�®ª § â¥«ìáâ¢® âà¥âì¥© â¥®à¥¬ë �­£  ¢ [1] ®¯¨à ¥âáï
­  â¥®à¥¬ë, ®âáãâáâ¢ãîé¨¥ ¢ ä¨§â¥å®¢áª®© ¯à®£à ¬¬¥ ¬ â¥-
¬ â¨ç¥áª®£®  ­ «¨§  [2{8]. �¤¥áì ¯à¥¤áâ ¢«¥­® íâ® ¤®ª § -
â¥«ìáâ¢® ¢ ¨§¬¥­¥­­®¬ ¢¨¤¥. �®ª § â¥«ìáâ¢® ¨§¬¥­¥­® â ª,
çâ®¡ë ¬®¦­® ¡ë«® ®¯¨à âìáï ­  â¥®à¥¬ë ¨§ ä¨§â¥å®¢áª®© ¯à®-
£à ¬¬ë ¬ â¥¬ â¨ç¥áª®£®  ­ «¨§ . �¤¥¨, ¯à¨¬¥­ï¥¬ë¥ ¯à¨
¤®ª § â¥«ìáâ¢¥ â¥®à¥¬, § ç áâãî ¯®§¢®«ïîâ à¥è âì â ª¨¥ § -
¤ ç¨, ª®â®àë¥ ­¥ à¥è îâáï ¯à¨¬¥­¥­¨¥¬ á ¬¨å íâ¨å â¥®à¥¬.
� ç áâ­®áâ¨, ª â ª¨¬ ¨¤¥ï¬ ®â­®á¨âáï ¯à¥®¡à §®¢ ­¨¥ �¡¥«ï,
¯à¨¬¥­ï¥¬®¥ ¯à¨ ¤®ª § â¥«ìáâ¢¥ ¯à¨§­ ª  �¨à¨å«¥ áå®¤¨-
¬®áâ¨ àï¤®¢. �®íâ®¬ã  ¢â®àë á®ç«¨ ¯®«¥§­ë¬ ¯®¢â®à¨âì ¤®-
ª § â¥«ìáâ¢  ­¥ª®â®àëå ¨§¢¥áâ­ëå â¥®à¥¬. �à®¬¥ â®£®, ¨¬¥ï
®¯ëâ ¯à¥¯®¤ ¢ ­¨ï ¢ ����,  ¢â®àë §­ îâ ¬®¬¥­âë ¢ ¤®-
ª § â¥«ìáâ¢ å ¨ ®¯à¥¤¥«¥­¨ïå, ­  ª®â®àë¥ ¤ ¦¥ ¤®áâ â®ç­®
á¨«ì­ë¥ áâã¤¥­âë ­¥ ®¡à é îâ ¢­¨¬ ­¨¥. � áâ®ïé¥¥ ¯®á®¡¨¥
¯à¥¤­ §­ ç¥­® ­¥ ¤«ï ­ ãç­®£® ¦ãà­ « . �®íâ®¬ã ­¥ª®â®àë¥
¬¥áâ  ¯®á¢ïé¥­ë ­ ¯®¬¨­ ­¨ï¬, ®¡à é¥­¨î ¢­¨¬ ­¨ï ­  ¤¥-
â «¨. �á¥ íâ® ¤¥« ¥â â¥ªáâ ¯®«¥§­ë¬ ¤«ï § ªà¥¯«¥­¨ï §­ ­¨ï
â¥®à¨¨ àï¤®¢ �ãàì¥.
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1. �á­®¢­ë¥ â¥à¬¨­ë ¨ ä®à¬ã«¨à®¢ª  â¥®à¥¬ë
�á«¨ äã­ªæ¨ï ¨ ¥ñ ¬®¤ã«ì ¨­â¥£à¨àã¥¬ë ¯® �¨¬ ­ã ­  ­¥-

ª®â®à®¬ ®âà¥§ª¥ (¢®®¡é¥ £®¢®àï, ¢ á¬ëá«¥ ­¥á®¡áâ¢¥­­®£® ¨­-
â¥£à «  �¨¬ ­  á ª®­¥ç­ë¬ ç¨á«®¬ ®á®¡¥­­®áâ¥©), â® äã­ªæ¨ï
­ §ë¢ ¥âáï  ¡á®«îâ­® ¨­â¥£à¨àã¥¬®© ­  íâ®¬ ®âà¥§ª¥.

� ¯®¬­¨¬ á¬ëá« ¢ëà ¦¥­¨ï ýàï¤ q0
2 +

∞∑
k=1

qk cos kx +

+ sk sin kx ï¢«ï¥âáï àï¤®¬ �ãàì¥ á¢®¥© áã¬¬ëþ. �â® ®§­ ç ¥â
á«¥¤ãîé¥¥.

�ãé¥áâ¢ã¥â  ¡á®«îâ­® ¨­â¥£à¨àã¥¬ ï ­  ®âà¥§ª¥
[−π, π] äã­ªæ¨ï f(x) â ª ï, çâ® ¢® ¢á¥å â®çª å ®âà¥§ª 
[−π, π] (§  ¨áª«îç¥­¨¥¬, ¬®¦¥â ¡ëâì, ª®­¥ç­®£® ç¨á«  â®-
ç¥ª) àï¤ q0

2 +
∞∑

k=1

qk cos kx+ sk sin kx áå®¤¨âáï ª äã­ªæ¨¨ f(x).

�à¨ íâ®¬ ª®íää¨æ¨¥­âë �ãàì¥ äã­ªæ¨¨ f(x) à ¢­ë ª®íä-
ä¨æ¨¥­â ¬ àï¤ , â.¥.
1
π

∫ π

−π
f(x) dx = q0;

1
π

∫ π

−π
f(x) cos kx dx = qk, k = 1, 2, 3, . . .;

1
π

∫ π

−π
f(x) sin kx dx = sk, k = 1, 2, 3, . . .

�¥¯¥àì áä®à¬ã«¨àã¥¬ âà¥âìî â¥®à¥¬ã �­£ .
�¥®à¥¬ . �á«¨ ª®íää¨æ¨¥­âë àï¤  q0

2 +
∞∑

k=1

qk cos kx

{ ¬®­®â®­­® ã¡ë¢ ï, áâà¥¬ïâáï ª ­ã«î;
{ à §­®áâ¨ á®á¥¤­¨å ª®íää¨æ¨¥­â®¢ â ª¦¥ ¬®­®â®­­® ã¡ë-

¢ îâ,
â.¥.

qk → 0 ¯à¨ k →∞;

∆k = qk − qk+1 > 0, k = 0, 1, 2, 3, . . .; (1)
λk = ∆k −∆k+1 > 0, k = 0, 1, 2, 3, . . .; (2)

â®
1) àï¤ áå®¤¨âáï ¯à¨ ¢á¥å x ∈ [−π, π], ªà®¬¥, ¬®¦¥â ¡ëâì, â®çª¨

x = 0;
2) áã¬¬  àï¤  ¢ â®çª å áå®¤¨¬®áâ¨ ­¥®âà¨æ â¥«ì­ ;
3) àï¤ ï¢«ï¥âáï àï¤®¬ �ãàì¥ á¢®¥© áã¬¬ë.

5



�®ª § â¥«ìáâ¢® âà¥âì¥© â¥®à¥¬ë �­£  ­ ç¨­ ¥âáï á ¨á-
¯®«ì§®¢ ­¨ï ¨¤¥©, ¯à¨­ ¤«¥¦ é¨å ¤àã£¨¬ ¬ â¥¬ â¨ª ¬, ¢
ç áâ­®áâ¨, �¡¥«î ¨ �¨à¨å«¥. � § ª«îç¨â¥«ì­ ï ç áâì ¯à¥¤-
«®¦¥­  á ¬¨¬ �­£®¬. � á®®â¢¥âáâ¢¨¨ á íâ¨¬ ¤®ª § â¥«ìáâ¢®
à §¡¨â® ­  âà¨ íâ ¯ . � à §¤¥« å ý�å®¤¨¬®áâì àï¤ þ ¨
ý�¥¬¬ þ ¨§«®¦¥­ë à¥§ã«ìâ âë, ª®â®àë¥ ¡ë«¨ ¨§¢¥áâ­ë ¤® à -
¡®â �­£ . �ª« ¤ á ¬®£® �­£  á®®â¢¥âáâ¢ã¥â à §¤¥«ã ý�®ª -
§ â¥«ìáâ¢® �­£ þ.

�®£¤  â¥®à¥¬  ¡ã¤¥â ¤®ª § ­ , ¢ à §¤¥«¥ ý�à¨¬¥à ¯à¨¬¥-
­¥­¨ï âà¥âì¥© â¥®à¥¬ë �­£ þ ¯®ª ¦¥¬, çâ® àï¤

∞∑
k=2

cos kx
ln k ï¢-

«ï¥âáï àï¤®¬ �ãàì¥ á¢®¥© áã¬¬ë.

2. �å®¤¨¬®áâì àï¤ 
� â¥®à¨¨ àï¤®¢ �ãàì¥ ¢ ¦­®¥ ¬¥áâ® § ­¨¬ îâ ä®à¬ã«ë

ã¯à®é¥­¨ï ï¤¥à �¨à¨å«¥ ¨ �¥©¥à . �®­¨¬ ­¨¥ á®®â¢¥âáâ¢ã-
îé¨å ¢ëª« ¤®ª § ­¨¬ ¥â ¬¥­ìè¥ ¢à¥¬¥­¨, ç¥¬ ¯®¨áª ¬¥áâ  ¢
ãç¥¡­¨ª¥, £¤¥ ®¯¨á ­ë íâ¨ ¢ëª« ¤ª¨. �®íâ®¬ã, á æ¥«ìî íª®-
­®¬¨¨ ¢à¥¬¥­¨ ç¨â â¥«ï, ¬ë ¯®¢â®à¨¬ ª« áá¨ç¥áª¨¥ á¯®á®¡ë
ã¯à®é¥­¨ï ¢ëà ¦¥­¨© ¤«ï ï¤¥à �¨à¨å«¥ ¨ �¥©¥à .

�¯à®áâ¨¬ ¢ëà ¦¥­¨¥ ¤«ï ï¤à  �¨à¨å«¥ Dn(x) = 1
2 +

+
n∑

k=1

cos kx ¯à¨ n = 1, 2, 3, . . . �®á¯®«ì§ã¥¬áï ä®à¬ã«®© ¨§
âà¨£®­®¬¥âà¨¨

2 sin α cosβ = − sin(β − α) + sin(α + β).

�ãáâì 0 < |x| 6 π, â®£¤  (sin x
2 6= 0 ¨ ¬®¦­® ¤¥«¨âì ­  sin x

2 )

Dn(x) =
1
2

+
n∑

k=1

cos kx =

=

((
2 sin

x

2

) 1
2

+
n∑

k=1

2 sin
x

2
cos kx

)
1

2 sin x
2

=

=

(
sin

x

2
+

n∑

k=1

[
− sin

(
k − 1

2

)
x + sin

(
k +

1
2

)
x

])
1

2 sin x
2

=
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=
{

sin
x

2
+

(
− sin

(
1− 1

2

)
x + sin

(
1 +

1
2

)
x

)
+

+
(
− sin

(
2− 1

2

)
x + sin

(
2 +

1
2

)
x

)
+ . . .+

+
(
− sin

(
n− 1− 1

2

)
x + sin

(
n− 1 +

1
2

)
x

)
+

+
(
− sin

(
n− 1

2

)
x + sin

(
n +

1
2

)
x

)}
1

2 sin x
2

=

=
sin

(
n + 1

2

)
x

2 sin x
2

, n = 1, 2, 3, . . .

�®«®¦¨¬ D0(x) = 1
2 , â®£¤  â®«ìª® çâ® ¯®«ãç¥­­ ï ä®à-

¬ã«  ¤«ï Dn(x) ¡ã¤¥â ¢¥à­  ¨ ¯à¨ n = 0:

Dn(x) =
1
2

+
n∑

k=1

cos kx =
sin

(
n + 1

2

)
x

2 sin 1
2 x

,

n = 0, 1, 2, 3, . . . , 0 < |x| 6 π

(3)

(áã¬¬ã
0∑

k=1

á«¥¤ã¥â áç¨â âì ­ã«¥¬). � ¬¥â¨¬, çâ® ¯à ¢ ï

ç áâì (3) ­¥ ®¯à¥¤¥«¥­  ¯à¨ x = 0,   ï¤à® �¨à¨å«¥ ®¯à¥¤¥-
«¥­® ¨ ­¥¯à¥àë¢­® ­  ¢á¥© ç¨á«®¢®© ®á¨ ª ª áã¬¬  ª®­¥ç­®£®
ç¨á«  ­¥¯à¥àë¢­ëå äã­ªæ¨©.

� ª« áá¨ç¥áª®© â¥®à¨¨ àï¤®¢ �ãàì¥ ¥áâì à §¤¥«, ¯®á¢ïé¥­-
­ë© áã¬¬¨à®¢ ­¨î íâ¨å àï¤®¢ ¬¥â®¤®¬ áà¥¤­¨å  à¨ä¬¥â¨ç¥á-
ª¨å. � ­¥¬ ¤®ª §ë¢ ¥âáï â¥®à¥¬  �¥©¥à . �®¢â®à¨¬ ¯¥à¢ë©
íâ ¯ ¤®ª § â¥«ìáâ¢  íâ®© â¥®à¥¬ë, ª®â®àë© á®áâ®¨â ¢ ã¯à®é¥-
­¨¨ ¢ëà ¦¥­¨ï ¤«ï ï¤à  �¥©¥à :

1
n + 1

n∑

k=0

Dk(x).

� à §¤¥«¥ ý�®ª § â¥«ìáâ¢® �­£ þ ­ ¬ ¯®âà¥¡ã¥âáï ¢ëà ¦¥-
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­¨¥, à ¢­®¥ ï¤àã �¥©¥à , ã¬­®¦¥­­®¬ã ­  ç¨á«® n + 1:

Pn(x) =
n∑

k=0

Dk(x) =
n∑

k=0

sin
(
k + 1

2

)
x

2 sin x
2

.

�à¥®¡à §ã¥¬ íâ® ¢ëà ¦¥­¨¥. �¬­®¦¨¬ ¨ ¯®¤¥«¨¬ ­  ¢ë-
à ¦¥­¨¥ 2 sin x

2 (®â«¨ç­®¥ ®â ­ã«ï ¯à¨ 0 < |x| 6 π) ¨ ¢®á¯®«ì-
§ã¥¬áï ä®à¬ã«®© ¨§ âà¨£®­®¬¥âà¨¨

2 sinα sinβ = cos(β − α)− cos(α + β).

�®£¤ 

Pn(x) =

(
n∑

k=0

2 sin
x

2
sin

(
k +

1
2

)
x

)
1(

2 sin x
2

)2 =

=

(
n∑

k=0

cos
(

k +
1
2
− 1

2

)
x− cos

(
k +

1
2

+
1
2

)
x

)
1(

2 sin x
2

)2 =

=

(
n∑

k=0

cos kx− cos(k + 1)x

)
1(

2 sin x
2

)2 =

=
{

(1− cosx) + (cosx− cos 2x) + (cos 2x− cos 3x) + . . .+

+(cos(n)x− cos(n + 1)x)
}

1(
2 sin x

2

)2 =

=
1− cos(n + 1)x(

2 sin x
2

)2 , n = 0, 1, 2, 3, . . . (4)

�¥à¥©¤¥¬ ª ®æ¥­ª ¬. �§¢¥áâ­®, çâ® | sin t| < |t| ¯à¨ «î¡®¬
t 6= 0. �®«ãç¨¬ ®æ¥­ªã äã­ªæ¨¨ | sin t| á­¨§ã ­  ®âà¥§ª¥

[
0, π

2

]
.

�ã­ªæ¨ï sin t ¢ë¯ãª«  ¢¢¥àå ­  ®âà¥§ª¥
[
0, π

2

]
. �®íâ®¬ã ¥¥ £à -

ä¨ª ¯à®å®¤¨â ¢ëè¥ ¯àï¬®©, ¯à®å®¤ïé¥© ç¥à¥§ ªà ©­¨¥ â®çª¨
¢ë¯ãª«®£® ãç áâª , â.¥. ç¥à¥§ â®çªã (0, 0) ¨ â®çªã

(
π
2 , 1

)
. �â 
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¯àï¬ ï ï¢«ï¥âáï £à ä¨ª®¬ «¨­¥©­®© äã­ªæ¨¨ t 2
π . �®íâ®¬ã

2
π
|t| 6 | sin t| ¯à¨ t ∈

[
0,

π

2

]
. (5)

�â® | ­¨¦­ïï ®æ¥­ª  äã­ªæ¨¨ | sin t|.
�®ª ¦¥¬, çâ® àï¤ q0

2 +
∞∑

k=1

qk cos kx áå®¤¨âáï ¯à¨ 0 < |t| 6 π
2 .

�â® ¬®¦­® ¤®ª § âì ¨á¯®«ì§ãï ¯à¨§­ ª �¨à¨å«¥. �¤­ ª® ¢
à §¤¥«¥ ý�®ª § â¥«ìáâ¢® �­£ þ ­ ¬ ¯®âà¥¡ã¥âáï ¢ëà ¦¥­¨¥
¤«ï ç áâ¨ç­ëå áã¬¬ à áá¬ âà¨¢ ¥¬®£® àï¤ , ¯®«ãç¥­­®¥ á ¯®-
¬®éìî ¯à¥®¡à §®¢ ­¨ï �¡¥«ï. � ª ¨§¢¥áâ­®, ¯à¨§­ ª �¨-
à¨å«¥ ¤®ª §ë¢ ¥âáï á ¯®¬®éìî ¯à¥®¡à §®¢ ­¨ï �¡¥«ï. �®-
íâ®¬ã ¯®¢â®à¨¬ ¤®ª § â¥«ìáâ¢® ¯à¨§­ ª  �¨à¨å«¥ ¯à¨¬¥­¨-
â¥«ì­® ª à áá¬ âà¨¢ ¥¬®¬ã àï¤ã ¨ \§ ®¤­®" ¯®«ãç¨¬ ¯à¥®¡-
à §®¢ ­¨¥ �¡¥«ï ç áâ¨ç­ëå áã¬¬.

�«ï íâ®£® § ¬¥â¨¬, çâ® 1
2 = D0(x) ¨ cosnx = Dn(x) −

− Dn−1(x), n = 1, 2, 3, . . . �à¥®¡à §ã¥¬ ¢ëà ¦¥­¨¥ ¤«ï
ç áâ¨ç­®© áã¬¬ë àï¤ . �«ï á®ªà é¥­¨ï § ¯¨á¨ ¢¬¥áâ® Dn(x)
¡ã¤¥¬ ¯¨á âì ¯à®áâ® Dn. �¬¥¥¬

Sn(x) =
q0

2
+

n∑

k=1

qk cos kx = q0D0 +
n∑

k=1

qk(Dk −Dk−1) =

= q0D0 + q1(D1 −D0) + q2(D2 −D1) + q3(D3 −D2) + . . .+
+qn−1(Dn−1 −Dn−2) + qn(Dn −Dn−1) =

= (q0 − q1)D0 + (q1 − q2)D1 + (q2 − q3)D2 + . . .+
+(qn−1 − qn)Dn−1 + qnDn. (6)

�â® à ¢¥­áâ¢® ­ §ë¢ ¥âáï ¯à¥®¡à §®¢ ­¨¥¬ �¡¥«ï áã¬¬ë
q0
2 +

n∑
k=1

qk cos kx.
� æ¥«ìî ¯à¨¬¥­¥­¨ï ªà¨â¥à¨ï �®è¨ ®æ¥­¨¬ à §­®áâì

Sn+p(x)−Sn(x), £¤¥ n ¨ p | ¯à®¨§¢®«ì­ë¥ ­ âãà «ì­ë¥ ç¨á« .
�á¯®«ì§ãï (6), ­ ¯¨è¥¬ ¢ëà ¦¥­¨¥ ¤«ï ç áâ¨ç­®© áã¬¬ë ¯®-
àï¤ª  n + p:
Sn+p(x) = (q0 − q1)D0 + (q1 − q2)D1 + (q2 − q3)D2 + . . .+
+(qn− qn+1)Dn +(qn+1− qn+2)Dn+1 +(qn+2− qn+3)Dn+2 + . . .+
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+(qn+p−2− qn+p−1)Dn+p−2 +(qn+p−1− qn+p)Dn+p−1 + qn+pDn+p.

�à ¢­¨¢ ï ¢ëà ¦¥­¨ï ¤«ï Sn+p(x) ¨ Sn(x), «¥£ª® ¢¨¤¥âì, çâ®

|Sn+p(x)− Sn(x)| =
=

∣∣∣∣−qnDn + (qn − qn+1)Dn + (qn+1 − qn+2)Dn+1 + . . .+

+(qn+p−2−qn+p−1)Dn+p−2+(qn+p−1−qn+p)Dn+p−1+qn+pDn+p

∣∣∣∣ 6

6 | − qnDn + (qn − qn+1)Dn|+ |(qn+1 − qn+2)Dn+1|+ . . .+
+|(qn+p−1 − qn+p)Dn+p−1|+ |qn+pDn+p| 6

6
{
|qn+1|+ |qn+1 − qn+2|+ |qn+2 − qn+3|+ . . .+

+|qn+p−2 − qn+p−1|+ |qn+p−1 − qn+p|+ |qn+p|
}

max
n6k6n+p

|Dk| =

=
{

qn+1 + (qn+1 − qn+2) + (qn+2 − qn+3) + . . .+

+(qn+p−2 − qn+p−1) + (qn+p−1 − qn+p) + qn+p

}
max

n6k6n+p
|Dk| =

= 2qn+1 max
n6k6n+p

|Dk|. (7)

�á¥ §­ ª¨ ¬®¤ã«ï ¬®¦­® ®¯ãáâ¨âì, ¯®áª®«ìªã à §­®áâ¨ á®-
á¥¤­¨å ª®íää¨æ¨¥­â®¢ ­¥®âà¨æ â¥«ì­ë ¯® ãá«®¢¨î â¥®à¥¬ë,
  á ¬¨ ª®íää¨æ¨¥­âë ­¥®âà¨æ â¥«ì­ë ¢ á¨«ã ¨å ¬®­®â®­­®£®
ã¡ë¢ ­¨ï ¨ áâà¥¬«¥­¨ï ª ­ã«î.

� ä¨ªá¨àã¥¬ ¯à®¨§¢®«ì­®¥ ç¨á«® δ ∈ (0, π]. �æ¥­ª  (7)
¯®«ãç¥­  ¯à¨ ãá«®¢¨¨ 0 < |x| 6 π. �à®¤®«¦¨¬ ¯à®æ¥áá ®æ¥­¨-
¢ ­¨ï ¯à¨ x ∈ [−π,−δ] ∪ [δ, π]. �®£¤ 

|Sn+p(x)− Sn(x)| 6 2qn+1 max
n6k6n+p

|Dk| =

= 2qn+1 max
n6k6n+p

∣∣∣∣∣∣
sin

(
k + 1

2

)
x

2 sin x
2

∣∣∣∣∣∣
6 qn+1

1∣∣∣2 sin x
2

∣∣∣
6

6 qn+1
1

2 sin δ
2

. (8)
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�à ¢ ï ç áâì ¯®«ãç¥­­®© ®æ¥­ª¨ ­¥ § ¢¨á¨â ®â x ¨ ®â p.
�ë¡¥à¥¬ ¯à®¨§¢®«ì­®¥ ç¨á«® ε > 0. �âà¥¬«¥­¨¥ ª®íää¨æ¨-
¥­â®¢ qn ª ­ã«î ¯à¨ n → ∞ ¯®§¢®«ï¥â § ª«îç¨âì, çâ® ¤«ï
ε̂ = ε2 sin δ

2 > 0 áãé¥áâ¢ã¥â Nbε â ª®¥, çâ® ¤«ï «î¡®£® n > Nbε
¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢® |qn| < ε̂. �®íâ®¬ã ®æ¥­ª  (8) ¤«ï «î-
¡®£® ­ âãà «ì­®£® n > Nbε, ¤«ï «î¡®£® ­ âãà «ì­®£® p ¨ ¤«ï
«î¡®£®x ∈ [−π,−δ] ∪ [δ, π] ¤ ¥â

|Sn+p(x)− Sn(x)| 6 ε̂
1

2 sin δ
2

= ε.

�® ªà¨â¥à¨î �®è¨ à ¢­®¬¥à­®© áå®¤¨¬®áâ¨ àï¤®¢ íâ® ®§­ -
ç ¥â, çâ® àï¤ áå®¤¨âáï à ¢­®¬¥à­® ¯® x ∈ [−π,−δ] ∪ [δ, π], £¤¥
δ ∈ (0, π].

�§ ¯®«ãç¥­­®£® à¥§ã«ìâ â  ­¥ á«¥¤ã¥â à ¢­®¬¥à­ ï áå®¤¨-
¬®áâì ¯® x ∈ [−π, 0) ∪ (0, π]. �¤­ ª®, ¯®áª®«ìªã ­¥â ®£à ­¨ç¥-
­¨ï ­  ¡«¨§®áâì ª ­ã«î ç¨á« 

δ ∈ (0, π],

àï¤ áå®¤¨âáï ¢ ®¡ëç­®¬ á¬ëá«¥ ¯à¨ «î¡®¬ (ä¨ªá¨à®¢ ­­®¬)
x ∈ [−π, 0) ∪ (0, π].

�®íâ®¬ã ¬®¦­® ¢¢¥áâ¨ ¢ à áá¬®âà¥­¨¥ äã­ªæ¨î f(x), ª®-
â®à ï ¯à¨ x ∈ [−π, 0) ∪ (0, π] ï¢«ï¥âáï áã¬¬®© à áá¬ âà¨¢ ¥-
¬®£® àï¤ :

f(x) =
q0

2
+

∞∑

k=1

qk cos kx, x ∈ [−π, 0) ∪ (0, π].

�à®¢¥¤¥­­ë¥ ­ ¬¨ ¨áá«¥¤®¢ ­¨ï ­¥ ¯®§¢®«ïîâ á¤¥« âì ­¨ª -
ª¨å ¢ë¢®¤®¢ ® áå®¤¨¬®áâ¨ àï¤  ¢ â®çª¥ x = 0.

�«¥¤áâ¢¨¥¬ à ¢­®¬¥à­®© áå®¤¨¬®áâ¨ àï¤  ¨§ ­¥¯à¥àë¢­ëå
äã­ªæ¨© ï¢«ï¥âáï ­¥¯à¥àë¢­®áâì f(x) ¯à¨ x ∈ [−π,−δ]∪ [δ, π].
�­®¢  ¢á¯®¬¨­ ï, çâ® ­¥â ®£à ­¨ç¥­¨ï ­  ¡«¨§®áâì ª ­ã«î
ç¨á«  δ ∈ (0, π], ¯à¨å®¤¨¬ ª ¢ë¢®¤ã: äã­ªæ¨ï f(x) ­¥¯à¥àë¢­ 
¢® ¢á¥å â®çª å x ∈ [−π, 0) ∪ (0, π].

� ¯®¬­¨¬, çâ® ¯®¤ áå®¤¨¬®áâìî ¨ à ¢­®¬¥à­®© áå®¤¨-
¬®áâìî àï¤  ¯®­¨¬ ¥âáï á®®â¢¥âáâ¢ãîé ï áå®¤¨¬®áâì ¯®á«¥-
¤®¢ â¥«ì­®áâ¨ ¥£® ç áâ¨ç­ëå áã¬¬. �®¤ëâ®¦¨¬ ¢ íâ¨å â¥à¬¨-
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­ å à¥§ã«ìâ âë à §¤¥« . (�¡ëç­ ï ¨ à ¢­®¬¥à­ ï áå®¤¨¬®áâ¨
¨¬¥îâ ¬¥áâ® ­  à §­ëå ¬­®¦¥áâ¢ å!)

�à¨ «î¡®¬ ä¨ªá¨à®¢ ­­®¬ x ∈ [−π, 0) ∪ (0, π] ¯®á«¥¤®¢ -
â¥«ì­®áâì Sn(x) áå®¤¨âáï ª f(x), â.¥. f(x) = q0

2 +
∞∑

k=1

qk cos kx.

�®á«¥¤®¢ â¥«ì­®áâì Sn(x) à ¢­®¬¥à­® ¯® x ∈ [−π,−δ] ∪
∪ [δ, π] áå®¤¨âáï ª f(x), ¥á«¨ 0 < δ 6 π.

�«¥¤áâ¢¨¥¬ à ¢­®¬¥à­®© áå®¤¨¬®áâ¨ àï¤  ¨§ ­¥¯à¥àë¢­ëå
äã­ªæ¨© ï¢«ï¥âáï ­¥¯à¥àë¢­®áâì f(x) ¯à¨ x ∈ [−π, 0) ∪ (0, π].
�­ ç¨â, ¥á«¨ f(x) ¨ ¨¬¥¥â ®á®¡¥­­®áâì, â® â®«ìª® ¢ â®çª¥ 0.

3. �¥¬¬ 
�¡à â¨¬ ¢­¨¬ ­¨¥, çâ® ¯à¨ ä®à¬ã«¨à®¢ª¥ íâ®© «¥¬¬ë ¯¥-

à¥ç¨á«ïîâáï â¥ ¦¥ á¢®©áâ¢  ç¨á¥« qk, ª®â®àë¥ áä®à¬ã«¨à®-
¢ ­ë ¤«ï ª®íää¨æ¨¥­â®¢ qk ¢ ãá«®¢¨ïå â¥®à¥¬ë �­£ .

�¥¬¬ . �á«¨ qk, k = 0, 1, 2, 3, . . . â ª®¢ë, çâ®
qk → 0 ¯à¨ k →∞

¨
∆k = qk − qk+1 > 0, k = 0, 1, 2, 3, . . . ,

λk = ∆k −∆k+1 > 0, k = 0, 1, 2, 3, . . . ,

â®
k ∆k → 0 ¯à¨ k →∞. (9)

�®ª ¦¥¬ íâã «¥¬¬ã. �á­®¢­®© ¬®¬¥­â ¤®ª § â¥«ìáâ¢  áâ -
­®¢¨âáï ®ç¥¢¨¤­ë¬ ¨§ à¨áã­ª , ª®â®àë© ¯à¥¤« £ ¥¬ ç¨â â¥«î
á¤¥« âì á ¬®áâ®ïâ¥«ì­®. �ã¦­® ®â¬¥â¨âì ­  ç¨á«®¢®© ¯àï¬®©
â®çªã 0 ¨ (¯à ¢¥¥) â®çªã q0. �¥¦¤ã íâ¨¬¨ â®çª ¬¨ ®â¬¥â¨âì
­¥áª®«ìª® â®ç¥ª qk, k = 1, 2, 3, . . . �­¨ á£ãé îâáï ª â®çª¥ 0.
�¥¬ ¡®«ìè¥ ­®¬¥à, â¥¬ «¥¢¥¥ â®çª . � ááâ®ï­¨ï ¬¥¦¤ã á®á¥¤-
­¨¬¨ â®çª ¬¨ | íâ® ∆k. �«¥¤ãîé¥¥ à ááã¦¤¥­¨¥ «ãçè¥ ¯®-
­¨¬ âì, á¢¥àïï ¢ëª« ¤ª¨ á à¨áã­ª®¬. �ë¡¥à¥¬ ¯à®¨§¢®«ì­®¥
­ âãà «ì­®¥ ç¨á«® m ¨ à áá¬®âà¨¬ (­¥®âà¨æ â¥«ì­ãî) à §-
­®áâì qm − q2m. �â  à §­®áâì ¥áâì áã¬¬  á®®â¢¥âáâ¢ãîé¨å
∆k. �å ª®«¨ç¥áâ¢® | m,   á ¬ë¬ ¬ «ë¬ ¨§ ­¨å ¡ã¤¥â

∆2m−1 = q2m−1 − q2m.

12



�®íâ®¬ã qm − q2m = (qm − qm+1) + (qm+1 − qm+2) + (qm+2 −
− qm+3) + . . . + (q2m−1 − q2m) =

= ∆m + ∆m+1 + ∆m+2 + . . . + ∆2m−1 > m∆2m−1 > 0.

�¥¢ ï ç áâì (qm−q2m) → 0 ¯à¨ m →∞, ¯®áª®«ìªã qk → 0 ¯à¨
k →∞. � ¯® â¥®à¥¬¥ ® § ¦ â®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¨¬¥¥¬

m∆2m−1 → 0 ¯à¨ m →∞. (10)

� «¥¥,

(2m− 1)∆2m−1 =
(2m− 1)

m
· (m∆2m−1) → 2 · 0 = 0 ¯à¨ m →∞.

�â ª, ãâ¢¥à¦¤¥­¨¥ «¥¬¬ë ¤®ª § ­® ¤«ï ­¥ç¥â­ëå ­®¬¥à®¢.
�®á¯®«ì§ã¥¬áï (10) ¥é¥ à §. � á¨«ã ¬®­®â®­­®áâ¨

∆2m 6 ∆2m−1.

�®íâ®¬ã ¤«ï ç¥â­ëå ­®¬¥à®¢ ¨¬¥¥¬

(2m)∆2m 6 2m∆2m−1 =
= (2m− 1)∆2m−1 + ∆2m−1 → 0 + 0 = 0 ¯à¨ m →∞.

�¥¬¬  ¤®ª § ­ .
(�¤¥ï ¤®ª § â¥«ìáâ¢  § ¨¬áâ¢®¢ ­  ¨§ [1].)

4. �®ª § â¥«ìáâ¢® �­£ 
� íâ®¬ à §¤¥«¥ ¨­®£¤  ¤«ï á®ªà é¥­¨ï § ¯¨á¨ ¢¬¥áâ®

Dk(x) ¨ Pk(x) ¡ã¤¥¬ ¯¨á âì ¯à®áâ® Dk ¨ Pk.
� à §¤¥«¥ ý�å®¤¨¬®áâì àï¤ þ á ¯®¬®éìî ¯à¥®¡à §®¢ ­¨ï

�¡¥«ï ¡ë«  ¯®«ãç¥­  ä®à¬ã«  (6) ¤«ï ç áâ¨ç­®© áã¬¬ë àï¤ .
�¥à¥¯¨è¥¬ ¥¥, ¨á¯®«ì§ãï ®¡®§­ ç¥­¨¥ ¨§ ä®à¬ã«¨à®¢ª¨ â¥®-
à¥¬ë ∆k = qk − qk+1:

Sn(x) = (q0 − q1)D0 + (q1 − q2)D1 + (q2 − q3)D2 + . . .+
+(qn−1 − qn)Dn−1 + qnDn =

= ∆0D0 + ∆1D1 + ∆2D2 + . . . + ∆n−1Dn−1 + qnDn.
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�à¨¬¥­¨¬ ¯à¥®¡à §®¢ ­¨¥ �¡¥«ï ¥é¥ à §. �«ï íâ®£®
¢á¯®¬­¨¬ ®¯à¥¤¥«¥­¨¥ Pk ¨ § ¬¥â¨¬, çâ®

D0 = P0 ¨ Dk =
k∑

i=0

Di−
k−1∑

i=0

Di = Pk−Pk−1, k = 1, 2, 3, . . .

�à¥®¡à §ã¥¬ ¢ëà ¦¥­¨¥
Sn(x) = ∆0D0 + ∆1D1 + ∆2D2 + . . .+

+∆n−2Dn−2 + ∆n−1Dn−1 + qnDn =
= ∆0P0 + ∆1(P1 − P0) + ∆2(P2 − P1) + . . .+

+∆n−2(Pn−2 − Pn−3) + ∆n−1(Pn−1 − Pn−2) + qnDn =
= P0(∆0 −∆1) + P1(∆1 −∆2) + P2(∆2 −∆3) + . . .+

+Pn−2(∆n−2 −∆n−1) + ∆n−1Pn−1 + qnDn.

�á¯®«ì§ãï ®¡®§­ ç¥­¨¥ ¨§ ä®à¬ã«¨à®¢ª¨ â¥®à¥¬ë λk =
= ∆k −∆k+1, § ¯¨è¥¬

Sn(x) =
n−2∑

k=0

Pkλk + ∆n−1Pn−1 + qnDn. (11)

� áá¬®âà¨¬ ®â¤¥«ì­® ¤¢  ¯®á«¥¤­¨å á« £ ¥¬ëå ¢ (11). (� -
¬¥â¨¬, çâ® ¯®áª®«ìªã qn → 0 ¯à¨ n →∞, â® ¨ ∆n = qn−qn+1 →
→ 0 ¯à¨ n →∞.)

� ä¨ªá¨àã¥¬ ¯à®¨§¢®«ì­®¥ ç¨á«® δ ∈ (0, π]. �«ï «î¡®£®
x ∈ [−π,−δ] ∪ [δ, π] ¢¥à­ë ®æ¥­ª¨ (n > 1)

0 6 |∆n−1Pn−1| = ∆n−1
1− cos((n− 1) + 1)x(

2 sin x
2

)2 6

6 ∆n−1
2(

2 sin x
2

)2 6 ∆n−1
2(

2 sin δ
2

)2

¨

0 6 |qnDn| = qn

∣∣∣∣∣∣
sin

(
n + 1

2

)
x

2 sin x
2

∣∣∣∣∣∣
6 qn

∣∣∣∣∣
1

2 sin x
2

∣∣∣∣∣ 6 qn
1

2 sin δ
2

.

�à ¢ë¥ ç áâ¨ íâ¨å ®æ¥­®ª ­¥ § ¢¨áïâ ®â x ¨ áâà¥¬ïâáï ª
­ã«î ¯à¨ n → ∞. �â® §­ ç¨â, çâ® ¤¢  ¯®á«¥¤­¨å á« £ ¥¬ëå
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¢ (11) à ¢­®¬¥à­® ¯® x ∈ [−π,−δ]∪ [δ, π] áâà¥¬ïâáï ª ­ã«î ¯à¨
n →∞.

� à §¤¥«¥ ý�å®¤¨¬®áâì àï¤ þ ¡ë«® ¤®ª § ­®, çâ® ¨ «¥¢ ï
ç áâì (11) à ¢­®¬¥à­® ¯® x ∈ [−π,−δ]∪ [δ, π] áâà¥¬¨âáï ª f(x)
¯à¨ n →∞.

�á­®¢ë¢ ïáì ­  à ¢­®¬¥à­®© áå®¤¨¬®áâ¨ âà¥å ¨§ ç¥âëà¥å
ç«¥­®¢ à ¢¥­áâ¢  (11), § ª«îç¨¬, çâ® àï¤

∞∑
k=0

Pkλk â ª¦¥ à ¢-

­®¬¥à­® ¯® x ∈ [−π,−δ] ∪ [δ, π] áå®¤¨âáï ¨ áå®¤¨âáï ª f(x).
�®áª®«ìªã ­¥â ®£à ­¨ç¥­¨ï ­  ¡«¨§®áâì ª ­ã«î ç¨á«  δ ∈

∈ (0, π], àï¤
∞∑

k=0

Pkλk áå®¤¨âáï ª äã­ªæ¨¨ f(x) ¢ ®¡ëç­®¬

á¬ëá«¥ ¯à¨ «î¡®¬ (ä¨ªá¨à®¢ ­­®¬) x ∈ [−π, 0) ∪ (0, π].
� áâ¨ç­ë¥ áã¬¬ë n-£® ¯®àï¤ª  ã àï¤®¢ q0

2 +
∞∑

k=1

qk cos kx ¨
∞∑

k=0

Pkλk ¬®£ãâ ­¥ á®¢¯ ¤ âì, ­® áã¬¬ë àï¤®¢ ¯à¨ x ∈ [−π, 0)∪
∪ (0, π] á®¢¯ ¤ îâ ¨ à ¢­ë f(x), â.¥.

f(x) =
∞∑

k=0

Pkλk =
∞∑

k=0

1− cos(k + 1)x(
2 sin x

2

)2 λk. (12)

� «ì­¥©è¥¥ ¨áá«¥¤®¢ ­¨¥ f(x) ¡ã¤¥¬ ¯à®¢®¤¨âì, ¨á¯®«ì§ãï
íâ® ¯à¥¤áâ ¢«¥­¨¥. �®áª®«ìªã ¢á¥ ç«¥­ë àï¤  (12) ­¥®âà¨æ -
â¥«ì­ë, â® f(x) > 0 ¯à¨ x ∈ [−π, 0) ∪ (0, π].

�®íâ®¬ã ®¡ëç­ ï ¨  ¡á®«îâ­ ï áå®¤¨¬®áâ¨ ­¥á®¡áâ¢¥­­®£®
¨­â¥£à «  ∫ π

−π
f(x) dx

á®¢¯ ¤ îâ. � á¨«ã ç¥â­®áâ¨ ¤®áâ â®ç­® ãáâ ­®¢¨âì áå®¤¨-
¬®áâì ­¥á®¡áâ¢¥­­®£® ¨­â¥£à « ∫ π

0
f(x) dx.

�ãé¥áâ¢®¢ ­¨¥ ¨­â¥£à «  �¨¬ ­  I(δ) =
∫ π
δ f(x) dx ¤«ï δ ∈

∈ (0, π] á«¥¤ã¥â ¨§ ­¥¯à¥àë¢­®áâ¨ f(x) ­  ®âà¥§ª¥ [δ; π] (á¬. ª®-
­¥æ à §¤¥«  ý�å®¤¨¬®áâì àï¤ þ). �ã­ªæ¨ï f(x) ¬®¦¥â ¨¬¥âì
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®á®¡¥­­®áâì â®«ìª® ¢ â®çª¥ x = 0. �®íâ®¬ã (¯® ®¯à¥¤¥«¥­¨î),
çâ®¡ë ¤®ª § âì áå®¤¨¬®áâì ­¥á®¡áâ¢¥­­®£® ¨­â¥£à « ∫ π

0
f(x) dx,

­ã¦­® ¤®ª § âì áãé¥áâ¢®¢ ­¨¥ ª®­¥ç­®£® ¯à¥¤¥«  äã­ªæ¨¨
I(δ) =

∫ π
δ f(x) dx ¯à¨ δ → +0. �®ª ¦¥¬, çâ® â ª®© ¯à¥¤¥«

áãé¥áâ¢ã¥â.
� ä¨ªá¨àã¥¬ ¯à®¨§¢®«ì­®¥ ç¨á«® δ ∈ (0, π]. �®á¯®«ì§ã¥¬áï

à ¢­®¬¥à­®© áå®¤¨¬®áâìî àï¤  (12) ­  ®âà¥§ª¥ [δ;π]. �«ï ε =
= 1 áãé¥áâ¢ã¥â â ª®¥ N1(= Nε), çâ® ¯à¨ ¢á¥å x ∈ [δ, π] ¨ ¤«ï
¢á¥å n > N1 ç áâ¨ç­ë¥ áã¬¬ë àï¤  (12) ¯®àï¤ª  n ¡ã¤ãâ ®â«¨-
ç âìáï ®â f(x) ¬¥­¥¥ ç¥¬ ­  ε = 1. �«ï ª ¦¤®£® â ª®£® n > N1

¡ã¤¥â ¢¥à­  ®æ¥­ª 

f(x) < 1 +
n∑

k=0

Pkλk, x ∈ [δ, π].

� «¥¥,

I(δ) =
∫ π

δ
f(x) dx 6

∫ π

δ

(
1 +

n∑

k=0

Pkλk

)
dx =

= (π − δ) +
n∑

k=0

λk ·
∫ π

δ
Pk dx 6 π +

n∑

k=0

λk ·
∫ π

δ
Pk(x) dx.

�ëà ¦¥­¨ï ¤«ï äã­ªæ¨© Pk(x) ¯à¥®¡à §ã¥¬, ¢á¯®¬­¨¢
®¯à¥¤¥«¥­¨ï Pn(x) ¨ Dn(x):

Pk(x) =
k∑

i=0

Di(x) =
1
2

+
k∑

i=1

Di(x) =

=
1
2

+
k∑

i=1


1

2
+

i∑

j=1

cos jx


 (13)

(áã¬¬ã
0∑

i=1
() á«¥¤ã¥â áç¨â âì ­ã«¥¬).

� ¬¥â¨¬, çâ® ä®à¬ã«  (13) ¯®«ãç¥­  ¯® ®¯à¥¤¥«¥­¨î ¨
¢¥à­  ¯à¨ «î¡ëå x,   ­¥ â®«ìª® ¯à¨ x ∈ [−π, 0) ∪ (0, π]. �®-
íâ®¬ã ¯à¨ ¢á¥å k = 0, 1, 2, . . . äã­ªæ¨¨ Pk(x) ­¥¯à¥àë¢­ë ¨,
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á«¥¤®¢ â¥«ì­®, ¨­â¥£à¨àã¥¬ë ­  [0, π]; ¢ á¨«ã ­¥®âà¨æ â¥«ì-
­®áâ¨ äã­ªæ¨© Pk(x) = 1− cos(k + 1)x(

2 sin x
2

)2 ¢¥à­ë ­¥à ¢¥­áâ¢ 

∫ π

δ
Pk(x) dx 6

∫ π

0
Pk(x) dx, k = 0, 1, 2, . . .;

¯®áª®«ìªã ¢á¥ ¨­â¥£à «ë
∫ π
0 ®â ª®á¨­ãá®¢ ¢ (13) à ¢­ë ­ã«î,

â®
∫ π

0
Pk(x) dx =

(
1
2

+
k∑

i=1

1
2

)∫ π

0
1 dx =

k + 1
2

π, k = 0, 1, 2, . . .

�à®¤®«¦¨¬ ®æ¥­¨¢ ­¨¥ I(δ)

I(δ) 6 π +
n∑

k=0

λk ·
∫ π

δ
Pk(x) dx 6 π +

n∑

k=0

λk ·
∫ π

0
Pk(x) dx =

= π +
n∑

k=0

λk
k + 1

2
π =

π

2

{
2 +

n∑

k=0

λk · (k + 1)

}
=

=
π

2

{
2 + λ0 · (0 + 1) + λ1 · (1 + 1) + λ2 · (2 + 1) + . . .+

+λn−1 · (n− 1 + 1) + λn · (n + 1)
}

=

=
π

2

{
2 + (∆0 −∆1) · (0 + 1) + (∆1 −∆2) · (1 + 1)+

+(∆2 −∆3) · (2 + 1) + . . . + (∆n−1 −∆n) · (n− 1 + 1)+

+(∆n −∆n+1) · (n + 1)
}

=

=
π

2

{
2 + (∆0 + ∆1 + ∆2 + ∆3 + . . . + ∆n)−∆n+1 · (n + 1)

}
=

=
π

2

{
2 + (q0 − qn+1)−∆n+1 · (n + 1)

}
.

� ª¨¬ ®¡à §®¬,
I(δ) 6 π

2
{2 + (q0 − qn+1)−∆n+1 · (n + 1)} . (14)

�â® ¢ëà ¦¥­¨¥ ­¥ § ¢¨á¨â ®â δ. � à §¤¥«¥ ý�¥¬¬ þ ¤®ª -
§ ­®, çâ® ¯®á«¥¤­¥¥ á« £ ¥¬®¥ ¢ ä¨£ãà­ëå áª®¡ª å áâà¥¬¨âáï
ª ­ã«î ¯à¨ n → ∞. �®á«¥¤®¢ â¥«ì­®áâì qn+1 áâà¥¬¨âáï ª
­ã«î á®£« á­® ãá«®¢¨ï¬ â¥®à¥¬ë. �à¨ íâ®¬ ¨­â¥£à « I(δ) ­¥
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§ ¢¨á¨â ®â n. �«¥¤®¢ â¥«ì­®, ®­ ®£à ­¨ç¥­ á¢¥àåã ¯à¥¤¥«®¬
¯à ¢®© ç áâ¨ (14) ¯à¨ n → ∞, ª®â®àë© à ¢¥­ π

2 (2 + q0). �«ï
¤ «ì­¥©è¥£® ¢ ¦­® «¨èì â®, çâ® I(δ) ®£à ­¨ç¥­ á¢¥àåã ª®­¥ç-
­ë¬ ç¨á«®¬ ¤«ï ¢á¥å δ ∈ (0, π].

�®áª®«ìªã f(x) > 0, ®¯à¥¤¥«¥­­ë© ¨­â¥£à «

I(δ) =
∫ π

δ
f(x) dx, 0 < δ 6 π

¬®¦¥â â®«ìª® ã¢¥«¨ç¨¢ âìáï ¯® ¬¥à¥ ¯à¨¡«¨¦¥­¨ï δ ª ­ã«î. �
íâ®© á¨âã æ¨¨ ¨§ ®£à ­¨ç¥­­®áâ¨ á¢¥àåã I(δ) ¤«ï ¢á¥å δ ∈ (0, π]
á«¥¤ã¥â áãé¥áâ¢®¢ ­¨¥ ª®­¥ç­®£® ¯à¥¤¥«  äã­ªæ¨¨ I(δ) ¯à¨
δ → +0, çâ® ¯® ®¯à¥¤¥«¥­¨î ¨ ¥áâì áå®¤¨¬®áâì ¨­â¥£à « ∫ π
0 f(x) dx ¢ ­¥á®¡áâ¢¥­­®¬ á¬ëá«¥.

�®áª®«ìªã f(x) > 0, íâ® ®§­ ç ¥â  ¡á®«îâ­ãî áå®¤¨¬®áâì
­¥á®¡áâ¢¥­­®£® ¨­â¥£à « 

∫ π

0
f(x) dx,

  ¢ á¨«ã ç¥â­®áâ¨ |  ¡á®«îâ­ãî áå®¤¨¬®áâì ­¥á®¡áâ¢¥­­®£®
¨­â¥£à « 

∫ π

−π
f(x) dx.

�â ª, f(x) |  ¡á®«îâ­® ¨­â¥£à¨àã¥¬  ­  [−π, π] ¨ ¥©
¬®¦­® ¯®áâ ¢¨âì ¢ á®®â¢¥âáâ¢¨¥ àï¤ �ãàì¥. �áâ «®áì ¤®ª -
§ âì, çâ® ª®íää¨æ¨¥­âë �ãàì¥ íâ®© äã­ªæ¨¨ à ¢­ë á®®â¢¥â-
áâ¢ãîé¨¬ ª®íää¨æ¨¥­â ¬ àï¤  q0

2 +
∞∑

k=1

qk cos kx.

�à¨áâã¯¨¬ ª ¢ëç¨á«¥­¨î ª®íää¨æ¨¥­â®¢ �ãàì¥ äã­ªæ¨¨
f(x). �â  äã­ªæ¨ï ­¥ ®¯à¥¤¥«¥­  ¢ ­ã«¥. �¥ ¬®¦­® ¤®®¯à¥¤¥-
«¨âì ¢ ­ã«¥ «î¡ë¬ ç¨á«®¬ ¨ ¯à¨ íâ®¬ §­ ç¥­¨ï ª®íää¨æ¨¥­-
â®¢ �ãàì¥ ­¥ ¯®¬¥­ïîâáï. �®«®¦¨¬ f(0) = 0.

� á¨«ã ç¥â­®áâ¨ f(x) ¨¬¥¥¬
1
π

∫ π

−π
f(x) sin kx dx = 0, k = 1, 2, 3, . . .
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� à §¤¥«¥ ý�å®¤¨¬®áâì àï¤ þ ¯®ª § ­®, çâ® ¯à¨ x ∈
∈ [−π, 0) ∪ (0, π] ¨áá«¥¤ã¥¬ë© ­ ¬¨ àï¤ áå®¤¨âáï ¨

f(x) =
q0

2
+

∞∑

k=1

qk cos kx.

� ¯®¬­¨¬, çâ® ¯à¨ áã¬¬¨à®¢ ­¨¨ â ª®£® àï¤  ¯¥à¥¬¥­­ãî
x á«¥¤ã¥â áç¨â âì § ä¨ªá¨à®¢ ­­®©. �ë¡¥à¥¬ ¯à®¨§¢®«ì­®¥
­ âãà «ì­®¥ ç¨á«® l, ª®â®à®¥ â ª¦¥ ­¥ ¡ã¤¥¬ ¬¥­ïâì ¢ ¯à®æ¥áá¥
áã¬¬¨à®¢ ­¨ï àï¤ . �¬­®¦¥­¨¥ ¢á¥å ç«¥­®¢ áå®¤ïé¥£®áï àï¤ 
­  (1 − cos lx), â.¥. ­  ¢¥«¨ç¨­ã, ­¥ ¬¥­ïîéãîáï ¢ ¯à®æ¥áá¥
áã¬¬¨à®¢ ­¨ï, ®áâ ¢«ï¥â àï¤ áå®¤ïé¨¬áï. �à¨ íâ®¬ áã¬¬ 
àï¤  ã¬­®¦ ¥âáï ­  (1− cos lx), â.¥.

f(x) · (1− cos lx) =
q0

2
· (1− cos lx) +

∞∑

k=1

qk · cos kx · (1− cos lx).

�à¨ x = 0 ¬­®¦¨â¥«ì (1−cos lx) ®¡à é ¥âáï ¢ ­®«ì. � àï¤
q0
2 (1− cos lx)+

∞∑
k=1

qk · cos kx · (1− cos lx) áå®¤¨âáï ¨ à ¢¥­ ­ã«î

(â.ª. á®áâ®¨â ¨§ ­ã«¥©). �®íâ®¬ã àï¤
q0

2
(1− cos lx) +

∞∑

k=1

qk · cos kx · (1− cos lx)

áå®¤¨âáï ­¥ â®«ìª® ¯à¨ x ∈ [−π, 0) ∪ (0, π], ­® ¨ ¯à¨ x = 0, ¨
à ¢¥­áâ¢®

f(x) · (1− cos lx) =
q0

2
(1− cos lx) +

∞∑

k=1

qk · cos kx · (1− cos lx)

ï¢«ï¥âáï ¢¥à­ë¬ ¯à¨ ¢á¥å x ∈ [−π, π] ¨ l = 1, 2, 3, . . .

�á«¨ ®¡®§­ ç¨âì ç áâ¨ç­ë¥ áã¬¬ë íâ®£® àï¤  Ŝn(x), â® ¯à¨
x ∈ [−pi, 0) ∪ (0, π] ä®à¬ã«  (7) ¤ ¥â

|Ŝn+p(x)− Ŝn(x)| 6 2qn+1 max
n6k6n+p

|Dk(x) · (1− cos lx)|.

�®

|Dk(x) · (1− cos lx)| 6 1

2
∣∣∣sin x

2

∣∣∣
(1− cos lx) =
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=
sin2

(
lx
2

)
∣∣∣sin x

2

∣∣∣
(5)

6
sin2

(
lx
2

)

|x|
π

6

(
lx
2

)2

|x|
π

=
l2π|x|

4
6 l2π2

4
,

¯®íâ®¬ã

|Ŝn+p(x)− Ŝn(x)| 6 2qn+1
l2π2

4
.

�®áª®«ìªã Ŝn+p(0) = Ŝn(0) = 0, ¯®á«¥¤­ïï ®æ¥­ª  ¢¥à­  ¨
¯à¨ x = 0. �.¥. ¢¥à­  ¤«ï ¢á¥å x ∈ [−π, π]. �®¢â®à¨¢ à ááã¦-
¤¥­¨ï, ª®â®àë¥ ¯à¨¢¥¤¥­ë ¯®á«¥ ä®à¬ã«ë (8), á¤¥« ¥¬ á«¥¤ã-
îé¥¥ § ª«îç¥­¨¥. �à¨ ä¨ªá¨à®¢ ­­®¬ l àï¤ q0

2 (1 − cos lx) +

+
∞∑

k=1

qk · cos kx(1 − cos lx) à ¢­®¬¥à­® ¯® x ∈ [−π, π] áå®¤¨âáï

(¯® ªà¨â¥à¨î �®è¨). �­ ç¨â, ¥£® ¬®¦­® ¯®ç«¥­­® ¨­â¥£à¨à®-
¢ âì ­  ®âà¥§ª¥ [−π, π]. �ç¨âë¢ ï ç¥â­®áâì ¯®¤ë­â¥£à «ì­®©
äã­ªæ¨¨, ¨¬¥¥¬∫ π

−π
f(x) · (1− cos lx) dx = 2

∫ π

0
f(x) · (1− cos lx) dx =

= 2
∫ π

0

q0

2
(1− cos lx) dx + 2

∞∑

k=1

qk ·
∫ π

0
cos kx(1− cos lx) dx =

= 2
∫ π

0

q0

2
dx− 2ql

∫ π

0
cos2 lx dx = q0π − qlπ.

� ¤àã£®© áâ®à®­ë,∫ π

−π
f(x) · (1− cos lx) dx =

= 2
∫ π

0
f(x) dx− 2

∫ π

0
f(x) cos lx dx = πa0 − πal,

£¤¥ a0, al | ª®íää¨æ¨¥­âë �ãàì¥ ­ è¥© äã­ªæ¨¨ ¯à¨ ª®á¨-
­ãá å á ­®¬¥à ¬¨ 0 ¨ l á®®â¢¥âáâ¢¥­­®. �®íâ®¬ã

q0π − qlπ = πa0 − πal. (15)
�®íää¨æ¨¥­âë ql ¯® ãá«®¢¨î â¥®à¥¬ë,   ª®íää¨æ¨¥­âë

al ¯® â¥®à¥¬¥ �¨¬ ­  áâà¥¬ïâáï ª ­ã«î ¯à¨ l → ∞. �­ ç¨â,
q0 = a0. �®á«¥ íâ®£® ä®à¬ã«  (15) ¤ ¥â ql = al.

�à¥âìï â¥®à¥¬  �­£  ¤®ª § ­ .
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5. �à¨¬¥à ¯à¨¬¥­¥­¨ï âà¥âì¥© â¥®à¥¬ë �­£ 

�®ª ¦¥¬, çâ® àï¤
∞∑

k=2

cos kx
ln k ï¢«ï¥âáï àï¤®¬ �ãàì¥ á¢®¥©

áã¬¬ë. �¥à ¢¥­áâ¢  ¢ ãá«®¢¨ïå (1) ¨ (2) ¢ë¯®«­¥­ë ¤«ï k =
= 2, 3, 4 . . . � íâ®¬ ¬®¦­® ã¡¥¤¨âìáï, ¯à®¢¥à¨¢ §­ ª¨ ¯¥à¢®©
¨ ¢â®à®© ¯à®¨§¢®¤­ëå ã äã­ªæ¨¨ 1

ln t ¯à¨ t > 2. �¤­ ª® ¯à¨
k = 0, 1 íâ¨ ­¥à ¢¥­áâ¢  ­ àãè¥­ë (á®®â¢¥âáâ¢ãîé¨¥ ª®íää¨-
æ¨¥­âë à ¢­ë ­ã«î).

�§¬¥­¨¬ íâ¨ ¤¢  ª®íää¨æ¨¥­â , á¤¥« ¢ «¨­¥©­ãî íªáâà -
¯®«ïæ¨î. � á¯®«®¦¨¬ â®çª¨ (0, q0) ¨ (1, q1) ­  ®¤­®© ¯àï¬®©
á â®çª ¬¨ (2, q2) ¨ (3, q3). �®£¤ 

∆0 = ∆1 = ∆2 = q0 − q1 = q1 − q2 = q2 − q3 =
1

ln 2
− 1

ln 3

(§¤¥áì ãçâ¥­®, çâ® q2 = 1
ln 2 ¨ q3 = 1

ln 3).
�.¥. ¯®«®¦¨¬

q1 =
1

ln 2
+

(
1

ln 2
− 1

ln 3

)
=

2
ln 2

− 1
ln 3

,

q0 = q1 +
(

1
ln 2

− 1
ln 3

)
=

3
ln 2

− 2
ln 3

.

�¥à ¢¥­áâ¢  ¢ ãá«®¢¨ïå (1), (2) ¯à¨ â ª®¬ ¢ë¡®à¥ q0 ¨ q1

®ª §ë¢ îâáï ¢ë¯®«­¥­­ë¬¨ ¤«ï k = 0, 1. �¥©áâ¢¨â¥«ì­®,

∆0 = q0 − q1 =
1

ln 2
− 1

ln 3
> 0,

∆1 = q1 − q2 =
1

ln 2
− 1

ln 3
> 0

¨
λ0 = ∆0 −∆1 = 0,

λ1 = ∆1 −∆2 = 0.

�â ª, ãá«®¢¨ï (1), (2) ¢ë¯®«­¥­ë. �® âà¥âì¥© â¥®à¥¬¥
�­£  àï¤

q0

2
+ q1 cosx +

∞∑

k=2

cos kx

ln k
=

q0

2
+

∞∑

k=1

qk cos kx (16)
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áå®¤¨âáï ¯à¨ x ∈ [−π, 0)∪ (0, π] ¨ ï¢«ï¥âáï àï¤®¬ �ãàì¥ á¢®¥©
áã¬¬ë f(x). �ï¤

∞∑
k=2

cos kx
ln k â ª¦¥ áå®¤¨âáï ¯à¨ x ∈ [−π, 0) ∪

∪ (0, π] ª ª ®áâ â®ª àï¤  (16). �ã¬¬ë íâ¨å àï¤®¢ ¯à¨ x ∈
∈ [−π, 0) ∪ (0, π] ®â«¨ç îâáï ­  ­¥¯à¥àë¢­ãî äã­ªæ¨î

q0

2
+ q1 cosx.

�­ ç¨â, áã¬¬  àï¤  g(x) =
∞∑

k=2

cos kx
ln k â ª¦¥  ¡á®«îâ­® ¨­-

â¥£à¨àã¥¬  ­  [−π, π] ¨

g(x) = f(x)− q0

2
− q1 cosx.

�ëç¨á«¨¬ ª®íää¨æ¨¥­âë �ãàì¥ äã­ªæ¨¨ g(x):
1
π

∫ π

−π
g(x) dx =

1
π

∫ π

−π

(
f(x)− q0

2
− q1 cosx

)
dx =

=
1
π

∫ π

−π
f(x) dx− 1

π

∫ π

−π

q0

2
dx− 1

π

∫ π

−π
q1 cosx dx =

= q0 − 1
π

q0

2

∫ π

−π
dx− 1

π
q1

∫ π

−π
cosx dx = q0 − q0 − 0 = 0;

1
π

∫ π

−π
g(x) cos 1x dx =

1
π

∫ π

−π

(
f(x)− q0

2
− q1 cosx

)
cosx dx =

=
1
π

∫ π

−π
f(x) cos x dx− 1

π

∫ π

−π

q0

2
cosx dx− 1

π

∫ π

−π
q1 cosx cosx dx =

= q1 − 0− q1 = 0;
1
π

∫ π

−π
g(x) cos kx dx =

1
π

∫ π

−π

(
f(x)− q0

2
− q1 cosx

)
cos kx dx =

=
1
π

π∫

−π

f(x) cos kx dx− 1
π

π∫

−π

q0

2
cos kx dx− 1

π

π∫

−π

q1 cosx cos kx dx =

= qk − 0− 0 = qk =
1

ln k
, k = 2, 3, 4, . . .

�.¥. ­ã«¥¢®© ¨ ¯¥à¢ë© ª®íää¨æ¨¥­âë �ãàì¥ ¯à¨ ª®á¨­ãá å
ã äã­ªæ¨¨ g(x) à ¢­ë ­ã«î,   ¯à¨ k = 2, 3, 4 . . . | à ¢­ë 1

ln k .
�®íää¨æ¨¥­âë ¯à¨ á¨­ãá å à ¢­ë ­ã«î ¢ á¨«ã ç¥â­®áâ¨ g(x).
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� ª¨¬ ®¡à §®¬, ¯à®¢¥à¥­ë ¢á¥ ãá«®¢¨ï â®£®, çâ® àï¤
∞∑

k=2

cos kx
ln k

ï¢«ï¥âáï àï¤®¬ �ãàì¥ á¢®¥© áã¬¬ë.

6. �®¯à®áë ¨ § ¤ ç¨ ¤«ï á ¬®¯à®¢¥àª¨
1. � ©â¨ ¬¥áâ  ¢ ¤®ª § â¥«ìáâ¢¥, ¢ ª®â®àëå ¨á¯®«ì§ã¥âáï

ãá«®¢¨¥ λk = ∆k −∆k+1 > 0, k = 0, 1, 2, 3, . . .
�â¢¥â. �à¨ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë. � ¨¬¥­­®, ¯à¥¤«®¦¥-
­¨¥: ý�å ª®«¨ç¥áâ¢® | m,   á ¬ë¬ ¬ «ë¬ ¨§ ­¨å ¡ã¤¥â
∆2m−1 = q2m−1 − q2mþ. � â ª¦¥ ¢ ª®­æ¥ ¤®ª § â¥«ìáâ¢ 
«¥¬¬ë ­¥à ¢¥­áâ¢® ∆2m 6 ∆2m−1.
� ý�®ª § â¥«ìáâ¢¥ �­£ þ. �à¨ ¢ë¢®¤¥ ® â®¬, çâ®
f(x) > 0 (¯®á«¥ ä®à¬ã«ë (12)).
�à¨ ®¡®á­®¢ ­¨¨ ­¥à ¢¥­áâ¢  π+

n∑
k=0

λk ·
∫ π
δ Pk(x) dx 6 π+

+
n∑

k=0

λk ·
∫ π
0 Pk(x) dx.

2. � ©â¨ ¬¥áâ  ¢ ¤®ª § â¥«ìáâ¢¥, ¢ ª®â®àëå ¨á¯®«ì§ã¥âáï
ãá«®¢¨¥

∆k = qk − qk+1 > 0, k = 0, 1, 2, 3, . . .

�â¢¥â. � à §¤¥«¥ áå®¤¨¬®áâì àï¤ . �à¨ ®¯ãáª ­¨¨ §­ -
ª®¢ ¬®¤ã«ï ¢ ä®à¬ã«¥ (7).
�à¨ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë. �«ï ®¡®á­®¢ ­¨ï ­¥à -
¢¥­áâ¢ 

∆m + ∆m+1 + ∆m+2 + . . . + ∆2m−1 > m∆2m−1 > 0.

3. �ãáâì ª®íää¨æ¨¥­âë qk ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ â¥®-
à¥¬ë. �®ª § âì, çâ® àï¤ q0

2 +
∞∑

k=1

qk cos kx áå®¤¨âáï ª ­¥-
®âà¨æ â¥«ì­®© äã­ªæ¨¨ ­  ¢á¥© ç¨á«®¢®© ®á¨, ªà®¬¥, ¬®-
¦¥â ¡ëâì, â®ç¥ª ¢¨¤  x = 2πi, i = 0, ±1, ±2, ±3, . . .
� ª   §   ­ ¨ ¥. �®á¯®«ì§®¢ âìáï 2π-¯¥à¨®¤¨ç­®áâìî
ª®á¨­ãá®¢, á®áâ ¢«ïîé¨å àï¤.

4. �ãáâì ª®íää¨æ¨¥­âë qk ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ â¥®-
à¥¬ë. �§¬¥­¨¬ ¢á¥ ª®íää¨æ¨¥­âë á ­¥ç¥â­ë¬¨ ­®¬¥-
à ¬¨ | ¯®«®¦¨¬ ¨å à ¢­ë¬¨ ­ã«î. (�à¨ íâ®¬ ãá«®-
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¢¨ï (1) ¨ (2), ¢®®¡é¥ £®¢®àï, ­ àãè âáï.) �®ª § âì, çâ®
\­®¢ë©" àï¤ q0

2 +
∞∑

k=1

q2k cos 2kx áå®¤¨âáï ª ­¥®âà¨æ â¥«ì-
­®© äã­ªæ¨¨ ­  ¢á¥© ç¨á«®¢®© ®á¨, ªà®¬¥, ¬®¦¥â ¡ëâì,
â®ç¥ª ¢¨¤  x = πi, i = 0, ±1, ±2, ±3, . . .
� ª   §   ­ ¨ ¥. �¤¥« âì § ¬¥­ã t = 2x ¨ ¢®á¯®«ì§®-
¢ âìáï à¥§ã«ìâ â®¬ ¯à¥¤ë¤ãé¥© § ¤ ç¨.
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