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Ã.Í. ßêîâåíêî

Äëÿ âû÷èñëåíèÿ ïåðâîãî èíòåãðàëà ïî òåîðåìå Ýììè Í¼òåð òðåáóåò-
ñÿ, ÷òîáû óðàâíåíèÿ Ëàãðàíæà äîïóñêàëè îäíîïàðàìåòðè÷åñêóþ ãðóïïó
âàðèàöèîííûõ ñèììåòðèé [1, 2, 3]. Â ìîäèôèêàöèè Áåññåëü-Õàãåíà � îä-
íîïàðàìåòðè÷åñêóþ ãðóïïó äèâåðãåíòíûõ (âàðèàöèîííûå � ÷àñòíûé ñëó-
÷àé) ñèììåòðèé [2, 3, 4]. Èçó÷àåòñÿ ñëó÷àé, êîãäà óðàâíåíèÿ Ëàãðàíæà
äîïóñêàþò ãëàäêîå ñåìåéñòâî (íå îáÿçàòåëüíî ãðóïïó) äèâåðãåíòíûõ ñèì-
ìåòðèé. Âîçìîæíûé ýôôåêò: ïî îäíîïàðàìåòðè÷åñêîìó ñåìåéñòâó âû÷èñ-
ëÿåòñÿ íåñêîëüêî ïåðâûõ èíòåãðàëîâ. Â ïðèâåä¼ííîì ïðèìåðå � äåñÿòü.
Â îñíîâó íàñòîÿùåãî ñîîáùåíèÿ ëåãëè ñòàòüè [5, 6, 7].

Ñåìåéñòâî ïðåîáðàçîâàíèé
_

t =
_

t (t, q, τ) ,
_
q i =

_
q i (t, q, τ) , i = 1, n,

(1)

åñòü ðåøåíèå ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé

d
_

t

dτ
= ξ

(
_

t ,
_
q , τ

)
,

d
_
q i

dτ
= ηi

(
_

t ,
_
q , τ

)
, i = 1, n,

dR

dτ
= r

(
_

t ,
_
q , τ

)
,

(2)

ïðè íà÷àëüíûõ óñëîâèÿõ
_

t (0) = t,
_
q i (0) = qi, R (0) = 0. (3)

Ïðåîáðàçîâàíèå (1) íàçûâàåòñÿ ïðåîáðàçîâàíèåì äèâåðãåíòíîé ñèììåò-
ðèè ëàãðàíæåâîé ñèñòåìû

d

dt

∂L

∂q̇i

− ∂L

∂qi

= 0, (4)

îïðåäåë¼ííîé ôóíêöèåé Ëàãðàíæà L (t, q, q̇), åñëè ïðåîáðàçîâàíèå (1) ñâÿ-
çàíî ñ ôóíêöèåé Ëàãðàíæà ñîîòíîøåíèåì

L

(
_

t ,
_
q ,

d
_
q

d
_

t

)
d

_

t

dt
+

dR

dt
= L

(
t, q,

dq

dt

)
. (5)
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Åñëè â (2) ïîñëåäíåå óðàâíåíèå îòñóòñòâóåò, â (3), (5) R ≡ 0, òî ïðåîáðà-
çîâàíèå (1) íàçûâàåòñÿ ïðåîáðàçîâàíèåì âàðèàöèîííîé ñèììåòðèè.

ÒÅÎÐÅÌÀ.Ïóñòü ïðåîáðàçîâàíèÿ (1) óäîâëåòâîðÿþò óñëîâèþ (5) äè-
âåðãåíòíîé ñèììåòðèè. Òîãäà ó ëàãðàíæåâîé ñèñòåìû ñ ôóíêöèåé Ëàãðàí-
æà L (t, q, q̇) åñòü ñåìåéñòâî ïåðâûõ èíòåãðàëîâ

w (t, q, q̇, τ) =
n∑

i=1

piηi (t, q, τ)− ξ (t, q, τ) H + r (t, q, τ) , (6)

ξ (t, q, τ), ηi (t, q, τ), r (t, q, τ) � ôóíêöèè èç (2), pi è H � îáîáùåííûå
èìïóëüñû è ôóíêöèÿ Ãàìèëüòîíà [3]:

pi =
∂L

∂q̇i

, H (t, q, p) =
n∑

i=1

piq̇i − L (t, q, q̇) =
n∑

i=1

∂L

∂q̇i

q̇i − L (t, q, q̇). (7)

¤ Ïîòðåáóþòñÿ ôîðìóëû (ó÷òåíû ïåðåñòàíîâî÷íîñòü äèôôåðåíöèðî-
âàíèÿ ïî íåçàâèñèìûì ïåðåìåííûì τ è t è óðàâíåíèÿ (2))

d

dτ

d
_

t

dt
=

d

dt

d
_

t
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=
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(

_

t ,
_
q , τ

)

dt
=

dξ
(

_

t ,
_
q , τ

)

d
_

t

d
_

t

dt
, (8)

d
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dt
=

d

dt

dR
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=

dr
(
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)

dt
=
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(
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, (9)
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=
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− d
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(
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)2 =
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− d
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Ïîòðåáóåòñÿ òàêæå ôîðìóëà [3]

∂L

∂t
= −∂H

∂t
= −dH

dt
. (11)

Äëÿ äîêàçàòåëüñòâà óòâåðæäåíèÿ (6) òåîðåìû ïðîäèôôåðåíöèðóåì óñ-
ëîâèå (5) ïî τ (ó÷òåíû óðàâíåíèÿ Ëàãðàíæà è ôîðìóëû (2), (4), (8) � (11)):
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∂
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)
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=
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∂
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(
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)
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t ,
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q , τ

)

d
_

t
+

dr(t̂, q̂, τ)
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



d
_

t
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=

=
d
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_
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{
n∑

i=1

_
piηi

(
_

t ,
_
q , τ

)
− ξ

(
_

t ,
_
q , τ

)
H + r(t̂, q̂, τ)

}
d

_

t

dt
= 0.

Êàê ñëåäóåò èç (3), ïðè ìàëûõ çíà÷åíèÿõ τ âûïîëíÿåòñÿ d
_

t /dt 6= 0, ïî-
ýòîìó íà ðåøåíèÿõ ëàãðàíæåâîé ñèñòåìû, ñîîòâåòñòâóþùåé ôóíêöèè Ëà-

3



ãðàíæà L
(

_

t ,
_
q ,

_̇
q
)
, ñîõðàíÿåòñÿ ôîðìóëà, íàõîäÿùàÿñÿ â ôèãóðíûõ ñêîá-

êàõ ïîñëåäíåãî âûðàæåíèÿ, ÷òî äîêàçûâàåò íàëè÷èå ïåðâîãî èíòåãðàëà (6)
äëÿ ëàãðàíæåâîé ñèñòåìû ñ ôóíêöèåé Ëàãðàíæà L (t, q, q̇). ¥

ÏÐÈÌÅÐ. Çàìêíóòàÿ êîíñåðâàòèâíàÿ ñèñòåìà. Ïîòåíöèàëüíàÿ ýíåð-
ãèÿ Π (rik) çàâèñèò òîëüêî îò ðàññòîÿíèé rikìåæäó òî÷êàìè:

r2
ik = (xi − xk)

2 + (yi − yk)
2 + (zi − zk)

2 .

Ôóíêöèÿ Ëàãðàíæà:

L = T −Π =
1

2

N∑
i=1

mi

(
ẋ2

i + ẏ2
i + ż2

i

)−Π (rik). (12)

Îáîáù¼ííûå èìïóëüñû:

px
i = miẋi, py

i = miẏi, pz
i = miżi. (13)

Ôóíêöèÿ Ãàìèëüòîíà:

H = T + Π =
1

2

N∑
i=1

mi

(
ẋ2

i + ẏ2
i + ż2

i

)
+ Π (rik). (14)

Äëÿ ââåä¼ííîé â ïðèìåðå ìàòåðèàëüíîé ñèñòåìû èçâåñòíà äåñÿòèïàðàìåò-
ðè÷åñêàÿ ãðóïïà ñèììåòðèé [8] � ãðóïïà Ãàëèëåÿ:

_

t = t + τ1,
_
xi = xi + τ2,

_
y i = yi + τ3,

_
z i = zi + τ4;

_

t = t,
_
xi = xi,

_
y i = yi cos τ5 − zi sin τ5,

_
z i = yi sin τ5 + zi cos τ5;

_

t = t,
_
xi = xi cos τ6 − zi sin τ6,

_
y i = yi,

_
z i = xi sin τ6 + zi cos τ6;

_

t = t,
_
xi = xi cos τ7 − yi sin τ7,
_
y i = xi sin τ7 + yi cos τ7,

_
z i = zi;

_

t = t,
_
xi = xi + tτ8,

_
y i = yi + tτ9,

_
z i = zi + tτ10;

Ñïåöèàëèçàöèÿ ïàðàìåòðîâ τ1 = τ 3, τ2 = 0, τ3 = 0, τ4 = 0, τ5 = τ , τ6 =
π

2
τ ,

τ7 = 0, τ8 = 0, τ9 = 0, τ10 = τ 4 è ñóïåðïîçèöèÿ τ5, τ6, τ10, τ1 ïðèâîäèò ê
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îäíîïàðàìåòðè÷åñêîìó ñåìåéñòâó (1) ïðåîáðàçîâàíèé
_

t = t− τ 3,
_
xi = xi cos

π

2
τ − (yi sin τ + zi cos τ) sin

π

2
τ,

_
y i = yi cos τ − zi sin τ,
_
z i = xi sin

π

2
τ + (yi sin τ + zi cos τ) cos

π

2
τ + tτ 4.

Óñëîâèå (5) äèâåðãåíòíîé ñèììåòðèè óäîâëåòâîðÿåòñÿ ïðè

R = −
N∑

i=1

mi

{
xi sin

π

2
τ + (yi sin τ + zi cos τ) cos

π

2
τ
}

τ 4 − 1

2
tτ 8

N∑
i=1

mi.

Ôóíêöèè _

t , _
xi, _

y i,
_
z i, R åñòü ðåøåíèå ñèñòåìû (2), (3) ïðè

ξ = −3τ 2,

ηx
i =

{(
_

t + τ 3
)

τ 4 − _
z i

} π

2
− _

y i sin
π

2
τ,

ηy
i =

_
xi sin

π

2
τ − _

z i cos
π

2
τ +

(
_

t + τ 3
)

τ 4 cos
π

2
τ,

ηz
i =

_
xi

π

2
τ +

_
y i cos

π

2
τ + 4

(
_

t + τ 3
)

τ 3,

r = −π

2
τ 4

N∑
i=1

mi
_
xi − τ 4

N∑
i=1

mi
_
y i cos

π

2
τ − 4τ 3

N∑
i=1

mi
_
z i.

(15)

Ïåðâûé èíòåãðàë (6) ñ ó÷¼òîì (13) � (15) ðàâåí

w (τ) = Kx cos
π

2
τ − π

2
Ky + Kz sin

π

2
τ+

+ Pxτ
7 + Pyτ

7 cos
π

2
τ + 4Pzτ

6+

+ Gxτ
4 + Gyτ

4 cos
π

2
τ + 4Gzτ

3 + 3Hτ 2.

(16)

Ââåäåíû îáîçíà÷åíèÿ äëÿ ïðîåêöèé êèíåòè÷åñêîãî ìîìåíòà KO, èìïóëü-
ñà P, âåêòîðà Ãàëèëåÿ G:

Kx =
N∑

i=1

mi (yiżi − ziẏi),

Ky =
N∑

i=1

mi (ziẋi − xiżi), Kz =
N∑

i=1

mi (xiẏi − yiẋi),

Px =
N∑

i=1

miẋi, Py =
N∑

i=1

miẏi, Pz =
N∑

i=1

miżi,

Gx = Pxt−mxc, Gy = Pyt−myc, Gz = Pzt−mzc.

(17)
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Ïîäñòàíîâêà â (16) τ = ±1, ±2, ±3, ±4, ±5 ïðèâîäèò ê àëãåáðàè÷åñêîé
ñèñòåìå èç 10 óðàâíåíèé è ê âûâîäó, ÷òî ìåõàíè÷åñêàÿ ñèñòåìà ñ ôóíê-
öèåé Ëàãðàíæà (12) îáëàäàåò 10 ôóíêöèîíàëüíî íåçàâèñèìûìè ïåðâûìè
èíòåãðàëàìè: H è (17).
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