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Ïðè ðåøåíèè íåêîòîðûõ íàøèõ çàäà÷, ñâÿçàííûõ ñ óðàâíåíèåì Âàí�äåð�Âààëüñà, ïðåäïîëà-
ãàåòñÿ, ÷òî ñâÿçü ìåæäó åãî òåïëî¼ìêîñòÿìè CP è CV ïðèáëèæ¼ííî òàêàÿ æå, êàê â èäåàëüíîì
ãàçå. Ðàññìîòðèì óñëîâèÿ, ïðè âûïîëíåíèè êîòîðûõ ýòî ïðèáëèæåíèå âûïîëíÿåòñÿ. Òåïëî-
¼ìêîñòü ïî îïðåäåëåíèþ ðàâíà îòíîøåíèþ êîëè÷åñòâà òåïëîòû δQ, ñîîáù¼ííîãî òåðìîäèíà-
ìè÷åñêîé ñèñòåìå â íåêîòîðîì ïðîöåññå, ê èçìåíåíèþ òåìïåðàòóðû ñèñòåìû dT â ðåçóëüòàòå
ïðîâåäåíèÿ íàä ñèñòåìîé ýòîãî ïðîöåññà:

C =
δQ

dT
(1)

Ñîãëàñíî 1-ìó çàêîíó òåðìîäèíàìèêè

δQ = dU(T, V ) + P dV =

(
∂U
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)
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∂U

∂V

)
T

]
dV (2)

è ñ åãî ïîìîùüþ, ïîñëå ïîäñòàíîâêè â (1), ïîëó÷àåì âûðàæåíèå

C =

(
∂U

∂T

)
V

+
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T

]
dV
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(3)

îòêóäà äëÿ òåïëî¼ìêîñòè CV â èçîõîðíîì ïðîöåññå (V = const, dV = 0) íàõîäèì:

CV =

(
∂U

∂T

)
V

. (4)

Èç (3), c ó÷¼òîì (4), èìååì äëÿ äëÿ òåïëî¼ìêîñòè CP â èçîáàðíîì ïðîöåññå (P = const):

CP = CV +
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)
T

](
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)
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,

îòêóäà äëÿ ðàçíîñòè òåïëî¼ìêîñòåé ïîëó÷àåì âûðàæåíèå

CP − CV =

[
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](
∂V
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)
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, (5)

çàâèñÿùåå êàê îò òåðìè÷åñêîãî, òàê è îò êàëîðè÷åñêîãî óðàâíåíèÿ ñîñòîÿíèÿ.
Ïðåîáðàçóåì âûðàæåíèå (5). Äëÿ ðàâíîâåñíîãî ïðîöåññà δQ = T dS, ïîäñòàíîâêà ýòîãî ñî-

îòíîøåíèÿ â 1-é çàêîí (2) äà¼ò óðàâíåíèå Ãèááñà TdS = dU + PdV , èç êîòîðîãî ïîñëå äåëåíèÿ
íà T ïîëó÷àåì:

dS =
1

T

(
∂U
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)
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]
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Ïî ìàòåìàòè÷åñêîìó ñìûñëó äèôôåðåíöèàëà ôóíêöèè íåñêîëüêèõ ïåðåìåííûõ èç (6) èìååì(
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âû÷èñëÿÿ îòñþäà ñìåøàííûå ïðîèçâîäíûå
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[
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]
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)
V

+
∂2U
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]
è ïðèðàâíÿâ ∂2S

∂V ∂T
= ∂2S

∂T∂V
, ñ ó÷¼òîì ðàâåíñòâà ∂2U

∂V ∂T
= ∂2U

∂T∂V
ïîëó÷àåì ñâÿçü ìåæäó òåðìè÷åñêèì

P (T, V ) è êàëîðè÷åñêèì U(T, V ) óðàâíåíèÿìè ïðîèçâîëüíîé ôèçè÷åñêîé ñèñòåìû:

P +

(
∂U

∂V

)
T

= T

(
∂P

∂T

)
V

,

êîòîðàÿ ïîñëå ïîäñòàíîâêè â (5) äà¼ò ñëåäóþùåå âûðàæåíèå äëÿ ðàçíîñòè òåïëî¼ìêîñòåé ïðè
ïîñòîÿííîì äàâëåíèè è ïîñòîÿííîì îáú¼ìå
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, (7)

çàâèñÿùåå óæå òîëüêî îò òåðìè÷åñêîãî óðàâíåíèÿ ñîñòîÿíèÿ.
Äëÿ îäíîãî ìîëÿ èäåàëüíîãî ãàçà èç óðàâíåíèÿ Ìåíäåëååâà�Êëàïåéðîíà PV = RT ñëåäóåò:

P = RT
V

è V = RT
P
, ÷òî ïîñëå ïîäñòàíîâêè â 1-å ðàâåíñòâî (7) äà¼ò ñîîòíîøåíèå Ðîáåðòà Ìàéåðà:

CP − CV = T · R
V

· R
P

= R · RT

PV
= R .

Èç óðàâíåíèÿ ãàçà Âàí�äåð�Âààëüñà äëÿ îäíîãî ìîëÿ(
P +

a

V 2

)
(V − b) = RT (8)

ñëåäóåò: P = RT
V−b

− a
V 2 , T = 1

R
(V − b)

(
P + a

V 2

)
îòêóäà, ñ ó÷¼òîì (8), ïîëó÷àåì:(
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)
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[
1− 2a

RTV

(
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V
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]

÷òî, ñ ïîìîùüþ 2-ãî ðàâåíñòâà (7), äà¼ò äëÿ ðàçíîñòè ìîëÿðíûõ òåïëî¼ìêîñòåé ãàçà Âàí�äåð�
Âààëüñà âûðàæåíèå

CP − CV =
R

1− 2a
RTV

(
1− b

V

)2 , (9)

çàâèñÿùåå îò òåìïåðàòóðû T è ìîëÿðíîãî îáú¼ìà V ãàçà Âàí�äåð�Âààëüñà. Èç ýòîãî âûðàæåíèÿ
âèäíî, ÷òî ÷òî ñîîòíîøåíèå Ìàéåðà CP −CV = R áóäåò âûïîëíÿòüñÿ äëÿ ãàçà Âàí�äåð�Âààëüñà
òåì ëó÷øå íå òîëüêî òîãäà, êîãäà âûøå åãî òåìïåðàòóðà è ÷åì îí ðàçðåæ¼ííåå (ò .å ÷åì áëèæå
ãàç ê êëàññè÷åñêîìó èäåàëüíîìó ãàçó), íî è êîãäà ïî îòäåëüíîñòè èëè âåëèêà òåìïåðàòóðà
ãàçà Âàí�äåð�Âààëüñà T , èëè æå ìàëà åãî ïëîòíîñòü ρ = µ

V
(µ � ìîëÿðíàÿ ìàññà ãàçà). Äëÿ

êîëè÷åñòâåííûõ îöåíîê ëó÷øå ïåðåïèñàòü çíàìåíàòåëü (9) â áåçðàçìåðíîì âèäå, íîðìèðîâàâ
âõîäÿùèå òóäà ïàðàìåòðû ñîñòîÿíèÿ íà èõ êðèòè÷åñêèå çíà÷åíèÿ [1]:

τ =
T

Têð
=

27bR

8a
T , φ =

ρêð
ρ

=
V

Vêð
=

V

3b
,
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÷òî ïîñëå ïîäñòàíîâêè â (9) äà¼ò:

CP − CV =
R

1− 9
4τφ

(
1− 1

3φ

)2 =
R

1− 9
4

Têð
T

ρ
ρêð

(
1− ρ

3ρêð

)2 . (10)

Çíà÷åíèÿ êðèòè÷åñêîé òåìïåðàòóðû têð è êðèòè÷åñêîé ïëîòíîñòè ρêð (à òàêæå êðèòè÷åñêîãî
äàâëåíèÿ Pêð) äëÿ íåêîòîðûõ ãàçîâ (âçÿòûå èç [2] è [3]) ïðèâåäåíû â òàáëèöå:

Ãàç µ , ã/ìîëü têð , ◦C Têð , K ρêð , ã/ñì3 Pêð , àòì
Àçîò 28,02 −147,13 126,02 0,311 33,49

Àììèàê 17,03 132,4 405,6 0,234 112,0
Àðãîí 39,94 −122,44 150,71 0,53078 47,996
Âîäîðîä 2,016 −239,9 33,25 0,03102 12,80

Âîäÿíîé ïàð 18,02 374,1 647,3 0,324 218,5
Ãåëèé 4,003 −267,91 5,24 0,0693 2,261

Äâóîêèñü àçîòà 46,01 158,2 431,4 0,507 100
Êèñëîðîä 32,00 −118,8 154,4 0,430 49,7
Êñåíîí 131,3 16,7 289,9 1,154 58,22
Ìåòàí 16,04 −82,1 191,1 0,162 45,8
Íåîí 20,18 −228,65 44,50 0,4835 26,86

Ñåðîâîäîðîä 34,08 100,4 373,6 0,351 88,9
Óãëåêèñëûé ãàç 44,01 30,96 304,1 0,464 72,72

Õëîð 70,9 144 417,2 0,573 76,1

Âûðàæåíèå (10) ìîæíî çàïèñàòü â âèäå

CP − CV = R (1 + δR) ,

ãäå îòíîñèòåëüíàÿ ïîãðåøíîñòü δR âûïîëíåíèÿ ñîîòíîøåíèÿ Ìàéåðà äëÿ ãàçà Âàí�äåð�Âààëüñà
ïðè ìàëûõ ïîãðåøíîñòÿõ (δR ≪ 1) äà¼òñÿ, ñîãëàñíî (10), âûðàæåíèåì:

δR ≃ 9

4τφ

(
1− 1

3φ

)2

=
9

4

Têð
T

ρ

ρêð

(
1− ρêð

3ρ

)2

6 1

τ
=

Têð
T

, (11)

îöåíêà ñâåðõó äîñòèãàåòñÿ ïðè φ = 1 è ñïðàâåäëèâà ïðè âñåõ îáú¼ìàõ φ ∈ (1
3
, ∞) , äîïóñêàåìûõ

ìîäåëüþ ãàçà Âàí�äåð�Âààëüñà; ýòà âåðõíÿÿ îöåíêà óäîáíà ïðè T ≫ Têð . Åñëè ãàç ðàçðåæ¼í
(φ ≫ 1), òî âûðàæåíèå (11) òàêæå ìîæåò áûòü óïðîùåíî è ïðè T ∼ Têð . Èç ïðèâåä¼ííîãî
óðàâíåíèÿ Âàí�äåð�Âààëüñà [1] äëÿ íîðìèðîâàííîãî äàâëåíèÿ π = P

Pêð
(ãäå Pêð � êðèòè÷åñêîå

äàâëåíèå) â ñëó÷àå ðàçðåæ¼ííîãî ãàçà ïîëó÷àåì:

π =
8τ

3φ− 1
− 3

φ2
≃ 8τ

3φ
,

îòêóäà φ ≃ 8τ
3π

è îöåíêà (11) çàäà¼òñÿ â ýòîì ïðèáëèæåíèè âûðàæåíèåì

δR ≃ 9

4τφ
≃ 27π

32 τ 2
=

27

32

(
Têð
T

)2
P

Pêð

,

ïðèìåíèìûì ïðè P ≪ Pêð ; çíà÷åíèÿ Pêð è Têð ïðèâåäåíû â òàáëèöå.
Âûðàæåíèå (10) äëÿ CP − CV ãàçà Âàí�äåð�Âààëüñà îáðàùàåòñÿ â áåñêîíå÷íîñòü â êðèòè-

÷åñêîé òî÷êå (ãäå τ = φ = 1). Ýòî ÿâëÿåòñÿ îáùèì ñâîéñòâîì, à íå òîëüêî ñëåäñòâèåì ìîäåëè
Âàí�äåð�Âààëüñà. Äåéñòâèòåëüíî, ïðè êðèòè÷åñêîé òåìïåðàòóðå è êðèòè÷åñêîì äàâëåíèè â
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òåðìîäèíàìè÷åñêîé ñèñòåìå íà÷èíàåò ïðîèñõîäèòü ôàçîâûé ïåðåõîä 1-ãî ðîäà, â ïðîöåññå êî-
òîðîãî ïîñòîÿííû è òåìïåðàòóðà, è äàâëåíèå, ò. å. èçîáàðà ñîâïàäàåò ñ èçîòåðìîé (dT = 0) è
ïîýòîìó òåïëî¼ìêîñòü CP , ñîãëàñíî îïðåäåëåíèþ (1), îáðàùàåòñÿ â áåñêîíå÷íîñòü. Óáåäèìñÿ â
ýòîì è ôîðìàëüíûì ïóò¼ì: èç óíèâåðñàëüíîãî ñîîòíîøåíèÿ ìåæäó ÷àñòíûìè ïðîèçâîäíûìè:(
∂V
∂T

)
P

(
∂T
∂P

)
V

(
∂P
∂V

)
T
= −1, èëè

(
∂V
∂T

)
P

(
∂P
∂V

)
T
= −

(
∂P
∂T

)
V
íàõîäèì:(

∂V

∂T

)
P

= −
(
∂P
∂T

)
V(

∂P
∂V

)
T

è ïîñëå ïîäñòàíîâêè â (7) ïîëó÷àåì îáùåå âûðàæåíèå:

CP − CV = −T

(
∂P
∂T

)2
V(

∂P
∂V

)
T

,

î÷åâèäíî, îáðàùàþùååñÿ â áåñêîíå÷íîñòü â êðèòè÷åñêîé òî÷êå, ãäå
(
∂P
∂V

)
T
= 0 è

(
∂2P
∂V 2

)
T
= 0

(ñì. [1]).
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