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§ 1. Komimiekcusbie yucia

Bosnuknosenne KOMIIJIEKCHOTO aHAJIA3a InepBOHaYaJIbHO OBLIIO CBA3AHO C penie-
HHUeM aJIFe6paI/I‘IeCKI/IX ypaBHeHHfI. B ,Ha.HbHeﬁLHeM BbIfICHHUJIOCh, 9YTO aHaJIU3 HaJl
I10JIeM KOMILJIEKCHBIX YHCeJI O6.Ha,HaGT PAIOM IIPpEUMYIITECTB U SBJIACTCA OCHOBOM
MHOT'UX METOI0B I/ICC.He,ILOBaHI/II;'I B Pa3JIMYIHBIX 00/1aCTIX MaTEeMATHKU.

1.1. Ausirebpa KOMMJIEKCHBIX Yncesi. C TOUYKM 3peHus pa3permMOCTd aared-
pamueckoro ypasHenns x2 + 1 = 0 mosgBisercs HEOGXOIUMOCTD PACIINPEHNs TI0JIsT
BEIeCTBEHHBIX uncesi. IlycTh i — HOBOE UHMCIO (MHUMGHA €JUHUYA), KOTOPOE YI0-
BJIETBOPSET YCJOBMIO i2 = 4 - i = —1. Ec/iu Ipou3BOAUTH ONEpAINN CIOKEHUS W
YMHOXKEHUSI HaJ BEIIECTBEHHBIMU YUCJAMUA U MHUMON €JIMHUIIEH, TO Mbl €CTECTBEH-
HBIM 00Pa30M HPHUXOJUM K 3ALUCH KOMNAEKCHOT “uces 2 = T + iy, tjae x,y € R.
B sT0it 3anucu x HA3BIBAIOT BEIIECTBEHHON YACTHIO KOMILJIEKCHOTO YHUCJA Zz U 000-
zuagaioT © = Rez, a y — MHUMOIT YacThio ¢ obozuadenuem y = Imz. Ecim z = 0,
TO KOMILIEKCHOE YHCJIO Z HA3BIBAIOT YHCTO MHUMBIM, a B ciydae y = ( roBopsr,
4910 z BeliecTBeHHO. Hysb sABjsieTcsl €IMHCTBEHHBIM KOMILJIEKCHBIM YHCJIOM, KOTO-
pPO€e OJIHOBPEMEHHO U BeIeCTBEHHOe U YucTo MHUMOe. Ilon paserncmeom IByxX KOM-
[JIEKCHBIX YHCEJI [TOHUMAETCsI OJITHOBPEMEHHOE PABEHCTBO BEIECTBEHHBIX U MHUMBIX
qacrei.

Apudmernyeckue onepanyun CJIOXKEHUsT U YMHOYKEHUsI He BHIBOJAT 38 PAMKU KOM-
IUIEKCHBIX IUCEJ, €CJIN MPEII0JIaraTh, 9TO JJisi HUX BBIMOJIHSIIOTCS Te YKe apudme-
THYECKNE 3aKOHBI, KAK U JIJIsI BEIIECTBEHHBIX YMCEJI, & TAKYKE BBIIOJIHSIETCS IPABUIIO

i? = —1. HeitcTBuTe/1bHO,

(a+iB)+ (y+id) = (a+7)+i(B+9), (a+iB)(y+id) = (ay—pB5)+i(ad+Sy).

MeHee 09€BUIHO, YTO B PAMKaX KOMILICKCHBIX YMCEJI BO3MOXKHO JejeHue. IlycTb
y+id # 0, T.e. v2+ 6% # 0. Torga wacrnoe (« + i)/ (v + i6) = x + iy nonxHO
ompeeaTbes u3 pasencrsa a+if = (y+id)(z+1iy). C yuerom yciaoBus paBeHCTBA
KOMILJIEKCHBIX 9HCE & U Y JOJIZKHBI ABJIATHCS PEIIEHUEM CACTEMBI JIBYX JTMHEHHBIX
ypaBHEHUN

YT — 0y = a,

ox + vy = B.
2, 2
IMockosibky = + 6% # 0, TO 3Ta cUCTEMa UMeeT €JUHCTBEHHOE PelleHre

ay + B6 _ By—ad
A2 1482 y = 212

B gactrOCTH, 06paTHOE K dnciy « + i # 0 ompemessieTcs paBeHCTBOM

1 a—1ip a B

atif o243 a2+6271a2+ﬁ2'
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MozKHO TaK»Ke IOJIyIUTh SIBHBIN BUJI KBAJIPATHOIO KOPHS M3 KOMIUIEKCHOTO YHC-
na a+if. eficTBuTebHO, HAM Hy’KHO HANTH IUCIIO ' +1Y, KOTOPOE YI0BIE€TBOPSIET
PaBEHCTBY

(x +iy)* = a+iB.

CHOBa PaBEHCTBO KOMILIEKCHBIX YHCEJI IIPUBOJIUT K CHCTEME JBYX BEIIEeCTBEHHBIX
ypaBHeHUN
z? — y2 = q,

2zy = B.

Ee penienue Tak>kKe JOJI2KHO YIOBJIETBOPATH CUCTEME ypa.BHeHI/IfI

(1.1)

x2 _ y2 = a,
($2+y2)2 _ a2+52,

us3 KOTOpOﬁ CJIEIYIOT paBE€HCTBa

z? = 1( a2+52+a), y? = 1(\/WW*O[).

2 2

Takum O6p3.30M, BO3MO2KHBI JIMIIb II0 ABa 3HAYCHUA JId T U AJIAd Y.

r=+{/——— o+ ta

2 )

Bri6op 3HAKOB MOXKHO OCYIIECTBUTH C y4ueToM paseHcTBa 2zy = (. Eciu 8 = 0,
To pererusiMu cucreMbl (1.1) stistrorest

r = +Va, y =0

mpu o = 0u
z =0, Yy = £V/—-a

npu « < 0. B cityuae 8 # 0 3HaYeHus £ 1 Y JOJKHBI OBITH OHOIO 3HaKa mpu 3 > 0
u uMeTh pasubie 3Haku npu S < 0. CiemoBaTesibHO, s JIFOOOTO KOMILIEKCHOTO
qucia o + i # 0 cymecTByeT poBHO JIBa KBJIPATHBIX KOPHS:

+ i

ecim 3 # 0, a npu B = 0 3TMMM KOpHAME ABJIAOTCH ++/r, ecn @ > 0, u +iv/—a,
ecn o < 0. Oba 3TH KOpHS, KaK U B CIydae H3BJICUeHHs KBaIPaTHOIO KOPHS U3
HOJIOZKUTEHHOTO MHCIa, OTIHIAIOTCS IPYT OT APYTa TOJIHLKO 3HAKOM.

OTMeTHM TaK»Ke, UTO BBEJIEHHOE BBIIIE PABEHCTBO KOMILJIEKCHBIX UHCEJ MOYKHO
HOJKPEINTD CJICIYIONINIMI PACCY KACHUAMH. 11ycTh o448 = 7y + i, T. €. MBI IMeeM
JIBE 3aIlUCH OJIHOTO KOMILIEKCHOro uncia. Torma o — v = i(§ — ) u mocie Bo3se-
JeHns B KBaJpaT ODeHX JacTeill paBEHCTBA IIPUXOINM K PABEHCTBY BEIeCTBEHHBIX
qucen (o — )2 = —(6 — 3)?, KOTOpoe BO3MOYXKHO JIUMIb B ciiydae o = Yy 1 3 = §
omaoBpeMerHo. COBOKYIHOCTD BCeX KOMILIEKCHBLIX Trce 0603Haxaior cuMBosoM C.
V3 IpOBeJeHHBIX BLIMIE pacCyzKaeHuit ciemyeT, 910 C SBIAeTCS THCIOBBIM IIOJEM.
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Ilox xomnaexcrovm conpastceruem TOHUMAETCS OIEPAIUs, KOTOPas KayKIOMY
KOMILJIEKCHOMY YHCJIY @ = « + 93 CTABUT B COOTBETCTBUE CONPANCEHHOE TUCIIO
a = a — if. KoMIjiekcHoe COIpsizKeHHe sIBJISIETCsI MHBOJIIOIMEH, ITO BBIPaXKaeT-
csl PaBEHCTBOM @ = a. DBellecTBeHHass 1 MHHMAas YaCTH KOMILICKCHOTO YHCHIa G
aJiredOpanvecKn BBIPAXKAIOTCS Yepe3 @ U a:

1 1
Rea = 5(&—&—6), Ima = Z(a—ﬁ).

OyHIaMEeHTATLHBIM CBOHCTBOM COIPSI?KEHUST SIBJISIETCS TO, UTO
a+b=1a+b, ab = ab.

OTH paBeHCTBA JIEKO IIPOBEPSIIOTCS HEITOCPEICTBEHHBIM CPABHEHMEM JIEBBIX U ITpa-
BBIX uacreii. Jlajee, MOCKOJIBbKY YacTHOE z = a/b OnpesiessieTcsi KaK pelleHne ypas-
HeHUsi @ = bz, TO B CUJIy NPEIBIAYINIAX CBOUCTB @ = bZ, OTKy/1a IMOJIyIaeM

ray

-

SaMeTuM Telnepb, 4TO JjIs JIEOOOrO KOMILJIEKCHOIO 4ncja a = « + i Inpousse-

JieHue aa = 042 + ﬂQ BCerJa MpuHUMaeT HeOTpullaTe/JIbHOE 3HaYeHUEe N PaBHACTCA

HYJTIO JTHITL B caydae a = 0. HeoTpumarenbHblii KOpeHb \/aa@ Ha3bIBACTCsH MOOYAEM

KOMIIJIEKCHOTO 4ncaa ¢ 1 obo3Hadaercs |a|. OTMeTMM OCHOBHBIE CBOHCTBA MOJY-

ns. HemocpesieTsenno n3 onpesienienns ciepyet, urto aa = |a|? u [a| = |a|. =
OpOoU3BeACHUA IBYX KOMIIJICKCHBIX YUCEJI G U b IoJIy9aeM

SRS

lab|?> = abab = abab = aabb = |a|*[b[?,

T.e. |abl = |a||b|. Ecau b # 0, 1o mas gacTHOrO a/b 6y1eT BLIIOIHATHCA PABEHCTBO
b(a/b) = a. Ucmnoub3ysi CBOMCTBO MOYJIs JUIsl IPOU3BEJEHUs] TUCEII, HOJyJaeM
|bl|a/b| = |a|, oTKyna ciemyeT paBeHCTBO

-

bl ol

B ornmume ot BemecTBEHHBIX 9MCEST KOMILIEKCHBIE JIHC/Ia HE CBSI3aHBI OTHOIIEHNU-
eM nopsaka. [losToMmy Bce HEpaBeHCTBA 3aMUCHLIBAIOTCS TOIBKO JJIsI BEIECTBEHHDBIX
quces. VI3 onpesesienust MOMLyJIst Cpa3y 2Ke CJIELyIOT HEPABEHCTBA

—la| € Rea < |al, —la| € Ima < |al.

Pasencrso Rea = |a| umeeT MecTo B TOM U TOJIBKO TOM CIIyHae, €CJIU ¢ BEIIECTBEHHO
1 HeoTpHIaTeabHO. [lajee, 1yisd MIOOBIX OBYX KOMILIEKCHBIX YHCE]I ¢ U b HMeeM

la+bf* = (a+b)(a+b) = |a|* + [b]* + 2Re{ab} < |a®| + [b* + 2[al[b] = (la| + [b])*.
Orcrona cirefyer HEpABEHCTBO TPEYTOJBHUKA I KOMIITIEKCHBIX YUCeI
la+b] < af + [0].

3aMernM, 4TO B 3TOM HEPABEHCTBE 3HAK PABEHCTBA JIOCTUIAETCH JIUIIL B CIIydae,
ecau ab > 0.
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ITpuMensist HEPABEHCTBO TPEYTOJILHUKA, IIOJLYIaeM
lal = |(a=b) +b] < |a—bl+[b],
oTKyza caemayer, uro |al — |b] < |a — b|. Aranormuno nosyuaem
o] = [(b—a)+al < [b—al+]al
u |b| — |a| < |a — b|. TlosmyvueHHBIE HEPABEHCTBA MPUBOIAT K CIIEYIOMIEMY
lla] = bl] < fa—b].

1.2. TeoMmeTpuyeckoe MpecTaBieHrue KOMILJIEKCHbIX unces. Ha koopau-
HATHOM MJIOCKOCTH KOMILJIEKCHOE YUCJIO0 @ = ¢+ i3 MOXKHO MHTEPIIPETUPOBATE JTUOO
Kak TOYKY ¢ KoopauHaramu (a, ), mbo Kak BEKTOD, BBIXOJAIMIAI M3 HaUajda Ko-
opauHaT B 3Ty TouKy. CaMmy IJIOCKOCTL IPH 9TOM OyIeM Ha3bIBATH KOMNACKCHOT
NAOCKOCTNDIO.

Crro’keHre KOMILIEKCHBIX IHCENT BIIOJIHE COTJIACYETCS ¢ BEKTOPHBIM CJIOXKEHUEM.
Kpome TOoro, mpocToe reoMeTpuIecKOe COJEPKAHNE IMOMYYaloT B PAMKaX BEKTOD-
HOIl HHTEPIIPETAIMH KOMILUIEKCHBIX YUCesI MOJLYJIb |a| (1yinHa BeKTOpa), HepaBEHCTBO
TpeyrosbHEKa |a + b| < |a| + |b| u TokzecTBO napaJLIesOrpaMma

|a+b\2 + |a—b|2 = 2(|a|2 + |b|2).

KowmmiekcHoe 9ucsio @ n ero KOMIIJIEKCHOE COUPSI’KEHNE G IPEJCTABIAIOT Ha KOM-
IIJIEKCHOM IIJIOCKOCTH TOYKHN, CHMMETPUYIHBIE OTHOCHTEJILHO BelleCTBeHHOiT ocu. Tod-
Ka, CHMMeTPUYHasT K @ OTHOCHTEIHHO MHUMOI OCH, BBIPAYKAeTCs B KOMILJIEKCHO
3allCU KaK —a.

st reOMeTpUYecKOoil MHTEPIIPETAINH TPOU3BEIEHIST KOMIIJIEKCHBIX UHCESl BBe-
JIeM B KOMILJIEKCHOM IJIOCKOCTH MOJIFpHBIE KoopauuaTsl. Eciau (7, ) — moJspHbIe
KOODAMHATHI TOUYKH (v, ), KOTOPYIO MBI &CCOIMMUPYEM ¢ KOMILIEKCHBIM YHCJIOM @ =
a+ i, To

o = oS P, B = rsin .

DTO HPUBOJUT HAC K MPULOHOMEMPUNECKOT hopme 3aINCH KOMIIJIEKCHOIO YNC/Ia @
a = r(cosp+isiny).

IIpu sTom 7 = |a|, a nonsgpubLi yroa ¢ (yros, KOTopblii 06pa3yer BEKTOP @ C IO-
JIOKUTEIbHBIM HAIPABJIEHUEM BEIECTBEHHON OCH) HA3BIBAETCS AP2YMEHINOM KOM-
mrekcHoro uuciaa a #* 0. Hymo aprymeHnT He npunuceiBaercsi. B ocrajbHBIX
caydasX apryMeHT OIpeJessieTcss HeOQHO3HadHO. JlelicTBUTeIbHO, 3aMeHa (o Ha
@+ 2km, k € Z, B TpuroHoMeTpuvecKoii popme 3ammcu J1aeT TO XKe CaMoe KOM-
[JIEKCHOE 4YhCJI0. B CBA3M ¢ 3TUM yCJIOBUMCS 4Uepe3 arga 0Ho3HavYaTh HEKOTOPOe
BBIJICJIEHHOE 3HAYEHUE apryMeHTa, HAIPUMED M3 MPOMEXKyTKa (—7, 7|, a MHOKe-
CTBO BCEX 3HAYEHWH apryMeHTa 0003HAYATD

Arg{a} = {arga + 2kn: k € Z}.

PaccmorpuM Terepp JiBa KOMILUIEKCHBIX ducjaa a1 = 71(C0S @1 + isingy) u ag =
r2(C0s g + i 8in¢y). VX npousBejieHue 3a1MCHIBACTCS B BUIE

ar1ag = 1172[(COS 1 COS P — sin 1 sin @y) + i(sin @1 cos Y2 + sin Y9 cos p1)].
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Wcnob3yst TeopeMbl KOCUHYCOB I CUHYCOB CyMMBI yTJIOB, IIOJIydaeM
araz = r1r2(cos(pr + @2) +isin(pr + ©2)).

TO, 9TO MOAYJ/IM IIEPEMHO2KAIOTCs IIPU YMHO2KEHNN KOMIIJIEKCHBIX Y9HCEJI, Mbl BUJIE-
JIN U3 aJII‘e6paI/I‘{eCKOI‘O olpeaesJIiecHnud MOJLYJIs. HOJIy‘IeHHOe BbIIII€ PAaBEHCTBO JaeT
TaK>Ke NPaBUJIO CJIOZKEHUA apTryMEHTOB:

Arg{aias} = Arg{ai} + Arg{az},
WA B IPYTON 3alliCh
arg(ajas) = argay + argas (mod 27r).

pyrumu cjaoBaMu, IPU IPOU3BEIEHUN KOMILIEKCHBIX YHCEJ UX apryMEHTBI CKJIa-

JILIBAIOTCS.
ITycre Tenepb a = r(cos ¢ + isiny) # 0. Torma
1 1 1 1 .. 1 .
@ reospiisng ;(cosga—zsmga) = 7ﬂ(cos(—gp)—i—zsm(—ga)).

Orciofia 1 U3 JTOKA3aHHOTO CBONUCTBA ApTyMEHTa JJIsl IPOU3BEJICHUSI TTOJLY YaeM

Arg {%} = Arg{a} — Arg{d},

T.e. IpU JeJeHUN KOMILIEKCHBIX YHCes apIyMeHTBI BBIYUTAIOTCA.
Tpuronomerpuyeckas gpopma 3a1uc KOMIIJIEKCHOTO YHCJIa [T03BOJISIET JIaTh II0JI-
HBIl aHAJIN3 PEMIeHUN OUHOMUAADHO20 YDABHEHUA

2" = a,

a# 0, n € N. Ilycrb a = r(cosp + isiny). Pemenue z GyneMm uckarh B BHJIE
z = p(cosf + isinf). U3 upasuina yMHOXKEHHs KOMILIEKCHBIX YUCEJI CPa3y Ke
[TOJTy 9aeM

2" = p"(cosnf + isinnd).

B ciaydae p = 1 310 paBeHCTBO NPUHUMAET BUJ
(cos@ +isin€)" = cosnb + isinnd

u HocutT nmsa Myaepa. Takum obpazom, ypaBHeHue z” = a IKBHBAJIEHTHO CHCTEME
ot =r, nb = p+ 2km, keZ,

U3 KOTOPO# CJIe/lyeT, UTO BCE pellleHnsl YpaBHEHHUs z'' = @ MOXKHO IIPEJCTaBUTH

dopwmyiioit
2k 2k
z = (’/;(cos <¢+7T> +Sin<<p+7r)>,
nn non

k=0,1,...,n — 1. 910 — Bce KOpHU n-0ii crerienn u3 yucyaa a # 0. OHU pacmoso-
JKEHBI HA OKPY?KHOCTH C TIEHTPOM B Hadaje KOODJWHAT W pamuyca /r. B cayqae

a = 1 mosrydyaeM KOPHH N-Oif CTENEHU U3 €TUHUITHL: l,wn,wz, .. ,wz_17 rie

2 .. 2w
Wp = COS — —+18In —.
n n
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1.3. IlocienoBarenbHOCTH U psaabl. PacimupeHHasi KOMIIJIEKCHAs MJIOC-
KOCTb. AHAJIOTUYHO BENECTBEHHOMY CJIy4Yal0 B KOMIIJIEKCHOM aHAJIM3€ BBOJISITCS
IIOHSATUS OKPECTHOCTH U IIPEJIieJia YHUCJIOBOH I10CIe10BaATEIBHOCTH HA OCHOBE MOJLY-
s Komrutekcaoro uucia. st a € C u r > 0 1o/ OKpeCTHOCTBIO TOYKHU ¢ PATIUYCa
7 Oy/IeM MOHMMATh MHOYKECTBO

Or(a) = {z€C: |lz—a| <1}

OueBnanHo, 9T0 B mIockocTr C, KOTOPYIO MOMKHO OTOXKIECTBUTL ¢ R?, OKPECTHOCTH
O,(a) upezcrasiser coboil OTKPHITHII KPYT' € IEHTPOM B TOYKE ¢ U PAJHUYCOM 7.
Yepes O,.(a) 6yaeMm 0603Ha4ATH 3aMKHYTBINA KPYT, T. €.

O,(a) = {z€C: |z —a|l <7},

a aepes O,(a) = {z € C: 0 < |z — a| < r} — IPOKOIOTYIO OKPECTHOCTH TOUKH d.

IIyctb ayn = ap + 18, n=1,2,...,— [I0CIeI0BATEIBHOCTD KOMILJIEKCHBIX YUCEJI.
ByjeM roBopuThb, 94TO KOMILIEKCHOE YHUCIO ¢ =  + i3 gBJsIeTcs npedesom moce-
JIOBATEJLHOCTH {ay, }, ecyn Jyist aroboro € > 0 cymiecrsyer Homep N (g) Takoii, 4ro
|a, —a| < € upu Becex n > N(g). Hpyrumu ciuosamu, upu n > N(g) Touku a,
GyayT monamath B e-okpectHOCTh O (a) Toukn a. B ciryuae cymecTBoBaHus mpee-
JIa @ TIOCJIEIOBATEBHOCTH {ay, } 3Ty TOCIIETOBATENTEHOCTD HASBIBAIOT CTOOAULETICA 1
WY T

lim a, = a.
n—o0

3aMeTuM, 9TO B CHJLy HEPABEHCTB
|a’ﬂ_a‘ < |an_a|7 |ﬂn_6| < |an_a‘7 ‘an_a| < |an_a|+‘6n_ﬂ‘
ycaoBue lim, oo @, = @ 9KBUBAJECHTHO CJIEIYIONTUM JIBYM:

gt = A=

Taxum 06pazOM, TIOCIIEIOBATENBHOCTD { &y, } KOMILIEKCHBIX UUCEIT &y = (413, CXO-
JIATCS B TOM M TOJILKO TOM CJIydae, eCJIi CXOSTCs TI0CIeI0BATeIbHOCTH BellleCTBeH-
HbIX uacreil {ay, } 1 MERMBIX gacTeit {(,,} omHOBpementno. Kpome Toro, npumvenenne
KpuTepust Komm J1s mocIe10BaTeIbHOCTEH BENeCTBeHHBIX 1 MHUMBIX JacTeil mpu-
BOJIUT K CJILyIOIEeMy pe3yiibrary. IlocsenoBareibHOCTh {ay, b KOMIIJIEKCHBIX YUCesT
ABJISIETCS CXOJAIMIEHCa B TOM U TOJILKO TOM CJIydae, eClad OHa GyHiaMeHmaivHa,
T. e. miis joboro € > 0 cymecrByer Homep N (€) Takoii, 4to |a, — a.,| < € upu Beex
n,m > N(g). AHATOrHYIHO EPEHOCATCSA BCE CBOMCTBA CXOSIIIAXCS TTOCTIEIOBATE b
HOCTell U3 BelleCTBEHHOI'o aHaJIu3a Ha KOMILIEKCHBIE II0C/IeI0BaATe/ IbHOCTH.

Cperu pacxodawuxcs mocaeoBaTeabHocTell {a, } B KOMIUIEKCHOM aHAJIN3€e BbI-
JIQJISTIOT Te, JIIsl KOTOPBIX |a,| — +00 1pu 1 — co. Bosee TouHO, GyeM roBoputs,
YTO TIOCJIEIOBATENLHOCTD {dy} CTPEMUTCS K GECKOHEYHOCTH W IHCATH d — OO
(mmu limy,— o0 Gy, = 00), ecyu jyis Juoboro R > 0 maiigerca vomep N (R) Takoit, aTo
|an| > R upu Bcex n > N(R). B cBa3u ¢ atum, a TakzxKe [0 JPYIUM IPUIMHAM,
KOMILIeKcHas 1ockocTh C nonoansemcs 6eCKOHEYHO yIaJeHHOH TOYKOil 2z = 0o.
ITo1 OKpecTHOCTHIO GECKOHEYHO yIAJeHHO! TOYKK IIOHUMAeTCA BHEMIHOCTL KPYyTa C
HEHTPOM B HAYAJIE KOODJWHAT, T. €. MHOXKeCTBO Touek 2z € C, mist KoTopeix |z| > R,



8 B.B. I'OPSIIHOB, E.C. IIOJIOBUHKUH

rme R > 0. TlomonmeHHasi (MM pacwupertas) KOMIUIEKCHAS IIJIOCKOCTH O0DO3HA-
qaerca gepes C. B pacmmpennoii kommiekcuoit miockoctn C mpumimun Bosba-
Ho—BeitepmTpacca yrounsercsa ciegyionmmM obpasom. V3 moboil mocsenosaTeib-
Hoct {a,} C C MOXKHO BBLIEJUTH CXOJSIIYIOCS (B COOCTBEHHOM WJIM PACIIMPEH-
HOM CMBICJI€) HOJIIOC/IEI0BATEbHOCTD. JIefCTBUTE/IBHO, eCIIH OC/IeI0BATELHOCTD
{a,} orpammuena, To K Heit (Kak K TOCJII0OBATEILHOCTH TOIeK B R?) MOXKHO mpm-
MeHUTH Kiaccudeckuil npuniun Bosbiiano—Beiiepmrpacca. (JIubo npumeruTs ero
K II0CJIeJOBATEJILHOCTSM BEIIeCTBEHHBIX U MHUMBIX 4acreil.) B ciyuae neorpamu-
YEeHHON MOCIIE0BATEIBHOCTU {aGy, } MOXKHO BBIIEJIUTH MOJIIOCIIEIOBATENBHOCTD Gy, s
YZIOBJIETBOPSIIONILY IO YCJIOBUIO |ay,, | >k, k=1,2,.. ..

Harsisinoe npejicTaBieHne TOIMOJOIMYECKUX CBONCTB PACIIMPEHHON KOMILIEKC-
HOI IJIOCKOCTH Jaer crmepeoepadureckan npoekyus. Pacemorpum cdepy S, Koro-
pas B TPeXMePHOM IIPOCTPAHCTBE 3ajlaeTcsl ypasHeHueM 75+ 23 +23 = 1. C kaxoit
TOUKOU (X1, X2, x3) Ha chepe S, uckimouas Touky (0,0, 1), MOXKHO acCOUUUPOBATD
romritekcHoe yucyo z € C mo dpopmyste

A B )
1—563 '

DT0 paBEHCTBO OIPEIEIsieT B3aNMHO-0IHO3HaTHOe cooTBeTcTBre MKy S\{(0,0,1)}
u C. JleficTBUTENBLHO, NCTIONB3Ysl OUEBUTHOE COOTHOIIEHHE

||2_ .’L‘%—l—l‘% _ 1+$3
(17933)2 o 171‘3,

JIETKO HaXO/JIUTCA O6paTHOB OTO6pa}KeHI/I€

_lzr -1 z+Z 1 z—2

€3 1+ |Z|2’

3ameTum TakzKe, 9TO IIPH |z| — 00 COOTBETCTBYIONIAs To4YKa Ha cepe S cTpeMuTcs
k touke (0,0,1). TIpomomkas orobpaxenue coorsercrsuem (0,0,1) — oo, mpuxo-
JIAM K B3aMMHO-OJIHO3HAYHOMY co0TBeTcTBHIO S 1 C. DT0 0T06parkeHne HA3BIBAETCSI
cTepeorpadryIecKoil mpoekIyeil 1 obaaaeT paIoM 3aMedaTebHBIX CBOMCTB.

Puc. 1. Cdepa Pumana
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Kak 1 B BeIIeCTBEHHOM aHAJIN3€ I10/] YUCJIOBLIM PAIOM HOHUMAaeTcst (popMaIbHAas
cymma Y o2 an. C pAmOM acconuupyercs HOCIEJ0BATEIbHOCTh €r0 YaCTHYHBIX
o0
cymm S, = a; + ...+ ay, n = 1,2,.... ToBopar, pgn ), ~, G, CXOIUTCSH, €CIIH
CXOIATCA TTOCTIEI0BATEILHOCTh €0 YaCTHYHBIX cyMM. Ilpm srom S = lim, o Sy,
HA3BIBAETCST CyMMOI psifia 1 iy T S = > 7 | ay,.
[Iycts a, = ay + By, n = 1,2,.... Torja 9acTUUHBIE CYyMMbI PAia Yoo

n=1
Oy/lyT UMeTh BUJT
n n
Su =Y ar+iy b
k=1 k=1

CitetoBaTeILHO, PSIL Y~ 1 Ay CXOAUTCS B TOM H TOJIBKO TOM CJLyHae, eCJIl CXOATCS
oo oo o .
JIBa BEIIECTBEHHBIX Psijia » .~ 1 & Uy~ (3. Kpurepnit Konm, npuvenennsrit k
oo
II0CJIE/IOBATEILHOCTH YaCTHIHBIX CYyMM, IIOKA3BIBAET, 9TO P | Gy, CXOJUTCS B
TOM U TOJIBKO TOM CJlydae, ecju fyis Jjioboro € > 0 maiijgerca takoii Homep N(g),

9T0

Qn

n+m

Z apl < €
k=n

upu Becex n > N(e) u Harypanbubix m. W3 kpurepus Komm u HepasencTsa Tpe-
YTOJbHUKA Cpa3y Ke CJIeIyeT, 9TO abCOJIOTHAS CXOJUMOCTD Psijia BJIEUET €r0 CXO-
JaAMOCTh. Kak 1 B BEIeCTBEHHOM CiIytae u3 Kpurepus Koru ciieyer Takke HEOO-
XOJIMMO€ YCJIOBUE CXOJIMMOCTH Psifia: a, — 0 mpu n — oo.

§ 2. KomiutekcHasi audppepeHmpyeMocTs

Teopust HyHKIMH KOMILIEKCHOTO IIEPEMEHHOTO PACIIUPSIET UCIUCIEHNE Ha KOM-
IIeKcHy10 0b/1acThb. [Ipu aToM u muddepeHImpoBanne 1 THTErPUPOBAHIE TPUOOPE-
TAIOT HEKOTOPOEe HOBOE 3HadeHHne. VX 06/IacTh MPUMEHEHUsI CYIECTBEHHO CyrKAeT-
€SI U €CTECTBEHHBIM 00Pa30M BO3HUKAET KJIACC TOJOMOPQMHBIX WM AHAJTUTHIECKUX
dyHKIWMIA.

Moz, dyuknueit KomMiLieKCHOro nepeMernoro w = f(z) OyJeM moHuMaTh 0ToOpa-
»erme MuOKecTBa D C C B KOMILIEKCHOI 2-TITockocTH B MHOKecTBO f(D) = G C C
KOMILTEKCHON wW-TIOCKOCTH. EC/m IpejcTaBuTh 2 = T + iy, w = u + v, TO 3a7a-
uue GyHKIuY [ SKBUBAJICHTHO OIPEIEICHUIO JIBYX BEIIECTBEHHBIX (bYHKIWA u(x, y)
u v(x,y) BEIIECTBEHHBIX [EPEeMEHHBIX U Y, T.e. w = f(z) = u(x,y) + w(x,y).
Hpyrumu ciaosamu, dyukuuu u(x,y) u v(x,y) nanoT 3anuch orobparkenus: f B Be-
IIIECTBEHHBIX TepMuHaX. Kak mpaBusio, Mbl OyJeM paccMaTpuBaTh CIydail, KOraa
dyukImsa f onpejeneHa Ha OTKPBITOM MHOXKECTBE.

ONPEAENEHME 2.1. Byuem rosoputs, uro dbyukuus f(z) umeer npenesa A npu
Z — @ ¥ IOHucaThb
lim f(z) = A, (2.1)
z—a
ecan I Kaxkjoro € > 0 maitnerca takoe 6 > 0, garo |f(2) — A| < € npm Bcex
z € Os(a), .e. mpu 0 < |z —a| < 6.

DoOpMyIMPOBKA ONPEIETEHHIS JIETKO BUJOU3MEHSETCA B CIYUYasiX, KOIJa @ = OO
uwm A = oo (uam ob6a Bmecre). Hanpumep, upu a = 0o HykHO (pasdy ,,upu Beex
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z € Oy (a)“ samennTs Ha dpasy ,upu |z| > §“. Xopolo n3BecTHbIE U3 BEIECTBEH-
HOI'O aHaJU3a Pe3yJIbTaThl, KaCaloIuecs IPeieJoB CyMMbl, IIPOU3BeICHUST U JacT-
HOT'0, OCTAIOTCSI BEPHBIMU M B KOMILIEKCHOM CJIy4ae, IIOCKOJIBKY IIPU UX JIOKA3aTe b
CTBE WCIIOJIB3YIOTCS JIUIIb CBOHCTBA MOJIyJsl. 3aMETUM TakxKe, 9To ycjaosue (2.1)
9KBUBAJICHTHO CJIEYIONIEMY

lim f(z) = A. (2.2)

z—a

U3 (2.1) u (2.2) cpasy e CJeIyI0T COOTHONIEHNS]

lim Re f(z) = Re A, lim Im f(z) = Im A.
z—a z—a
O6paTHO, ec/iu BBIIOJHEHBI MOCIEIHAE B4 COOTHOIIEHUS, TO BhIIoHs0TCa (2.1)
u (2.2). Oynkiwst f(z) HA3BIBACTCS HENPEPLIGHOT 6 MOYKE G, €CIIH
lim f(=) = f(a).
z—a
TepMmun wenpepvishas GyHryus OyaeM yrnoTpedisiTh B cIydae, Korja f HellpepbIBHA
BO BCEX TOYKAX, IJie OHa OIlpejiesieHa. VI3 CBOWCTB mpejiesia CIIEyeT, 9TO CyMMa U
[IPOM3BEJIEHNE JIBYX HEMPEPLIBHBIX (DYHKIU SIBJISTFOTCS HEMPEPBIBHBIMU (DYHKIIHSI-
M. HacTHoe JIByX HEIPEPBIBHBIX (DYHKIUI f U ¢ TaKyKe HEIPEPBIBHO B HEKOTOPOIi
OKPECTHOCTU TOYKH @, €CJH B ITOW TOUYKE He 0Opamaercs B Hy/Ib 3HAMEHATEJb.
Kpowme Toro, n3 HepaBeHCTB

|Re f(z) — Re f(20)]
|Im f(2) —Im f(20)| p < [f(2) — f(20)]
£ (=) = |f (z0)l

CJIeJTyeT, uTo ecsiu f HempepbiBHA, TO TAKOBBIMU sBJIsA0TCA Re f, Im f u | f].

IIponsBonnas dyHKIINK OLIpeIesseTCs KaK IIPeJie OTHOIIEHUS IPUPAIIeHN He3a-
BHCUMOW W 3aBUCUMOM MEPEMEHHBIX, T. €. 10 (opMe KOMILIEKCHOe g depeHumpo-
BaHUe BIIOJIHE aHAJIOIMYHO BEIECTBEHHOMY:

z—a zZ—a

DTO ompejiesieHne TPOW3BOIHON U HJIEHTUIHOCTb apu(PMETUIECKUX 3aKOHOB JIJIst
KOMIIJIEKCHBIX U BEIIECTBEHHBIX UUCEJ IIOKA3BIBAIOT, YTO OOBITHbBIE ITpaBmia nudde-
PEHIIMPOBAHUSA CYMMBI, IIDOU3BEICHASA U YaCTHOI'O BBIIIOJHAIOTCA U B KOMIIICKCHOM
caydae. OHAKO, B OTJINYHE OT MOHATHS HEIIPEPBIBHOCTH, KOTOPOE ITPOCTO CBOUTCS
K HEITPEPBIBHOCTH BENIECTBEHHON M MHUMOIT JacTeil, yciosue auddepeHmpyeMocTn
BJIEYET COBEPIIIEHHO HEOXKH/IAHHBIE CBOMCTBA (DYHKITUH.

TEOPEMA 2.1. Jasn dugdeperyupyemocmu dynruuu f(z) = u(z,y) + iv(z,y)
68 mouke z = T + 1Y 68 KOMNAEKCHOM CMBICAE HEOOTOOUMO U AOCTNAMOYHO, “MOobbL
ona 6va Juddepenyupyema 6 sewecmeernom cmoicae (m. e. Juddepenyupyemu
dynruuu u(z,y) v o(x,y)) u 6LNOIHAIUCH PABEHCTNEA

ou ov ou ov
ae_gv 9% 2.
Ox oy’ Oy Ox (23)
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JIOKABATEJILCTBO. BemecrBennas muddepernupyeMocts GyHKIMU f B TOUKE
z = x + iy 03HavYAeT IpecTaBIeHne npupainennit pyukuuit u(x,y) u v(z,y) B BuIe

u( + &y +n) —u(@,y) = uy - &+ uy -0+ o([¢]),
v(z+&y+n) —v(z,y) = v, - &+ v, -1+ o([C]),
rjle JacTHbIE IIPOU3BOJHBIE BbIYUCIECHBI B Touke (x,y) u ¢ = & + in. C mpyroii

CTOPOHBI, KOMILIEKCHAas1 quddepeHnmpyeMocTsb GYHKIUY f B TOYKE 2 IKBUBAJICHTHA
[IPEJICTABJICHUIO €€ IIPUPAIIEHUS B BUJIE

fz+0Q) = f(z) = f'(2)¢+¢a(0),

rae 0(¢) = 0 upu ¢ — 0. Ilycrs f/(2) = a4+ i8. Torma, orienss B nocseanem
PABEHCTBE BEMICCTBEHHYIO M MHUMYIO 9ACTH, MOJIydaeM

U(~T+fay+77)*u(l’7y):a§*577+0(|C|)a
v(x+&y+n) —v(z,y) =B-{+a-n+o(]).

Hpyrumu cioopamu, du = adx — Bdy, dv = Bdr + ady. B cuiy egurCcTBEHHOCTH
juddepeHIuaia moydaeM PaBeHCTBa

u, = a, u, =—0, v,=p8 v =a,

U3 KOTOPBIX cjeayor coorHomerns (2.3). Takum o6pa3oM, U3 KOMILIEKCHON Jud-
depeHnmpyemocTy cieyer BemecTBeHHas JuddepeHIupyeMOCTh U BBINOJHEHUEe
coorHommenuit (2.3). IIpu sTom

ou v ov ou
/ _ v i A bl
fz) = 8x+28m Oy Zay'

Ob6parno, gounyctuM, 4yto f nuddepeHrmpyeMa B BEIIECTBEHHOM CMBICJIE U BbI-
nosusores coornomtenus (2.3). Torga, ymuoxas npupaiienne byHKIUA U HA § 1
CKJIa/IbIBasl €ro ¢ npupailienneM QyHKINT u, HoJIydaeM npupanienne GyHKImn f u3
KOTOPOTO CJIeJIyeT ee KOMILUIEKCHAs MuddepeHImpyeMocTb. O

(2.4)

ONPEAENEHUE 2.2. OyHKIWO f, OIPE/EJICHHYIO HA OTKPBITOM MHO2KecTBe D C
C Gyumem HasbBaTL 2040MOpPHOT (anasumuyeckol, peeyasprot) B D, eciu ona
nuddepeHpyemMa B KOMIUIEKCHOM CMBIC/IE B KaxkJoit Touke D. Bymem roBoputs,
qaro f rosomopdHua Ha nponsBosbHOM MHOXKecTBe F C C, ecin ona rosomopdHa Ha
HEKOTOPOM OTKPBITOM MHOXKecTBe D, comepxkaiiem F.

CoorHomterust (2.3), KOTOPBIM YJIOBJIETBODSIOT BEIECTBEHHAS] 1 MHUMAs YaCTH
rosioMopdHoit DYHKIMN, HABBIBAIOTCH YCAOBUAMU (UAU cucmemoli ypashenudi) Ko-
wu—Pumana. C ygerom paseHcTB (2.3) MOXKHO 3aIMCATH YETHIPE PA3JIUYHBIX BbI-
paxenus g f'(z) B TepMUHAX YACTHBIX [IPOM3BOJAHBIX. B X0 JI0KA3aTeIbCTBa
TeOpeMbI OBLIH ITOJIYyIeHbI CJIELYIONINE IBA

0 0 0 0 0 0
floy= oL 0w 00 Ov Ou - OF
Or Or Ox Oy Oy Oy
Camu ycnosus Komm—Pumana MOXKHO 3aIicaTh OJHIM KOMIIJIEKCHBIM PaBEHCTBOM
of _ ;o1

or 726y'
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Ecnu Bocosib30BaThCs MHBAPUAHTHOCTHIO (hOPMBI ITepBoro mauddepennuaia u Ghop-
MaJbHOH 3amenoit dr u dy Ha dz u dZ, TO OYeBUIHBIE TPEOOPA3OBAHMUS

_0f 4. 9

& = Gpdr+ 5 dy

_Lof L0F . az
728x(dz+d§)+2i8y(dz dz)
_L(or_,of Liof, of
_2<8x lay>dz+2(8x+28y dz

€CTeCTBEeHHBIM 00pa30M MPUBOJST K M depeHInaIbHBIM OlEPATOPAM

af 1 (8f__,8f) af 1 <8f ,af)

9z~ 2\oz oy oz oy

0z 2
B stux tepmunax ycinosus Komum—Pumana mpruHEMAIOT BT,

0
9f _y,
0z
Cucrema ypasrernit Komm—Pumana (2.3) 06s1a71a€T psizioM HHTEPECHBIX CBOHCTB.
B 4acTHOCTH, €CJIM IPeANoNoKATh, IT0 byHKImu u(z,y) u v(r,y) ABIAOTCI IBa-
Kbl HenpepbiBHO quddepernupyeMbiMu, TO U3 (2.3) moaydaem
0%u 0%v 8%u 8%v

oz 0xdy’ 9y dzoy’

Otrciofa 1 U3 PABEHCTBA CMENIAHHBIX IPOU3BOJHBIX cJeiyeT, 4To (hyukuus u(z,y)
YAOBJIETBOPSET ypPaBHEHUIO

v 0%
Ay = — + == = 0.
YT o o
HuddepeHrmaabublit onepaTop
0? 0?
AN = —+——
0x? * oy?

naspiBaercs oneparopom Jlammaca, a guddepennuanbaoe ypasaenne Au = 0—
ypasHerueM Jlamraca. AHAJOIHYHO IPEABIIYIIEMY TOIydaeM, 910 hyHKIwmst v(z, y)
TaKXKe yJIOBJIeTBOpsieT ypaBHeHuio Jlamraca.

ONPENENEHME 2.3. ®@yukiwms u(z,y) AefiCTBUTENbHBIX IEPEMEHHBIX &, Y, TIPH-
HUMAIOIIAsI BEIECTBEHHbIE 3HAUYECHNUSI U JIBAK/IbI HEIIPEPBIBHO i depernupyemast,
HA3BIBACTCA 2aPMOHUMECKOT B 00JIACTH oupeieenus (Ha OTKPLITOM MHOXKecTBe D),
ecsiu Au = 0 Beromy B D. e rapmonuueckue dbyuximu u(x,y) u v(zx,y), cBa3an-
uble coorHomenuamu Komu—Pumana (2.3), HA3BIBAIOTCS CONPANCCHHOMU TAPMO-
HAYeCKUMU (DYHKITUSIMA.

Kak yxe ormedasnoch Bbiie, mpaBmia audEepeHIInPOBAHNAS CYMMBI, IIPOU3BE-
JIeHAsl U 9aCTHOTO TOJIOMODPMHBIX (DYHKIHI COBIAJAIOT C aHAJOTMIHBIMU IIPABU-
gavu gudHepeHnnpoBaHnsa U3 BEIECTBEHHOTO aHam3a. JlomycTuM Temepb, 9To
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w = f(z) —ronomopduas B okpecrroctu O, (z¢) dyHKIWMs, KOTOpas IPUHAMAET
sHadenus B okpecraoctu O,(wo) u f(29) = wo. Ilycrs Takxke dyukmus ¢ = g(w)
rosomopdua B okpecraocta O,(wp). Torga xomnosuus ¢ = h(z) = g(f(z)) asus-
ercs rosiomopduoii B O, (zg) dyHKIMEH 1 MMeeT MECTO PABEHCTBO

W (z0) = g'(wo)f'(20) = ¢'(f(20))f (20)-

HeticrBurensHo, myctb Az = z — zo u Aw = f(z) — f(20). B cuiry KoMurekcHoii
muddepentupyemoctu GyHKIUi f 1 g nmeem

Aw = f'(20)Az + 0(|Az]),  g(w) — g(wo) = ¢'(wo) - Aw + Aw - n(Aw),

rie n(Aw) — 0 nupu Aw — 0. Ho rorza

i) ) _ D ) _ 03030
npu Az — 0.

ONPEAEIEHUE 2.4. Muoxectso E C C nasbiBaeTcs CBA3SHBIM, €CJIH He CyIIe-
CTBYeT JIBYX OTKPBITBIX MHOKECTB (G1 U (G2, YIOBJIETBOPSIONIUX YCJIOBUSIM:
(1) FEcGiu GQ;
(i) ENG1 NGy = @
(iii) GyNE # @, GyNE # @.

VHTYUTUBHO CBSI3HOCTb O3HAYAET, YTO MHOXKECTBO F COCTOUT U3 OJHOIO ,KyC-
ka“. B ciyuae, korya E sIBJIsSIeTCS OTKPBITBIM MHOYKECTBOM, yCJIOBUE (i1) MOKHO
copmysmposBaTh B Bujie G1 NGy = &, MOCKOJBKY B 9TOM ciiydae MHOXKecTBa (G1 U

G4, ynosiersopsomiue ycjaosuaMm (i) — (i44) moxuo 3amenuts Ha EN Gy u ENGs.

TEOPEMA 2.2. Ompesok npamoti — ceasnoe mmooicecmeo. Ilpu amom donycka-
emca, 4mobv, 00U U3 KOHYU08 0mpe3ka Ovia 6ECKOHEYHO YOGNEHHOT MOYKoU, a4 cam
OMPE3OK ObIA OMKPOIMBIM, 3AMKEHYMBIM UAU TOAYOTVEDBLITBLM.

JTOKABATEJIbCTBO. lomycTuM TPOTUBHOE, T. €. HANIYTCS JBA OTKPBITBIX MHO-
)ecrBa G1 n Gg, /yis KOTOPBIX BBINOJIHEHB! ycaoBust (i) — (i4i), riue E — Ham or-
pesok. Torma ma F maiigyrcs ase KoHeunble TOUku a € Gp u b € Go. OueBuano,
uTo ycstoBus (i) — (444) TakzKe BBIIOJIHAIOTCs Ipu 3amere E Ha orpesok Ep = [a, D).
Pazobnem E momosiaMm u BbIOEpEM Ty €ro 9acThb Fo, KOTOpas MPeaCTaB/IseT COOOM
OTPE30K ¢ KOHIIAMU B Pa3HbIX MHOKecTBaxX (G1 u Go. IIpomomkas sToT mporiecc, 1mo-
JIy9UM TI0CJIEIOBATEIHHOCTh 3aMKHYTHIX BJIOYKEHHBIX OTPE3KOB K1 D Fy D .. ., juin-
HBI KOTOPBIX CTpeMsiTcst K Hyso. [lo Teopeme KanTopa, cyimecTByer e MHCTBEHHAST
TovKa &, IPUHAJJIEXKAIAsi BCeM OTpe3KaM mocsenosarenbHoctu {Ey, . U3 yenosuii
(1), (i9) cemyer, uro & NpUHAYIEXKUT OJHOMY n3 MHOXKecTB G mian G. Ilycrs 310
st onpenenerroctu Oymer Gy. B cmmy orkpeitoctu (G u crpemsienust jaymmH E,
K HyJI0 caeayetr, uro F,, C Gy upu goctatodHo Gosbimx HoMmepax n. OmHako 3To
MIPOTUBOPEYUT YCJAOBUAM BBIOOpa F,. a

OTIPEAEJIEHUE 2.5. HemycTroe OTKpBITOE CBSA3HOE MHOYKECTBO HA3BIBAECTCS 0040~
cmwvi0.

Creytomuii pe3yabTaT JaeT XapaKTePUCTHIECKOe CBOMCTBO OBJIACTH.
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TEOPEMA 2.3. Henycmoe ommpvimoe muoscecmeo D C C asasemcsa ceaznvim
8 TOM U MOADKO MOM CAYYGE, eCAU A100ble 06E €20 MOYKU MONCHO COEIUHUMD AO-
Marot, pacnosodtcennoli 6 D. IIpu amom AomMany1o mootcHo evbpams mak, 4mobovl
ee 36eHbA OBLAU NAPAALEALHDE KOODOUHATHBIM OCAM.

JOKA3ATEJBCTBO. Ilycte D cBasuo u a € D. Ob6ozuaunm depe3 (G1 MHOXKe-
€TBO TOYEK B D, KOTOpbIE MOYKHO COEIMHUTDH C @ JIOMAHOH, pacrooxKeHHOi B D n
UMeOIEeil 3BeHbsI, MapaJlie/ibHble KOOPAUHATHBIM OcsiM. depe3 G 0b603HAYUM Te
TouKU U3 [, KOTOpbhIe HE YIOBJIETBOPSIOT 3TOMY YCJIOBHIO. KC/IM HEKOTOPYIO TOUYKY
b € D MOXHO COEJMHUTH C  YKA3aHHON JIOMAHOI, TO M TOYKU KPYTrOBOI OKPECTHO-
ctu O,.(b) C D Takzke MOXKHO COEMHUTDL TAKOH JIOMaHOi. DTo o3Havaer, uro G —
OTKPBITOE MHOYKECTBO. AHAJIOrMYHO yOexkgaeMcst, 970 (Go — OTKPBITOE MHOYKECTBO.
B cuny Toro, aro D ¢BsI3HO, OMHO M3 OTKPBITHIX MHOXKeCTB (G mian (G HOJIKHO
OLITH TIycTO. IIOCKONMBbKY TOYKa a comep:KuTca B I ¢ HEKOTOPOH OKPECTHOCTHIO,
to G1 # &. CuenoBarenpro, Gy = @ u Bce TOYKH U3 [ MOXKHO COEJUHUTH C @
JIOMaHOHN CO 3BEHBSIMHE, HAPAJUIETLHBIMI KOODIHHATHBIM OCSIM.

Ob6parHO, 1mycTh D — OTKPBITOE MHOXKECTBO W JIFOOBIE JIBE TOYKU ITOI0 MHOXKE-
CTBa MOXKHO COEJIMHUTB JIOMaHOI, pacrojoxennoii B D. Torma cBssrocTs D Jierko
YCTAHABIUBAETCS PACCYKJIEHUSIME OT TPOTUBHOTO. JIeHCTBUTENBLHO, JIOIYCTUM, YTO
G1 n (G2 — OTKpBITBIE MHOXKECTBA, yIOBJeTBOpsiomue yciaousam: Gy U Gs = D,
GiNGy =2 uG) # 3, Gy # . Boibepem nBe Toukun a € G; u b € G,. Tlo
YCJIOBHIO X MOYKHO coeauHuTh B D jiomanoii. Ha 3Toit momanoit HaiizeTcs 0oTpe3ok
E, KOHITBI KOTOPOTO PACHOJIOKEHBI B pa3Hbix MHOXKecTBax GG u Go. Ho Torma st
E u G1,Gy 6yayr BbinosHensl ycsosust (i) — (444), 9TO IPOTUBOPEYUT CBSI3HOCTH
oTpe3Ka. ]

ONPEAENEHUE 2.6. O6macts D C C HasbBaeTCst 00H0C6A3HOT, €CITH €€ JI0TI0JI-
Henne C\ D siisiercst csisHbIM MHOXkKecTBOM B C.

3aMeTnM, ITO B 9TOM OIPEIeICHUN JOTOJTHEHNE PACCMATPUBACTCS B PACIIHPEH-
ot komrtekcHo#t mrockoct C. B ¢BsA3m ¢ 3TuM ompeeseHneM MOJIOCa STBIISTETCS
OJIHOCBSA3HOI 00JIACTDIO.

TEOPEMA 2.4. IIyemo f — 2onomoppmnan 6 obaacmu D C C dynryua u f/(z) =
0 dan ecex z € D. Tozda f(z) = const 6 D.

JIOKA3ATENBLCTBO. Ecan f(z) = u(x,y) + iv(x,y), T0 U3 yCI0BHUS TeOpeMbl
crenyer, aro w, = 0, uy, = 0, v;, = 0w v, = 08 D. [lomycrnm, 9T0 OTPe30K
E={z=z+1iyo: 1 <z < 2} comepxkurca B D. Ilockonbky u’ (x,y9) = 0 nupu
x € |21, 2], TO IO TEOpeMe U3 BelIeCTBEHHOro ananu3a u(x,yp) = const Ha [z1, Ta).
Hpyrumu cooBamu, dyHKius w(z,y) sABILETCS MOCTOAHHONW HA NOPU30HTAJIBHBIX
OTpe3KaxX, PacCIoJoKeHHBIX B D). VYcioBue u; = 0 gaeT MOCTOSTHCTBO (DYHKITUH
u(x,y) HA BEPTUKAJIBHBIX OTPE3KaX. AHAJIOTMIHBIM CBOHCTBOM 00/aaeT DOyHKIHUS
v(x,y). CrenosarensHo, byHKIus f(2) SBISETCS MOCTOSHHON Ha FOPU30HTAJBHBIX
M BEPTUKAJBHBIX OTPE3KaX, PACIOJIOKEHHBIX B obmactn D.

IIycTs Temeps 21 u z3 — npousBosbHBIEe TOuku obsactu D. [lo npenbiaytmeit Teo-
peMe mX MOXKHO COeJIMHUTHL B D) JIOMAHOW CO 3BEHbSIMU, NMAPAJIIETHLHBIMA KOOD/IU-
HATHBIM OCgM. B cuity mokasanHoro csoiicrsa dyukiuu f nomydaem f(z1) = f(z2).

O
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TEOPEMA 2.5 (OB OBPATHOW ®VHKIUN). ITycms 6 obracmu D dyrrkyus w =
f(2) eonomoppna u umeem nenpepwviehyto npoussodnyto. Jonycmum, wmo mouke
20 € D npu omobpasicenuu [ coomeememeyem mouxa wy = f(z0) u f'(20) # 0.
Tozda naiidymes maxue okpecrmmocms U mouku zg (0MKpoimoe mMHoicecmeo, co-
depotcawee zg) u okpecmmnocmos V. mouku wg, wmo [ e3aummo 00no3nawHo omob-
pasicaem U na V u obpamnoe omobpasicenue g = f~1 aeasemca 2oaomopdnot
Pynryuets 6 V. Ilpu amom .

!
g (w0) fI(ZO) .

JIOKA3ATEJILCTBO. 3aMeTHM IpexK/ie BCEro, UTO MOCKOJIbKY mponsBosHast f/(z)
HemnpepbIBHA, TO ee Mouyib |f/(z)| Takske Gymer HenpepbiBHOIT dyHKIWmeit. 1o yero-
suto |f'(z0)| > 0 u, caenosarenbHO, Hailizercss Kpyrosas okpectHocTh Op(zp), B
KOTOpOii BbIIOJHsieTCsl HepaBeHcTBO |f/(2)] > 0.

Hasee, BbIIesIsist B IEPEMEHHBIX 2 = £+iYy U W = U+ 10 BEIECTBEHHbIE U MHUMBIE
gactu, GyHknuio w = f(z) MOXKHO NpejcTaBUTh Kak orobpaxkenue f: (z,y) —
(u,v), neiicrytomee B R2. Vcnonbsys ycnosus Komu — Puvana, sskobuan 3Toro
oTobpazkeHnst Tpeodpas3yeTcs CIeIYIONINM 00pPa3oM

= vy —uy v = (up)? + (v)? = |F(2))

otky/a BuHO, uT0 B O,.(2() BBIIOJIHEHBI YCJIOBHs TEOPEMbI 00 06PATHOM 0TOGpazke-
HUU U3 BEIeCTBEHHOro aHajm3a. CorjacHo 3Toi TeopeMbl HallyTCs TaKue OKPEeCT-
voctu U Touku zg u V TOUKM wy, 9TO f B3aWMMHO OMHO3HAYHO oToOpaxkaer U Ha
V u obpatHOe oTobparkenme ¢ = f ! aBigeTcsa HempephIBHO AU depeHIIPYeMbIM
(B BemecTBenHoM cMmbicie). s Hac cefiuac Baxkuo 1o, uro f: U — V asiser-
CST MONOAORUMECKUM OTOOPAYKEHNEM, T. €. B3AWMHO OJTHO3HAYHBIM U HEIPEPBIBHBIM
B obe crtoponbl. IlockosbKy V' ¢BjsieTcss OTKDBITBIM MHOXKECTBOM, TO HANIETCS
e > 0 rakoe, uro O (wg) C V. Ilycrs Temepp w € @E(wo) n Aw = w — wo,
Az = g(w) — g(wg) = z— 2z9. Torma Az # 0 u Az — 0 B TOM U TOJIBKO TOM CJIydae,
koryma Aw — 0. Bameuast, uro Aw = f(z) — f(z0), moaydaem
g(wy + Aw) — g(wo) . Az 1 1

li = 1 — =1 = .
A0 Aw Aws0 Aw | Arso Aw/Az  f'(z0)

Takum obpasom, dpyHKIHUs g auddepeHmpyeMa B KOMIIJIEKCHOM CMBIC/IE B TOYKE
wg. OgHako, js m0060it mapel ToueK z € U u w € V| CBA3aHHBIX PaBEHCTBOM
w = f(z), BBIIOJHEHBI BCEe YCJIOBUs, YTO U JJIs NAPBI 2o, Wo. CJIeI0BaTENLHO,
z = g(w) asasercs quddepeHIUpyeMoil B KOMILIEKCHOM CMBICJIE HA BCEM OTKPBITOM

MHOXKecTBe V 1 1

g'(w) = 5 ——.
f'(g(w))
ONPEAEJEHUE 2.7. Tomomopduyo B obsactu D dyHKIU0 f Ha3BIBAIOT 00HO-

aucmnot B D, ecin f(z1) = f(z2) mmub B caydae z; = 2o Jyist J0000i APl TOUEK
21,29 U3 D.

Hpyrumu cioBamu, dyukius f ognosmcrHa B D, ecau ona orobpaxkaer D B3a-
MMHO OJHO3HAYHO. Teopema 00 0OpaTHON DYHKIMH yTBEPXKAAET, 9TO ecau [ roso-
MopdHA U ee MPOU3BOIHAST HE OOPAIAETCS B HYJIb, TO OHA A0KAALHO OJTHOJUCTHA,
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T.e. B HEKOTOPOil oKpecTHOCTH. IlpuMep DyHKINN w = 22 IOKA3BIBAECT, UTO (DYHK-
U MOYKET OBITH JIOKAJTHHO OTHOJMCTHON, HO He ObITH OJHOJMCTHON B obsactu. B
kadecTBe obsactu D MoxkHO pacemorpersb Koublo {z € C: 1 < |z] < 2}.

§ 3. CreneHHbIe PSI/IbI U JIEMEHTApHbIE (DYHKIINN

IIpocreitium mpuMepoM TOJOMOPMHON (PYHKIUN SIBISIETCS TOXKICCTBEHHO TIO-
crostHHast (BYHKIUST ¢ TPOM3BOIHON, TOKIECTBEHHO PaBHON Hysr0. JIpyrum npume-
pom rosomopdHoit dbyakuu seasercs f(z) = z ¢ npoussomuont f'(z) = 1. Tlo-
CKOJIBKY CYMMa W IPOM3BEJIeHUE ToJ0MOPGMHBIX (DYHKIWIT TaKKe ABJISIOTC TOJIO-
mopdubiMu dyHKIMAME, TO 060 moaunom P(z) = a,2"™ + ... + ag upeacrasig-
er coboit ronomopduyio B C dynknuo. st pacmmpenus: Kjiacca rogoMOPQHBIX
byHKIUT €CTECTBEHHO TepeiTH K GECKOHEYHBIM CYMMAaM, T. €. K PSIJIaM.

Iycrs { f, } — nocienoBarensaocTs GyHKIMIA, OPEIEJIEHHBIX Ha MHOXKecTBE F C
C. ByzmeMm roBopuTh, 9TO 9Ta MOCJIEI0BATEILHOCTD CXOIUTCS B TOUKE 2o € F K GhyHK-
mun f, ecsm Jyist juoboro € > 0 Haiimercs Takoil Homep N = N(g, zp), 4ro upu Bcex
n = N(e, zp) Bbimonnsercsa HepaseHCTBO | f(20) — fn(20)| < &. IocaenosarenbrocTs
fn cxomurea k dynknum [ Ha MHOXKeCTBe F, ecim OHa CXOJUTCH B KaXKJIOH TOYKE
muoxkectsa E. B ciayuae, ecom miast mo6oro € > 0 momep N = N(g) MOXKHO BBI-
GpaTh BBIOpATH Tak, 4T00bl HepaseHCTBO |f(2) — fr(2)| < € BbImOsHSIIOCH JJIsT BCex
n > N(e)u z € E, 70 10C/I€I0BATEILHOCTD [, HA3BIBACTCS PABHOMEDHO CXOIMIIEHcs
Ha MHOXKecTBe F. Bakpeimum CBOMCTBOM PABHOMEPHOM CXOJUMOCTH SBJISIETCS TO,
YTO MPEJIETIOM PABHOMEDPHO CXOJSAIIEHCS TOCIEIOBATEHPHOCTH HETPEPBIBHBIX (DYHK-
il siBJsteTcss HenpepbiBHas GyHKIMs. COBEPIIEHHO AHAJOIMYHO BEIECTBEHHOMY
CJIy9aro ycTaHaBauBaeTcs Kpurepuii Kormmm iyist paBHOMEpHO# cxogmumoctn: ,, [Tocite-
JIOBATEHLHOCTH { fr, } cxomurest pasHoMepHO HAa E C C B TOM U TOJIBKO TOM CIIydae,
ecam jist siroboro € > 0 Haiigercs Homep N (€) takoit, uto |f,(2) — fm(2)| < & mua
Beex z € Emn,m > N(e)“.

Kpurepnit Konm, npuMeHeHHBIN K 9aCTUYHBIM CyMMaM (DYHKIIMOHAJIBLHOTO Psi-
na > o0 fu(z), maer npusnak Beiiepmrpacca pasrOMepHOil cxomumoctn.  Ecin
THCIIOBOM Psf Y .. | (4 C HEOTPHUIATEIBHBIMU (v, MAsKOPUpyeT Ha MHOxkecTBe F
dyHKIHOHATBHBL pa Yooy fn(2), T.e. | fn(2)] < @y ans Beex z € E u Beex n, 3a
HCKJIIOUECHHEM, OBITH MOKET, KOHETHOTO 1HC/Ia, U TUCIOBO DAL Y~ | O, CXOIUTCH,
10 DYHKIMOHATBHBIA Psift Y- fr(2) cxomures na E paBHOMEpPHO.

ITox ecmenerrvim padom OHUMAETCS (DYHKITMOHAJIBHBIN Psijl BUIA

o0
E anz" = ag+ a1z + a2’ + ..., (3.1)
n=0

TIe an,, n = 0,1,2,..., — KOMILIEKCHDbIE YNC/Ia, HA3bIBAEMbIe KOI(PDUITMEHTAMHT Psi-

Ja, a 2z — KOMILIeKCHas mepeMenHas. MoxKHO paccMoTpeTh 6ojiee oOIuit BUJL cTe-
LIEHHOTO Psiia Y an (2 — 20)™, HO ero usydenue copurcs K (3.1) myTem 3aMeHbI
IlepeMeHHOH ( = z — 2.

Paccmorpum omH pocToii, HO BaXKHBIH, IPUMED TaK HA3BIBAEMOI'O T€OMETPUIE-
cKoro psaga 1+ z + 22 + .... Ero yacruunsle CYMMBI TIpH 2z # 1 MOXKHO 3amucaTh B
B BHJE
1— Zn+1

Sp(z) =1+24...+2" = T
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3amernM, 9TO B ciyuae |z| < 1 mpemes 4acTUUHBIX CYMM CYIIECTBYET U

S(z) = lim S,(z) = !

n— 00 1—2°

B cayuae |z| > 1 He BBINONHSETCA HEOOXOMMOE YCJIOBHE CXOMUMOCTH DsIIa M Te0-
MeTpudecKuii psii pacxoaurcs. OKas3bIBAeTCsI, 9TO TaKasl CATYAIUS B OIIPE/IEIEHHOM
CMBICJIE TUIIMYHA JJIT CTENIEHHBIX PSJIOB.

TEOPEMA 3.1. Jlaa xasicdozo cmenennozo pada (3.1) wucao

R=1/ @ Vlan], 0 < R < o0, (3.2)

HA3BIBAEMOE pa&uycom CJIO(?UMOCT)’LU, y@oeﬂemeopﬂem CJLE(?y?O’UAUM ycaosuAM:

(i) B xaocdom kpyee |z| < r < R pad (3.1) cxodumea abCosomno u pagHOMEPHO;
(i) Ecau |z| > R, mo pad (3.1) pacxodumcs;
(i) Cymma pada S(z) = D07 anz" asasemcs zonomopdroti 6 kpyee |z| < R
Pynruued, o ee npoussodran S'(z) npedemasasem coboli cymmy NOUAEHHO
npodugpeperyuposannozo pada (3.1), m.e. pada y oo na,z""t.

JTOKA3BATEJBCTBO. (i) IIyctb R > 0 u 0 < r < R. Bpibepem p u3 unrepsaja
(r,R), n.e. 7 < p < R. IlockonbKy

— . 1
A Vlan| = 5 <

1o Haiijercs Takoit Homep N, uro {/|an,| < 1/¢ npu Bcex n > N. Ho rorma g
n > N u z u3 xpyra |z| < r OyiyT BbIIOJHATHCA HEPABEHCTBA

n
T
lanz"] = Jan] - ]2 < (g) .

Oro o3Havaer, 4T0 B Kpyre |z| < 7 wieHsl psina (3.1) MaxKOpUPYIOTCsI TeOMeTpU-
weckoit nporpeccueit (r/0)", n > N. Iockoneky r/o < 1, o pax > .o (r/o)"
CXOJIUTCS W TI0 MPU3HaKy Beftepmrpacca crenennoit pas (3.1) cxomurest aGCOMOTHO
u paBHOMepHO B Kpyre |z| < r. Takum obpasom, yrBepxKenue (i) 10Ka3aHO.

Jns nokasarenscTBa (i4) 3aMeTHM, 4TO ecad |z| > R, TO B CHLy OIpefesIeHns
BEPXHETO IpeJiesia HaiIeTcd MOJIIOCIeI0BATEIbHOCTh HOMEPOB Ny, k = 1,2,.. .,
TaKasi, UTo |Gy, 2| > 1, HOCKOJIBKY

S

<
|2

= lim {lay,|

n—roo

==

DTo O3HAMACT, UTO IIA PANA Y., Ap2" HE BBIIOIHACTCS HEOGXOLHUMOE yCIIOBHE
CXOIUMOCTH U yTBepxKJenue (ii) J0Ka3aHo.
ITpucrynast K jokasaTeabeTBy (447), 3aMETUM TIPEKJIE BCETO, UTO PsiJL

o0
g na,z" 1,
n=1
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NOJIy9eHHBI nouteHHbIM JuddepennuposanueM psaaa (3.1), uMeeT TOT ke pajmyc
CXOIMMOCTH, ITO U P Yoo 4 N, z". OmHAKO, MOCKOIBKY lim, s {/n =1, TO
— — 1
i Vrloml = g, Vlewl = 3
U PajiiyC CXOJMMOCTH 3TUX DsiioB Takxke pasen R. Ilycts g(z) = Y o | na,z"" '
Jluist KaxKJ1oro HaTypaJsibHOrO n 0603HaunUM depes S, (z) = ap+a1z+...+an—12
qacTHaHyIo cyMMy pajia (3.1), a uepes Qy,(2) = Yo, axz* obosnaumm ocraTox aTO-
ro paga. IlockoabKy S, IpeacTaBaseT coboil MOJMHOM, TO ABJISETCS TOJTOMOPQHOM
dbyukumeit, a ero npomssognas S),(z) ABageTCS YACTUIHON cyMMOil Tpoamuddbepen-
nuposanHoro psja (3.1). Cuenosarensro, S, (z) — g(z) npu n — oo s 1060r0
z w3 kpyra |z| < R.

n—1

DukcupyeMm IIPOU3BOJBLHO 20, |20| < R, U IyCcTh r yIOBJIETBODSET HEPABEHCTBY
lz0] < r < R. Hua z # zp u3 Kpyra |z| < 7 u HATypaJIbHOIO N UMEET MECTO
PABEHCTBO

%i(zo) —g(20) = {W — Sp.(20)
+ (81 20) — g(a0)) + L= D)

ITyctb € > 0 dukcuposano. Ilockonbky |z], |z0| < r, TO

Qn(2) — Qn(20) _ ia 2k — ok
Z— 20 = F Z =20

00 oo
Zak(zk71+zk72zo+...+2’g_1) < Zk|ak|rk71.
k=n k=n

IIpaBast 9acTh TOCJIEIHETO HEPABEHCTBA MIPEJCTABIISIET CODOM OCTATOK CXOJISIIErOCs
psaa. Ilosromy maitaercs Takoit Homep Ni, 9TO

Qu(2) = Qulzo)| _ <
z— 2 3

upu n > Ny, |z| < r. Hanee, Haiinercst Takoit Homep Na, 4ro

1S4 (20) = glz0)| < 5

npu n > Ny. Ilycrs Temeps n > max{Ni, No}. U3 onpesenenus: mponsBOmHON
S/ (z0) cnemyer, uro Hafinerca takoe § > 0, uro upu 0 < |z — 29| < J Gyzer
BBITIOJTHATLCA HEPaBEHCTBO

Sn(z) = Sn(z0) , €
2nl2) Z onl20) g =
z— 2 n(20)| < 3
Taxum obpasom, ecin |z| <7 u 0 < |z — 29| < d, TO
S(z) — S(=
‘()(0)_9(20) < e
zZ— 20

Oro mokaswbiBaer guddepennupyemocts byukiun S(z) u pasercrso S'(z) = g(z)
JUIs BCeX z U3 Kpyra |z| < R. O
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3AMEYAHUE 3.1. Pasencrso (3.2) ussecTHo B qmreparype Kak dopmyrita Ko-
mu — Ajmamapa.

3AMEYAHUE 3.2. Ilozx Teopemoii AGenst (miu mepsoii Teopemoii AGesst) gacto
HOJpa3yMeBaeTCst yTeepkaenue: ,, Eemm pas (3.1) cxoauTes B TOUKE 2, TO OH CXO-
JTCs aGCOIIOTHO U PABHOMEPHO B JIFOOOM Kpyre |z| < r < |z0].* Dr0 yTBepKIeHnE
OYEBHIHBIM 00pa30M ClelyeT U3 JOKA3AHHOTO BBIIIE.

3AMEYAHUE 3.3. IlpumeHsisi I0Ka3aHHYIO TEOPEMY K IIPOU3BOJHON CyMMBI CTe-
HEHHOTO psijia, MoJIydaeM roJoMopdHocTh S’ (2) U passiokeHue JJis ee IPOU3BOIHOM

S"(z) = 2as + 6azz + ...

IToBTOpsist 3TOT TMpOIECC, MPUXOIUM K OECKOHEUHO I depeHITupyeMOCTH CYMMBbI
crenenHoro psjga (3.1) B Kpyre CXoAuMOCTH U PABEHCTBAM

n+ 1)! n+ 2)!
S(")(z) = nla, + %QHJ’,lZ + (27|)an+zz2 + ...,

n=1,2,.... B gactHoctu, nmeror Mecto (HhopMysIBI

_ S(”)(O) 5() i S(")(O) "

Ay, 1 5 | z
n: mn.

n=0
Hpyrumu cioBamu, S(z) umeer paszsoxkenue B psj Teiyiopa — Maksopena.

OkcnonenTa. Baxkneiimumvu cpoiictBamu pyHKIME ¥ B BENIECTBEHHOM AHAa-
JIu3€e SBJIAIOTCA WHBAPHMAHTHOCTH OTHOCHTENHHO Mu(b(DEPEeHITNPOBAHUS U yCJIOBUE
€*|p=0 = 1. Ilycrs dyukuus f onpeiesena Kak cymMma creneHHoro psaia f(z) =
Zzozo anz™. Iompobyem momobpaTh KOI(PMOUIMEHTDI dy TaK, ITOOBI BBITOJIHSIINCH
yenosusi:  f'(z) = f(z) m f(0) = 1. Bropoe ycioBue 3KBUBAJIEHTHO DABEHCTBY
ap = 1. 3ameuast Tak¥XKe, YTO B KPyre CXOAMMOCTU CTEIIEHHOTO Psijia BBIIIOJIHSIET-
cst paseHcTBO f'(2) = Y07 | na,2" !, NIPUXOAUM K COOTHONIEHUSIM: Gp_1 = Ny,

n=1,2,.... 9T0 BMecTe C ycoBUeM ag = 1 OPUBOAUT K PABEHCTBAM an, = 1/nl,
n=1,2,.... Takum 06pa3oM, eCTECTBEHHO MMOKA3ATE/IbHYIO (DYHKITIIO OlPEIETUTh
KaK CyMMY CTEIEHHOI'O Psijia
X _n
=3 = (3.3)
= n!

[ockoabKy ¥/n! — 0o mpm n — 00, TO psif, (3.3), kak ciexyer u3 Teopembl 3.1
CXOIUTCs BO Beeli KoMIniekcHoi mwiockocru. CiiezoBaTesibHO, paBeHCTBO (3.3) ompe-
nensier € kak rosjomopduyo B C dynkiuio. B ciaydae, Korja z = & BeIeCTBEHHO,
MBI TIOJIydaeM psisi Teitsiopa GyHKIUU e’ U3 BENeCTBEHHOTO aHaam3a. JIpyrumun
CJIOBaMM, ONpeJieieHHAsT PABeHCTBOM (3.3) DyHKIWsI e® sIBJISIeTCs TIPOJIOIZKEHIEM
BEIeCTBEHHOM (DYHKIINU ¥ B KOMILJIEKCHYIO IIJIOCKOCTD. BernecTBeHHOCTH K0ahdu-
[IUEHTOB CTENeHHOro paia (3.3) MpUBOAUT K paBeHCTBY €2 = e¢* OTMeTHM ele 0jIHO
BayKHOE CBOMCTBO (byHKIMH €.
Teopema cioxkeHust. st 00bIX 21, 22 € C BBIIOJIHSIETCS PABEHCTBO

ef1t?2 — P22
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JOKABATEJILCTBO. Pukcupyem mnpousosibio a € C u paccMoTpuM (DYyHKIUIO

zZ,a—2

g(z) = e*e®*. TIocKOIBKY

s Beex z € C, ro g(z) = const. 3amerum rakxke, uro g(0) = e®. CrenoBaresbHO,
e*e*” % = e°. Tlomarast B 9TOM TOXKJIECTBE G = 21+ 22 U Z = 21, IPUXOJINM K TeOpeMe
CJIOYKEHUSI. O

—Z =

W3 TeopeMel c0KeHN:A, B YJACTHOCTH, CJIEAyeT TOXKIECTBO e”e 1. 9o o3Ha~
qaer, 40 €* # 0 uu npu kKakom z € C u e™% = 1/e*. Jlajee, upuMeHeHUE TEOPEMbI
CIIOZKEHUS W IIpeACTaBlIeHne z = T + iy maeT e° = e%e’”. C apyroit CTOPOHEI,
€l = e~y [e¥|? = ¢We~W = 1. CrenoBarensio, |¢*| = ® = eRe2,

Tpuronomerpudeckue PysHkmuu. OIHAM U3 TPEUMYIIECTB KOMILIEKCHOTO
aHaJIN3a $BJIAETCS TO, YTO B HEM HambOJiee TOJIHO PACKPBIBAIOTCS CBSI3M MEXKTY
9JIeMEHTAPHBIME (DYHKIMAMA. MBI y2Ke OTMETUIIHM, YTO CTeneHHON psi (3.3) sABJisi-
ercs NpojosizKeHneM psana Teiopa Jyis e’ B KOMIUIEKCHYIO IIJIOCKOCTh. B cBsa3m
C 9THM OIPABIAHO TAKXKE BBEJEHHE TPUTOHOMETPUYECKMX (DYHKIUI 11OCpeIcTBOM
DPaBEHCTB

1 .. . 1.
cosz = —(e +e "), sinz = —(e'* —e %)
2 2
IIpu sTom
22 2t AR

cosz:l——.-i-f_,“’ sz:z_§+§_

LIS BEIIECTBEHHBIX z = X MBI IOJy9YaeM PsiIbl Teilyiopa COOTBETCTBYIOIMIX (DYHK-
Ui BEIeCTBEHHOrO IepeMeHHOro. HemocpecTBeHHO U3 omnpeieieHnsi KOCUHYCa 1
cuHyca ciefyer gopmyaa isepa
iz ..
e~ = cosz+1s1n 2,
a TaKzKe OCHOBHOE TPHIOHOMETPHYECKOE TOKIECTBO Cos 2 4 sin® z = 1. Vcrmomb3yst

TEOpEMY CJIOZKEHUs! JIJIsi SKCIOHEHTBI, JIEMKO BLIBOJIATCS (DOPMYJIbI
cos(a+b) = cosacosb—sinasinb, sin(a+b) = sinacosb + sinbcos a.

U3 pasisioxkenust B CrerieHHOMN DsiJi (MJIM HEIOCPEACTBEHHO U3 OIPEJEJICHNUST) CIIE/Ly 0T
bOPMYIIBL 718 IPOU3BOIHBIX

(sinz) = cosz, (cosz) = —sinz.

Kak u B BelecTBeHHOM aHaJU3€, Yepe3 CUHYC U KOCUHYC BBOIATCS JPyTHe TPHUIO-
HOMeTpuUecKue GpyHKIuU: tgz, ctg z,. ... AHAJIOIMIHO Yepe3 SKCIIOHEHTY BBOJISITCSI
runepbosmyeckre GyHKIUU

1 1
chz = i(eZJre*Z), shz = i(ez —e ).

IlepuoanuyHocts. bByznem rosopurh, uro dyukuus f mmeer mepuon ( € C,
ecin f(z+ () = f(2) miua Beex z € C. YcsoBue Ha ( OBITH IEPUOIOM IKCIOHEHTEI
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BBIpazkaeTcs paseHcTBoM ¢ = e? umm e¢ = 1. Iomaras ¢ = & + in, HoTydaem
yenoBua & = 0 m cosn + isinn = 1, orkyma HaxomuMm 1) = 2km, k € Z. Takum
00pa3oM, 1epuoibl PYHKIUU € onpeestorcss papeHcTBoM ( = i2km, k € Z.
Jlorapudm. B BemectBenHOM anan3e QyHKIWS €” sIBISETCsI CTPOIO MOHOTOH-
HO BO3pACTAIOIIEll U MPUHUMAET [MOJIOXKUTEeIbHbIEe 3HadeHns. [losromy Inx ompe-
JIeJISIeTCsl OJHO3HAYHO JIJTsl TIOJIOYKUTEIBHBIX & U SBJISETCS MOHOTOHHOM (byHKIHEH
HA MOJIOKUTETHLHON TTOIyocH. ECTeCTBEHHO M B KOMIIEKCHOM aHaJM3e 1o, In 2 mo-
HIMATh Kopenb ypasuenmsi ¢ = z. Ilockompky e¢ # 0 uu npu xaxom ( € C, To
norapudm HyIs He onpejenet. Ilycrs reneps ¢ = & + 1. Torma pasencrso ¢ = z

9KBUBAJICHTHO CHUCTEME 5

et = |z, e = .
|2l

ITepBoe ypaBHeHNe UMeeT eJMHCTBeHHOe perenne & = In |z|, ruie noHMMaeTcs Belre-

CTBEHHBIH jiorapudM OT HOJIOKUTEIBHOrO Yncia |z|. Bropoe ypaBHeHue Boipazkaer

PaBEHCTBO ABYX KOMILIEKCHBIX UUCEJ C eIMHUIHBIM MOAysIeM. 1lockosbKy mo dop-

MyaaM Ditaepa €7 = cosn + isinn, TO ¢ yUIETOM TPHTOHOMETPHYIECKOH (hOPMEI

3anrcu KOMILIEKCHOTO YUCJIA 2 UMEEM

n = arg z + 2k, keZ,

rJe moJ arg z MOHUMAETC HEKOTOpoe 3Hadenme 3 Arg{z} (mampumep, 3Hadenue
u3 npomexyTka (—m, 7] wm [0,27)). Takum obpaszom, mus jwoboro z € C, z # 0,
ypaBHeHme ¢ = z mMeeT GECKOHEYHO MHOTO peIleHmil. VX COBOKYIIHOCTb MOXKHO
[IPEICTABUTH (DOPMYJION

Ln{z} = In|z| +iArg{z}.

Bce snauenust Ln{z} umeror oiHy u Ty ¥Ke BEIECTBEHHYIO JacTh In |z|, a MHUMBIE
YacTU JBYX Pa3jIMYHBIX 3HadeHuii jorapudma ommmuatorcs Ha 2km, k € Z. U3
CBOJCTB apryMeHTa KOMILJIEKCHOI'O YHCJIa M BENeCTBEHHOIO JorapudmMa Clejlyer,
910

Ln{z122} = Ln{z1} + Ln{z}

JUIst JIOOBIX HEHYJIEBBIX KOMILIEKCHBIX HHCEI 21 U Z2. DTO PABEHCTBO TAKIKE HEIO-
CPEJCTBEHHO CJIELYeT U3 TeOpeMBl cyioxkeHus. JeiicrBuresbHo, mycrsb (3 € Ln{z },
¢z € Ln{z,}. Torma

eS1Ter = eb1e%2 = 22,

T. €. (Cl + Cz) S Ln{zlzg}.

JomyctuM Tenepb, 9To B HEKOTOPOii obmactu D C C onpejesena HenpepbIBHAS
dyukims ¢ = f(z), npuHEMaromas B Kaxa0# Touke z € D 3nauenue f(z) € Ln{z}.
Torma ef(*) = 2 u MBI Gyem HASBIBATL f HEnpepbeHOl 6eMEbI0 (I IPOCTO Gem-
6v610) swozapupma 6 obaacmu D. Bymem tmcars f(z) = lnz, ecau sacuo, o Kakoit
BeTBU uier peub. Pacemorpum ciyuait obactu D = C\R_, R_ = {z € R: x < 0}.
B 3T0it 06JaCTH MOXKHO BBIIEJINTH BETBb arg z, KOTOpasd IPUHAMACT 3HAYCHUS W3
unrepsasa (—m, 7). Oyukuus ¢ = Inz = In |z| + iarg z Gyuer HenpepsiBHOit B D 1
obparnoit K dynkimm z = €S, onpenenennoii B nojoce | Im (| < 7. Ilo Teopeme 06
obpaTHot DYHKINN BbIeJeHHAsa BeTBb In z Oymer romomopduoit dpyuxiueit 8 D u

d 1 1

—lnz = — = —-.
dz eS z
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Bameuas, aro 1+ z pacnosnoxeno 8 D = C\ R_ npu |z| < 1, MOXKHO paccMOTpeThb
HenpepbiBHYIO BeTBb In(1 + 2) B ezmananoM kpyre D = {z € C: |z] < 1}. Hauree,

Lln142) = = (1
—In z) = = —1)"z"
dz 142
n=0
TJIe CTEIIEHHON PsiJi CXOuTCd B euHuIHOM Kpyre . Psn Zzozl(—l)”_l% TaKKe

cxomurest B D, a ero cymma S(z) siBasiercs ronomopdHoii dyraknueit 8 D u S7(z) =
S0 o (=1)"z". Takum obpasom,

n=0
(In(1+2)—S(2)) =0
st Beex z € D u mo reopeme 2.4 umeeM In(1 + z) — S(z) = const B D. Oxnako,

In(1+ z)|.—0 = 0 = S(0)

U MBI IIDUXOJUM K PaBEHCTBY

In(l1+z2) = Z(—l)”‘lé.

KommniekcHbie crenieHun. Eciu a u b — komiiekcHbie yncia u a # 0, TO mom
a® GyneM HOHHMATEH 3HAYMEHHS U3 MHOYKECTBA

{ab} — ebLn{a}.

Hnst b =n,n € Z, ce 3sHauenns n Ln{a} ommmuatorcs npyr ot apyra Ha 2kwi, k € Z,
U B CWJIy NEPUOMYHOCTH IKCIOHEHTHI {a™} COCTOUT U3 €JMHCTBEHHOIO KOMILIEKC-
HOro umcsia. B ciaydae b = m/n tiae m u n B3aUMHO IPOCThIE HATYPAJIbHBIE YUCIA,
{a™/™} = {{/a™} umeer poBHO N pazmuuHbIX 3Hadenuit. B obmactn D = C\ R_
MOXKHO PACCMOTPETH BETBb

b _ eblnz

< )

TIe B KaIecTBe In 2z BhIOpaHa BETBb, ONMMCAHHAS BHIIIIE.

§ 4. KomIiuiekcHOoe MHTErpupoBaHue

4.1. Warerpan u ero csoiictBa. KOMIIEKCHOE MHTEIrPUPOBAHME SIBJISAETCS
Ba’KHBIM WHCTPYMEHTOM B M3YYEHHUHU CBOMCTB rooMopdubix dyrknuii. [Ipm sTom,
KAK W B BEIIECTBEHHOM AHAJIM3€, BOSHUKAET JBA HANPABJIEHUS B MHTETPUPOBAHWM.
OJHO CBSI3aHO € IIOHATHEM CyMM PuUMaHa M UTPAeT POJIb ONPEIEIEeHHOIO MHTErpa-
jna. BTopoe ¢BsizaHO ¢ MOHATHEM MEPBOOOPA3HON M MOXKET PACCMATPUBATHCS KaK
omeparusi, ooparHast AuddepeHITTPOBAHHIIO.

Haunem sroT naparpad ¢ KpaTkoro o63opa moHaTust Kpuboit. Kak 00pa3Ho BbI-
pasmica Pemukce Kieitn: ,,Beakuit 3maer, uro Takoe Kpupasi, IOKa HE BBIyIHTCS
MaTeMaTHKe HACTOJIBKO, ITO BKOHEIL 3aIlyTAeTCsl B 6ECIUCICHHBIX UCKIIOUCHIAX .

YpaBHeHne KpHUBO# 7 B IUIOCKOCTH YI00HO 3aJaTh B NMapaMeTPHIECKOil dopme
x =xz(t), y = y(t), rue napamerp ¢ nupoberaer HEKOTOPBINA MPOMEKYTOK o < ¢ < 3,
a z(t) u y(t) asusrorca HenpepblBHbIMUA (YHKOUAMH. B KOMILIEKCHON 3aIuch
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z(t) = z(t) +iy(t). Obpas KpuBoit Kak ToUeudHOE MHOKeCTBO {2z = 2(t): a < t < B}
SBJISICTCA KOMIIAKTHBIM U CBA3HBIM. OHAKO HE CJIeyeT OTOXKIECTBIIATH KPUBYIO C
1M MHOKECTBOM. O9eHb CYIIECTBEHHO, UTO €€ TOUKH YIOPSsIJ0UEHbI BO3PACTAHUEM
napamerpa t. Ecim Bozpacraiomas menpepbiBHasi dbyHKus ¢ = @(7) orobpazkaer
npoMexyToK a; < 7 < f1 Ha a < t < (3, ro 2 = z(p(7)) oupenessier ToT XKe
HOPsIZIOK TOYeK, 910 z = 2(t). B cBasu ¢ arum orobpaxkenue z = z(t) HA3BIBAIOT
nymem WIA napamempudayuet; KpuBoil 7y, a 10J caMOil KPUBOH ITOHUMAIOT KJIacc
9KBUBAJIEHTHBIX IyTeiil. Jsa nmytu z = 2(t), aq <t < f1, u ¢ = {(7), ag < 7 < Bo,
CUMTAIOTCS IKGUBAAEHTMHbLMU, ECJU CYIECTBYET HEIPEPBIBHAS CTPOTO BO3PACTAIO-
mast dyuxmms 7 = 7(t): [a1, f1] — (@2, f2] Takasa, uro z(t) = ((7(t)) ans Beex
te [0417 51]

Takum 06pazom, 9TOOBI OIPEIEUTh KPUBYIO Y, JOCTATOYHO BBIOPATH IIyTh 2z =
z(t), a < t < [, u3 kjacca sKBuBajeHTHOCTU. To4uKa z((r) HA3BIBAETCI HAUAAOM
KPHUBOIi, a ToUKa z () — KoHyoMm KPUBOl. DTO olpejiesieHne He 3aBUCUT OT BbIOOpa
LyTH U3 Kjacca dKBUBajieHTHOCTH. 1lyTh 2z = z(—t), —f < t < —a, uMeer TOT XKe
o6pas, aro u nyth z = 2(t), @ < t < B, HO He siBAsIeTCs YKBUBAJIEHTHBIM emy. Co-
OTBETCTBYIOIIYIO KPUBYIO Oy/ieM 0603HadaTh — (MHOTA MCIOJIL3YIOT 0G03HAUEHNEe
~47) U rOBOPUTH, YTO ITa KPHUBAsl MOJyIaeTCs U3 Y CMEHOH opuenmayuu. Bymem
TAKKe TOBOPUTDH, YTO Y U —7 SBJIAIOTCI NPOMUBONOAONHCHO OPUEHIMUPOEAHHBLMU
kpuBbiMu. KpuBas  Ha3bIBaeTCsl 2/COpIaH060l, eciu ee napamerpusaius z = z(t),
a <t < B, ynosaersopsier ycaosuio z(t1) # z(te) upu t1 # to. Kpusasg vy nassisaer-
cd samrnymot, ecan z(a) = z(f). SamkHyTas xKopJanosa Kpusas: z(a) = z(8), Ho
2(t1) # z(t2) mpwm t1,t9 € [, B) u t1 # to. 3aMKHYTYIO KOPJIAHOBY KPUBYIO MOYKHO
paccMaTpuBaTh Kak TOMOJOIMYECKOE OTOOPAYKEHNE OKPY?KHOCTU B IJIOCKOCTD U I10
reopeMme 2Kop/iana oHa pa3fuBaeT ILUIOCKOCTh Ha JBe obsactu. Kpusyio 7 Gymem
HA3BIBATh 24a0K0U, ecan Hafimercs ee mapamerpusanus z = z(t) = z(t) + iy(t),
a < t < S, KoTopast yiaoBieTBopsieT yeaosusiM: x(t) n y(t) HenpepbiBHO qud depen-
nupyemsl Ha [a, B u 2/'(t) = 2/(t) + iy’ (t) # 0 npu Beex ¢ € [a, f]. IIpoussosHbie
Z'(a) m 2'() B KOHIIEBBIX TOYKAX MOHMMAIOTCS KaK OJHOCTOPOHHHUE. 3aMETUM, YTO
Z'(t) sABIsieTcst KacaTeJbHBIM BEKTOPOM K KpuBOil v B Touke z(t). Hampasmienue
BekTOpa 2z’ (t) cormacoBano ¢ opmenTanueil Kpusoit. Ecmu cymecTsyer mapamerpu-
sanus z = 2(t), @ < t < [, KpuBoil v u pazdbuenne o = tg < t1 < ... < t, =
orpeska [«, ] Takue, uro Kpusble Yk, k = 1,...,n, ¢ napamerpusanuei z = z(t),
ti—1 <t < tg, SBISIOTCS TVIAJKUMU, TO 7Y HA3BIBAETCS KYCOUHO-2400%0T KPUBOM U
UCATH Y = Y1 + . ..+ Vn. B OCHOBHOM, MBI Oy/IeM UMETh JIEJIO ¢ KYCOUHO-TJIQKAME
KPUBBIMHU.

ycrs v: 2z = 2(t),a < t < B, —nekoropas kpusas B C. Iox ee myunoii onu-
MAEeTCsl BeJIMIMHA

Lenght(y) = sup Z |2(tr) — 2(tk—1)| p »
k=1

rie cympeMmyM Oepercs 1o BceM pazbueHusiM o = tg < t1 < ... < t, = [ orpes-
Ka [, f]. DTOT cympemyM He 3aBHCAT OT BBIGOpA IapaMeTpH3alUM W B CJIydae,
KOIJIa OH KOHEYEH, KpUBasl 7y Ha3bIBAETCsl cnpamasemoti. Jomyctum ternepnb, 9To
crpsiMiisieMas KpuBast 7y pacrojioxkena B objactu D C C, B KOTOpoii TakKe orpe-
JleJIeHa HelpepbiBHAas KOMILIeKCHO3HauHas (yukius f. s kaxgoro pasbueHust
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a=ty<t; <...<t,=[ pacCMOTPUM JiBa BUJIa WHTETPAJIbHBIX CYMM

Zf 2m))(z(t) = 2(th-1))s Y FEm))la(t) = 2(te-1)],
k=1

tiae 7 € [tk—1,tk],k = 1,...,n. Oboznavas z(t) = z(t) + iy(t), Azk = z(ty) —
x(tp—1), Ayr = y(tg) — y(te—1), Az = Az, + Ay, k=1,...,n, a Takxke f(z) =
u(z,y) + iv(z,y), HHTErpaJbHBIE CYMMbI MOYKHO 3AIlUCATH B BH/JIE

Zf () Azku( (@(7k), y(7i)) Azr — v(2(7k), y(7k)) Ayic)

k=1

+ZZ y(T) Ay, + v(@(7), y(mh)) Awy),

3

n

FEm)Aze =D (u(@ (), y(m)|Aze| +1 Y (@ (), y(7h)) | Az .
k=1

k=1 k=1

3 Teopun KpUBOJIMHEHHBIX MHTErPAJIOB MEPBOIO W BTOPOrO pPOJA CJEIYeT CyIIe-
CTBOBAHME IIPEJIEJIOB NHTEIPATBHBIX CyMM IIPHA CTPEMJICHUN K HYJII0 MAKCUMAJIBHOM
JIMHBI MHTEPBAJIOB pa3buenus [tg_1,tx]. Ipu sToM

Zf 2(1)) (z(tr) — 2(tk—1) —>/udx—vdy—|—z/udy+vdx
k=1

fm)|z(ty) — 2(tk—1)| = [ uds+1i [ vds.
; & k k J /

OTu npesessl Mbl OyjieM 0003HAYATH COOTBETCTBEHHO

JEC I FOI)

v

B cay4gae, xorga v sBiisieTcs KyCOYHO-TIIAIKON KPUBOM, BBIYUCIEHNE ITUX UHTEIPa-
JIOB MOXKHO CBECTH K JIMHEHHBIM MHTerpaJiaM II0 IlapaMeTPU3YIONeMy IPOMEXKYTKY

JECCS /ﬂ F)2( / F(2)ldz] = / FE@) (0)dt.

Bazkueimmm ¢BOMCTBOM 3THX HHTEIPAJIOB SIBJISIETCS TO, UTO UX 3HAYEHUE HE 3aBUCUT
or BeIOOpa mapaMerpusanuu kpusoit v. Jleficreurenvho, eciim ¢ = ((7), a1 < 7 <
[1,— 9KBHBaJIEHTHas lapamMeTpu3anus Kpusoii v, T.e. ((7) = z(¢(7)), tue t = t(1),
ay < 7 < By, aBiIgerca HenpepsIBHO AuddepeHnupyeMoit pyHKIrei, To

B B1 B1
/ F(2(8)2' (1)t = / St () (r)dr = / ) (r)dr
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OTMeTnM TakzkKe HEKOTOPbIEe CBOICTBA ITUX NHTErPAJIOB, KOTOPBIE HELIOCPEICTBEHHO
CJIEAYIOT U3 CBOWCTB KPUBOJIUHEHHBIX UHTEIDAJIOB.
Jluneiinocts. Ecim f u g — nBe menpepsiBable dyukun u a,b € C, To

/(af(z) +bg(z))dz = a/f(z)dz+b/g(z)dz.

Y Y

A nmurtuBHocth. Ecin v = 1 + 72, TO

/f(z)dz = /f(Z)dz+/f(z)dz.

3aMeTHM, UTO B PABEHCTBAX, BHIPAYKAIOIIIX CBOWCTBA JIMHEHHOCTH U 8/ TATHBHOCTH,
MOXKHO dz 3aMeHNTH Ha |dz|. OxHaxo,

[ fraz == [z [ sedel = [ e

IIpumensist HEpaBEeHCTBO TPEYTOJIBHIKA K MHTEIPAIBLHBIM CYMMaM U TIEPEX0Is K IIpe-
JeJty, IojlydaeM TaKzKe HepaBeHCTBO

[ < [1r@li. (4.1)

Cureryer 06paTuTh BHUMAHUE HA TO, YTO B JIEBOIl U IIpaBoiil YyacTsax Hepasercrsa (4.1)
CTOSIT UHTETPAJIbl pa3Hble IO CTPYKType. Kpome TOro, mocKoIbKy

[ 1] = Length),
J
TO

[ #e1az| < [17@lidel < max | £2)| - Length(o).

Jlpyroit acleKT MHTErpaJibHOr0 MCYUCJICHUSI CBA3AH C PACCMOTPEHNEM WHTETPU-
poBaHUs Kak orepanuu, obparHoil auddepennuposanuio. B ¢Bs3u ¢ 3TUM roJI0-
MopdHyo B obsiactu D dyukiuo F' Oyiaem HasbBaTh nep8oobpasnoti pyukiuu f,
ecn F'(z) = f(z) most Beex z € D. JIpyruMu cJioBaMH, CyIIeCTBOBaHHE MepBOOG-
pasuoit B D jyia dyskuuu f osmadaer, uro f(z)dz aBiasiercs noanvim dugddepen-
yuaaom B obaactu D. DTo ycioBHEe OKA3bIBAETCS SKBUBAJEHTHBIM HE3aBUCHUMOCTH
nHTErpaja oT GOpPMBI MyTH B 007acTU [, ITO MOXKHO TakKe chOpMyTUPOBATh KaK
PaBEHCTBO HYJII0O WHTErpaJia Mo JIIO0i 3aMKHYTOH KpuBoit B obsractu D.

TEOPEMA 4.1. ITycmov f — nenpepwvisrasn 6 obaacmu D dynkyua. Tozda umerom
MECTMO CAeOYIOWUE YMBEPIAHCIEHUA:
(i) Ecau f(z)dz ssasemcs noanvim duddepenvyuanom 6 obaacmu D, mo dan
A10000 3aMKEHYMOT KYCOUHO0-2A00K00 kpusol v C D evinoanaemcs pagen-
cmeo

/f(z)dz = 0; (4.2)
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(i) Ecau paserncmeo (4.2) evinoanaemcs 0as a060l 3aMKHYMOT A0MaHOT 7,
pacnoaoocenrol 6 D, mo f(z)dz asasemes noanvim dudepenyuanom 6 06-
aacmu D.

JIOKABATEJIBCTBO. (i) Homycrum, uro f(z)dz asasercs nonubim auddepen-
nurajoM B obsactu D, T.e. cymectByer rosomopduas B D dyukius F Takasi, 9T0O
F'(z) = f(z) png Beex z € D. Ecim v: z = 2(t), o < t < 8, — KycodHo-T/1ajiKas
KpuBas B objactu D, TO

B B
[ 11z = [ @)z 0= [ PG = F(:(8) - Fata)).

B wacrHocTH, eciiu ¥ — 3aMKHyTasi Kpusas, T0 2(8) = z(«) u BBIIOIHAETCS DABEH-
crBO (4.2).

(#4) Jouycrum Tenepb, 9ro paBeHCTBO (4.2) BBIIOIHAETC JJIs JI000H 3aMKHYTON
JIOMAHO{ 7y, PaCHoIozKeHHOit B D. DT0 03HATAET, 9TO HHTErpas || \ f(2)dz ne saBucut
oT Bua JoManoit A C D, a omnpejiesigeTcs JUIb HATAIOM W KOHIIOM 9TOH JIOMAHOIX.
QukcupyeM TouKy a € D u onpenesinm GyHKINAIO

F(z) = [ f(Q)dg,
/

rie A, — JOMaHasl, CoeIuHsIonas B obsactu D TOUKy a ¢ TOUKOii 2 (T. €. a — HAYaJIo0
97Ol JIOMaHOH, a z —ee KoHern). VI3 TeopeMbl 2.3 U CIEIAHHBIX HPEIIIOJOKEHU
cJlelyeT KOppeKTHOCTD onpefenenns dyukiun F'. [Tokaxkem, aro ora rosomopdHa
B D u Bomosngerca pasencrso F'(z) = f(z) mua seex z € D.

Iyctsb 29 € D u e > 0. Tlockoibky D — OTKpPBITOE MHOXKECTBO U f — HElpepbiB-
Has yHKuus, To Hailnerca takoe § > 0, aro Os(z0) C D u [f(z) — f(20)| < €
upu z € Os(zg). Torma nst z € @5(2’0) B CHJLy CBOMCTBA aJINTUBHOCTH MHTErPAJa
Oy/ieM UMeThb

F(z) - F(z) = / FQ)dC.
[20,2]

rJie [z0, 2] — OTPE30K, COeMHSIIOIMIA TOUYKN 2o U 2. Jlajee, ¢ yIeTOM paBeHCTBA

/ Fe)dC = (= — 20) f(20)

[z0,2]
OJIy 9aeM
F(z) — F(z) 1 / € /
\ 2\ — _ < —c.
2 f(Zo) ‘Z — Z0| (f(C) f(ZQ))dC X |Z = ‘ |d<| €
[20, 20,
Orciofa cireyer, 9To
lim Fe) = Fz) _ f(20),
2—20 )

n TeopeMa JOKa3aHa. O
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IIpumep. PaccMOTpuM BaszKHBIH MpuMep, K KOTOPOMY B JIaIbHeIIeM Mbl Gynem
HeoZIHOKpaTHO obpamarees. Ilycrs f(z) = (z — a)”. Ecin n sBiasercs neiasiv u
HeoTpHUIaTeTbHBIM, To bynknus F(z) = (z — a)"T!/(n + 1) Gyzmer meppoobpasnoit
st f(z) Bo Beeit komiurercHoit miockoctu C. ITosromy

/(z —a)"dz =0 (4.3)

Jtst Jiro6oit 3amkHyToi KpuBoii v C C, eciiun = 0,1, 2, . ... B ciyuae n # —1 nesoro
orpunarenbroro dbyukuus f(z) = (z —a)™ 6yger romomopduoii B C\ {a} u F(z) =
(z—a)"*/(n+1) 6yner ee nepsoobpazHoii B 310it 3Ke obmactu. CieoBaTebHO, 1
B 9TOM cJiydae paBeHCTBO (4.3) GyueT BBIIOIHATHCS Jlst OO0 3aMKHYTOI KPUBOii
~, He MPOXOJIAIIeil Yepe3 Touky a. Otmenbho pazbepem ciydait n = —1. lomycrum
BHAUaJIe, 4TO 3aMKHYyTast Kpupas 7y pacnosoxkena B C\ L, rie L — y4, BoIxozsmuii
u3 TOYKH a Ha 6eckoHeIHOCTh. Ilockobky B C\ L MOXKHO BBIIEINTH HENPEPHIBHY O
BeTBb arg(z — a) u, ciaenoBaTebHo, BetBb F(2) = In(z —a), To dz/(z — a) aBuasercs
nosabM auddepenrmanom 8 C\ L. Takum obpasom, 1jis Takoil Kpusoii nu n = —1
CHOBA BBINOJIHEHO paBeHCTBO (4.3).

Hakownerr, paccMOTpUM B Ka4ecTBe Y OKPYKHOCTH C TIEHTPOM B TOYKE a. Bymem
CYUTATH, YTO OKPYKHOCTB 7 NOAOHCUMENGHO OPUEHMUPOSAHA, T.€. TPHU JIBUKE-
HUU TOYKY BJIOJIb Hee KPYyT, OTPAHUYEHHBIN -y, OCTAeTCs CjieBa. B jmajbHeliniemM B
cydae TAKWX MPOCTBIX 0bJIacTell, KAaK KPYT, TPEYTOJbHUK, MPSIMOYTOJIHHUK, IO
TTOJTOZKUTETHHO OPUEHTUPOBAHHOI rpanuiiei OymeM MOHUMAaTh TaKoi 00X0T TpaHTI-
HOII KPHUBOIi, KOTJ[a OrpaHIIeHHasT €10 00JIACTh OCTaeTCsl CjieBa. JacTo Takoe orpe-
JIeJIeHre TIOJIOXKUTEIHHO OPUEHTUPOBAHHON TPAHUIIBI PACIPOCTPAHSIIOT BILUIOTH JI0
JKOPJIAHOBBIX 0BJIACTEl, XOTsI 9TO HE BIIOJIHE CTPOro. [lo0KuTeIbHOM OpHeHTAIH
OKDY>KHOCTH 7 COOTBETCTBYeT Iapamerpusanus z = z(t) = a+ re’t, 0 <t < 2w, rue
r — paamyc oKpyxHocTH 7. Ilpn atom 2/ (t) = ire't n

2
d
/ i :i/dt:2m‘.
Z—a
o 0

4.2. Teopema Komu ajist BeimykJioi obsiactu. CylnecTByeT HECKOJIBKO Ba-
puanToB Teopembl Koru, KOTOpbie OTJIHIAIOTCs GOJIbINE B TOIMOJOTUIECKOM ILTaHE,
a He B aHAJUTHIECKOM KOHTeKcTe. [losToMy ecrecTBeHHO HavYaTh ¢ Hojee TPOCTOM
TOIOJIOTUYECKON CUTYAIIAN.

TEOPEMA 4.2 (JIEMMA I'vpcA). ITycmo f — 2oaomoppnas 6 obaacmu D dyr-
yusa u mpeyzoavhur A codeporcumes 6 D emecme co ceoum damvikanuem. Tozda

/f(z)dz =0, (4.4)
OA

2de OA — noAoKHCUMENDHO OPUEHTNUPOBAHHASA 2PAHULG MpPey2orvbhuka /.

JIOKABATENILCTBO. Beenem misi ynobersa obosmadenne I(A) = [, f(2)dz.
CoeiuHsisi CepeIMHbI CTOPOH TPEYTOJbHUKA A, pa300beM ero Ha YeThIpe KOHTPY-
surabix Tpeyroasanka A A® | Ouesnno, uro

I(A) = I(AW) 4 ...+ I(AW),
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[MOCKOJIbKY MHTEIPUPOBAHUE BIOJb KaXKJIO# OOIIEH CTOPOHBI ABYX CMEXKHBIX TPe-
YTOJBHUKOB MIPOBOJIUTCSI B 000MX HAIPABJIEHUAX, & MMOTOMY COKparrnaercsa. U3 mo-
citemero pasencTsa ciaexyer, uro cpequ A A® majinercs Tpeyronbuauk, 060-
3HAYNM ero Aq, IJIsT KOTOPOro

1(a)) > 7).

1 4
Tenepnb pazobbem Aj Ha YeThIpe KOHIPYIHTHBIX TPEYTOJIbLHIKA Ag ), cee A(l ) 1t BB
OepeM u3 HUX Ay Tak, 9TOOBI BBIIOIHSIJIOCH HEPABEHCTBO

1 1
[1(A2)] > Z\I(AM > 47|I(A)|

IIpofomKass 3TOT MPOIECC, MOJYyUAM ITOCIEIOBATEIBHOCTD BJIOYKEHHBIX TPEYTOJh-
HUKOB A D A1 D Ay D ..., YIOBIETBOPSIONIUX YCIOBUIO

1
1H(An)] = L IH(A)]-

JIerko BHUIeTh, UTO IIEHTPHI TPEYrOJIbHUKOB A,, n = 1,2, ..., 06pa3yioT dbyHIaMeH-
TaJBLHYIO TIOCJIEIOBATEILHOCTD, a e TIpeJies 2* MPUHA/JIe?KUT BCeM TPeyTOJILHIKAM
A,

s npousBosibHOro € > 0 BoiGepem ¢ > 0 Tak, urobbl okpectHocTh Of(2*)
comepzanach B obmacti D u npu z € O5(z*) BBIIOIHSIOCH HEPABEHCTBO

f(z) = F(z")

/( *
-z < e
z—z*

UJIA, YTO SKBUBAJIEHTHO,

1f(2) = f(z") = (z = 2") f'(z")] < elz—2"].
Ilycts | — nepumerp tpeyronbauka A. Torma mepumerp Tpeyrojbuuka A, Oyger
pasen [ - 27" n = 1,2,..., u Haiimerca takoit nomep N, uro A, C Os(z*) upu
n > N. Boibepem teneps n > N u, UCIIOIB3ysT COOTHOIIEHUS

/ dz = 0, /(z—z*)dz:07

oA, oA,

KOTODbIE SBJISIIOTCA CJIEJICTBHEM TOro, 4ro dz u (z — 2*)dz upeacraBisior coboii
nostable auddepennuansl B C, momrydaem

1@l =| [ £z =| [ (1) - 1) - =i <e [ J-slldal.
Ay, oA,

IockoabKy z* pacmosioxkena BHyTpu A,, 1O 1y z € A, BeauuuHa |z — z*| He
IPEBBIMIACT IIEPUMETPa TPEYTOJabHUKa A, T.e. Beqmuunsl [ - 27", Ho Torma us
CI10c006a MOCTPOCHHS TPEYTONBHUKOB A, U IOJIyIeHHOTO BBIINIE HEPABEHCTBA UMEEM

1 . el el?
s <e [1e-le< 5 [ 1al= 5

4n
0Ay 0Ay

Orciona creyer mepasercTso |I(A)| < el?, koTopoe B cuTy TPOU3BOTLHOCTH £ > ()
Bieder paseHcTso [(A) = 0. Teopema jsoka3aHa. O
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TEOPEMA 4.3 (YCHUJIEHME JIEMMBI I'VPCA). IIycmv D — obaacmo 6 komnaerkc-
noti naockocmu C u a € D. Jlonycmum maxoce, wmo pynwkuus f 2osomoppra 6
D\ {a} u nenpepwera 6 D. Tozda daa s06o20 mpeyzorvruka A, pacnoiosrcentozo
sMmecme co ceoum samvikaruem 6 D, umeem mecmo pasencmeo (4.4).

JIOKABATEJBCTBO. B ciiyyae, KOrja TOYKa @ JIEXKUT BHE TPEYroJbHUKA A,
yTBepKjieHue cjemyer u3 reopembr 4.2. Eciu a sBisiercs BepIIMHON TPEYroJbHUKA
A, TO IPOBEMIEM CJIEJIYIONTNE paccykKiaeHus. LycTh 21, 29, 23 — BEPITUHBI TPEYTOJIb-
Huka A u a = z1. Torma jyia A € (0, 1) pacemorpum pasbuenue A Ha TPEyTrOJbHUKH:
Aj ¢ BepIIMHAME 21, 24, 24, TJIe

2h = (1= N)z1 + Aza, 2 = (1= N)21 + Azs,

Ay ¢ BepIIMHAMU 22, 24, 24 1 A3 C BepIIMHAME Zg, 25, 23. [IOCKOJIBKY

/f(z)dZZ /f(z)dz—i—/f(z)dz—i—/f(z)dz
OA

OA, OAo OA3

7 110 JIOKa3aHHOMY IIOCJIE/IHUE J[Ba WHTErpaJjia paBHbI HYJIIO, TO

/ f(2)dz = / £(2)dz.
OA

[7AN1

Omaaxko
/ f(z)dz| < max |f(2)] - Length(0A1) = X~ max |f(2)] - Length(0A) — 0
Ay

upu A — 0.

B cirygae, Korja TOUKa @ JIEXKUAT HA OJHOM U3 CTOPOH TPEYTOIHHUKA A WU BHYT-
pH ero, JOKA3aTeJbCTBO YTBEPXKICHUST CBOIUTCS K MPEIBIIYIIEMY CJIYy9ai0 MOCPe-
CTBOM pa30UeHMs] UCXOTHOTO TPEYTOJbHUKA, COEJUHSIS G C BEPIIHHAMH 21, 22, 23.
Teopema mokazana. O

TEOPEMA 4.4. ITycmv D — swinykaas obaacms 8 Komnaercrot naockocmu C u
a € D. Jlonyemum maxoice, wmo Pyrrkyus | 2oromoppra 6 D\{a} u nenpepuwena 6
D. Tozda f(z)dz — noanwii duddepernyuan 6 obaacmu D u das 4106017 3amxnymoti
KYCOUHO0-2400K0T KPpuol vy, pacnoaosicerntol 6 obaacmu D, evinosnaemces pasem-

cmeo
/f(z)dz = 0.
b

JIOKABATEJIBCTBO. IlockonbKy D sIBJsSIeTCS BBITYKJIBIM MHOYXKECTBOM, TO JIJIsT
aro6oro z € D orpesok [a, z] copepKurcst B D 1 MBI MOXKEM OIIPeJIeaUTh (DyHKIIUIO

F(z) = [ F(Q)dC.
[a,2]

TTokazkem, aro F' sgBisiercs mepBoobpasnoit st f B obmacru D. leiictBuresbmo,
ecan zgp € D, ro maiinercs okpecrnocts Or(z9) C D u ma soboro z € O, (zp)
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TPeyTroJbHUK A ¢ BepIIMHAMU B TOYKAX @, Zg, 2 OyjeT pacnonoxed B D. ITo Teope-
me 4.3

[ £ =

A

C sipyroit CTOPOHBI, B CUJIYy CBOWCTBA &/ INTUBHOCTU WHTErPAJIA

[ s = /f o+ [ 1 dC+/f OdC = Fzo) = Fa)+ [ Q)
OA

[a,z0] [20,2] [2,a] [20,2]

u, cjaeaoBaTe/JIbHO, KaK U IIpU JJOKa3aTeJIbCTBE T€OPEMbI 4.1 numeem PaBEHCTBO

F(z) - / £(¢

[z0,7]

ITosTOMY, TIOBTOpSISI COOTBETCTBYIONIME PACCYKICHUS M3 JIOKA3aTEIhCTBA, TEOPE-
Mot 4.1, nonygaem guddepennupyemocts dbyukiuu F u pasencrso F'(z9) = f(z).
Teopema mokaszama. a

3AMEYAHUE 4.1. JlokazaHHasi TeopemMa O3HAYAET, 9TO ecjau f rojmomopdHa B
obmactu D, To sokanbHO f(z)dz siBasieTcs noaHbIM auddEPeHITAIOM, TOCKOIbKY
Jobast Touka zg U3 D mpUHAIIE)KUT O0JIACTH BMECTE C HEKOTOPOH OKPECTHOCTHIO
O, (z0), KoTOpasi sBJsieTcs BBILYKIOH. Ilo JOKa3aHHON TeopeMe B 9TOH OKPECTHO-
CTH MOXKHO OIpenesnTh mepBoobpaszuyto F' st f. C npyroit crOpoHBI, mpumep
dyukun f(z) =1/(z — a), romomopduoii B C\ {a}, mokaspiBaer, 410 He JJIsi BCEX
3aMKHYTBIX KPUBBIX 7 B 3TON 06JIaCTH MHTETPAJT f7 dz/(z — a) paBeH HyJO, T.€. B
9TOM CJIydae HeJIb3sl OIPEJIETUTD TIepBOOOPa3HyIO cpady BO Beell 00IacTu.

3AMEYAHUE 4.2. Tlpu moka3arebCTBe TEOPEMBI HCIIOJIb30BAIOCH JIUITH TO, ITO
obsiacte D BhINyKJIa, (pyHKIMs f HenpepblBHA B D) 1 MHTErpaJl 110 IPaHuIle JIrboro
TpeyTobHUKA A, PACIONIOKEHHOTO B [, paBeH HYJIIO.

§ 5. Nnrerpasu Kormm

Kak 6n110 110Ka3an0 B nmaparpade 3, cyMMa CTEIeHHOTO PsJia IPEICTABISET CO-
60it TOJIOMOPGHYIO (DYHKIUIO B KPyTre CXOAMMOCTH psja. JIpyroii crriocob noJryyeHust
roJIOMOPMHBIX (DYHKIINNA JAeT CIELYIONas KOHCTPYKIIHSI.

ITycTb v — KycouHO-TIaIKast KpUBasi U (0 — 3aJ[aHHAs HA Hell HelpepbIBHAS (DyHK-
nusi. Torma BbIpakeHue

F(z

271'2 sz

Ha3BIBAIOT UHIME2PAAOM Kowu ¢ mI0oTHOCTBIO V25

TEOPEMA 5.1 (CBOUCTBA MHTEIPAJIA Komm). ITyems v — kycouno-znadkas
KPUBAA U O — Henpepuenas Pynrkyua, onpedesennas wa . Tozda das xasrcdozo
n=12,... gynxuus

Faae) = [ (2

Y
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agasemes 20a0mopdrot 6 C\ 7y, u 6bNOAHAOMCA PABEHCTNEE
/(. _ .
Fn(za Lp) - nFnJrl(Zv(p)'

JIOKABATEJILCTBO. [lokaxkem BHadaje HenpepbiBHOCTH dyHkiuu Fp. Ilycrs
20 — npousBoJbHasg Touka u3 C\y u § > 0 BEIOpaHO MEHbINE MOJOBUHBI PACCTOSTHUS
or 2o mo v. Torma miua z € Og(2p) Gyuem umerTnh

Fy(5:0) — Fi(eoi )] =[5 — 2ol | [ 205 1< ool ks [ 1e(0)llac).
T2 =) 25 |

Y

Orciofa citejiyer HelpepbIBHOCTL F B TOUKe zj.
3aMeTuM Ternepb, 9TO OTHOIIEHNE TPUPAIEHIIH

Fi(z9) = Fi(z0,0) _ /(C pQdC (Z (<) >

z— 2o —2)(¢ — #0) (=20

UMeeT Ty XKe CTPYKTypy, uro u Fy, #Ho ¢ mnoraocrsio ¢(€)/((—zp). CienoBaresnbHo,
OHa HENPEPBLIBHA B TOYKE 2o U

F . _ F .
lim 1(z9) 1(z0; ¢) = lim Fy | z; L =K 20;790 = Fy(z0;p).
zZ—2zo zZ— 20 zZ—20 C — 20 C — 20
Takum o6pazom, rosiomopduocts dyukuuu F (z; ¢) u pasencrso Fy(z;0) = Fo(z;¢)
JIOKA3AHBI.

Bocnonbayemcest Ternepb METOJIOM MaTEeMATHYIECKOW WHLYKITMH U JIOIMYCTUM, YTO
ronomopdHOcTh GyHKIMN F,_1(2; ) n paBeHCTBO

!

n—1(z9) = (n = 1) Fu(z;9)
JOKa3aHbI. Torga u3 HpeﬂCTaBJIeHI/IH

1 1
Fuli) - o) = [ (o2~ o griemsy ) PO

v

/(c ;)0( )< —ZO>_/<<£CLi§n

® ®
F_ | = e o
- 1<ZC—ZO) 1(20 C—ZO>

cyiestyeT HenpepblBHOCTh dyHKIuN Fy, (25 ¢). JleficTBUTENIbHO, OrPAHNYIEHHOCTD MH-
TerpaJjia, KOTOPbIil CTOUT MHOXKHUTEJIEM IIpH (2 —2( ), yCTAHABJIUBACTCA B OKPECTHOCTH
TOYKH Z() KaK W IPU JIOKA3aTEJILCTBE HENPEPLIBHOCTH F, a HempepbIBHOCTL Fj,_1

“MeeM TIO MIPEJIIOIoKeHnio nHayKnn. Jlagee, n3 paBeHcTsa

)

P _ ¥
Fn(Z,QO) — Fn(ZO;SO) _F <Z @ > N anl <Z7 C — Zo> anl <ZO7 < — ZO)
n ’C

zZ— 20 — 20 zZ— 20



32 B.B. I'OPSIIHOB, E.C. IIOJIOBUHKIWH

JIOKA3aHHOI HEITPEPBIBHOCTHU F), U MPEIITOI0KEHII HHITYKITUH [TOJTy 9aeM TOJI0OMOPd-
Hoctb (yuknuu F, (2;¢) u BbIIOJIHEHUE COOTHOIITEHMSI

FrlL(ZO;QO) = I, (Z0§ §fzo> + (n_ 1)Fn (Z0§ Cipzo) = Tan.H(Zo;(,O)-

Teopema mokaszama. a

CJHENCTBUE 5.1. Hnmeepanr Kowu

npedemasasnem coboli beckonewno dugddepernyupyemyto Ppyrnryuto 6 C\~y. Ipu amom

Ons scex z € C\y un=1,2,... 66NOAHAIOMCA PABEHCTNEG
: 9
() " / 1 dc. 5.1
(2) 2ri ) (¢ — z)ntt ¢ (5.1)

Y

JIOKABATEJILCTBO. IIpexie Bcero 3ameTum, 4To

F() = 5=Fi(si9),

Tosromy dbyrknus F sisisiercst rosomopduoit B C\ v u

1
F'(z) = %F2(Z;<P)~

Oynkuus Fy(z; @), a crenoarenbho u F'(z), rakxke siisiercst TomoMopdHON

2!

F//
(=) =55

F3(z;0).
Tlo uraykIny mosy<uaem 6eckoHedIHy0 auddepeHmpyeMocTb GyHKmnn F' 1 paBeH-

CcTBa
n!

F(n)(z) = i nt1(2;50),

n =1,2,..., Koropble 3kBuBajeHTHbI (5.1). O

TEOPEMA 5.2 (IHTETPAJIBHAA ®OPMVYJIA KoM A1 KPYTA). ITyemo f —
20a0mopnas 6 obaacmu D dynruyua u kpye O, (a) smecme co c6oum 3amvikaruem
codeporcumen 6 D. Tozda das scex z € Op(a) svinosnsemes paseHcmeo

_ L [
f(z) = %/C—zdc’
Tr

20€ Y, — NOAOHCUMEADLHO OPUEHMUPOSaHKAA eparuya kpyea O (a).

JTOKA3BATEJIBCTBO. Ilycrs z € O,(a) dukcuposano u R > 0 takoe, uro r < R
u Or(a) C D. Torga dyuxrms
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Gyzaer romomopduoit B Og(a) \ {2z} u g(¢) — f/(2) upu ¢ — z. CremosaresnsHo, MO
Teopeme Komm jiyts BeIyKj10#t obstact 4.4 nMeeT MECTO PABEHCTBO

/ 4(Q)dc = 0,

KOTOpO€ MOYKHO 3aIicaTh B BUJIE

Q. / dg
Yr Fr
B cuuy cpoiicts urTerpana Komm dynxnus

p(z) = /Cdfz

sBsiercs rojomopduoit B kpyre O, (a) u

, d
@(z):/(c_cz)gzoa

Yr

nockosbKy d¢ /(¢ —2)? — nommbiit muddepentuan B C\{z}. Crenosaremsho, p(z) =
const. B kpyre O,.(a). C apyroii cTopoHbI,

d
ola) = /C—Ca = 2,
Tr

Kak ObLTO ToKasaHo panee. Taxkum obpasoM, ¢(z) = 2mi B O,(a) u Teopema JoKa-
3aHa. O

TEOPEMA 5.3. Toaomopprasn 6 obaacmu D dynkyua f asasemces beckoneuno
dupepenyupyemoti 6 amoti obaacmu. IIpu amom 6 kpyee O,(a), Komopul codep-
orcumes 6 obaacmu D emecme co c60uM 3AMBIKAHUEM, UMENOT, MECTNO PAEEHCMEA
n! f(§)d¢

f(")(z):% (TS n=12..., (5.2)

Tr

20€ Y, — NOAOHCUMENDLHO OPUEHMUPOSaHKAA eparuya kpyea O (a).

JIOKABATEJILCTBO. Ilycrs a € D u O,(a) conepxurcs B obnactu D BMecTe co
CBOEI TIOJIOKUTEIBHO OPUEHTUPOBanHHO# rpanuneii v, = 00, (a). Torma unrerpaJib-
nag dopmysa Ko na byuxknuu f 8 O,.(a) npunnmaer Bu

1) = 5 [ 2ac

Do oznauaer, uro f(z) asagerca unrerpaiom Komu B kpyre O,.(a) ¢ IIOTHOCTHIO
©(¢) = f(¢). To caencreuio 5.1 bynknus f(z) sapisiercst 6eckonedno quddepeH-
uupyemoii B O,(a), a dopmyna (5.1) ajusa npoussopubix npunumaer suz (5.2) u
YTBEPK/IEHHUE JOKAZAHO. O
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3AMEYAHME 5.1. Pasencrso (5.2) HasbiBaeTcs unmezpanvnols gopmyroti Kowu
a5 npoudeodtvir. OHO TMOKA3BIBAET, YTO HE TOJIBKO caMa roJioMOpdHast (pyHKIUS,
HO W ee MPOW3BOJIHbIE, BOCCTAHABINBAIOTCS BHYTPH KPYyTa JIUIIb IO TPAHUIHBIM
3HAYEHUSAM (DYHKIIUN.

Crenytommuit pe3yabrar o (GopMyJIMPOBKE B HEKOTOPOM CMBICJIE SIBJISIETCS 00-
paTHBIM K Teopeme Korrm.

TEOPEMA 5.4 (MOPEPA). IIyemov [ — nenpepuisnan 6 obaacmu D dynryus u
maxas, ¥mo oas 4106020 mpeyzoavhuka A\, pacnososcennozo ¢ D emecme co coum
BAMBIKAHUECM, GHINOAHAEMCA PABEHCINEO

/f(z)dz = 0.
oA

Tozda f seasemcs 2oromopdroti yrryuet 6 obaacmu D.

JIOKABATEJBLCTBO. IlockobKy CBOMCTBO TOJIOMOP(MHOCTH SIBJISIETCST JIOKAJIh-
HBIM, TO JIOCTATOYHO JIOKA3aTh, UTO TPHU CIAEJAHHBIX MPEIIOJOXKEHUIX (DYHKIIS
f ronmomopdHa B HEKOTOPOIT OKpecTHOCTH KaxkIoit Touku obnactu D. Purcupyem
upousBosibio a € D u nycrs O,(a) C D. Kak u npu JokazaresbcTBe Teope-
Mol 4.4 Komu syt BeinyKIioii obiactu (cM. TakzKe 3aMedanue 4.2) ¢ UCI0JIb30BAHK-
€M IIPEJIIOJIOXKEHIS O PABEHCTBE HYJIIO0 HHTErpaJia Mo IPAHUIE JF000ro TpeyroabHU-
Ka, pacrosioxkentoro B O,.(a), nmosrydaem yTBepKienue o ToM, 4o f(z)dz aBisercs
nosubM quddepernuanom B O, (a). CrenosaresnsHo, f siBisieTcst TOJOMOPMOHON B
O, (a), TOCKOIBKY HpeCTaBiseT cob0 IPOU3BOJHYIO OT TOJOMOPdOHON dyHKIHH.
Teopema mokazana. O

TEOPEMA 5.5 (O CPEIHEM). ITycmo f — 2oaomoppran 6 obaacmu D dynruus

u Or(a) C D. Tozda
27
1 .
f(a) = %/f(aJrreze)dH.
0

JOKABATEJILCTBO. B cuy Teopembl 5.2 umeeT MECTO PABEHCTBO

o) = 5 [ £

C_

rje 7y, — HOJIOKUTEIbHO opueHTupoBanHas rpanuna Kpyra O,.(a). Boibupas s
OKpysKHOCTH 7, mapamerpmsanmio ( = a + 7€', 0 < < 27, npuxoauM K yTBep-
JKJICHUIO T€OPEMBI. O

§ 6. Psan Teitstiopa n TeopeMa eIMHCTBEHHOCTHU

Hame onpeznenenune ronomopduoii (mmm anamuruyeckoit) dynkuuu 6asuposa-
JIOCh Ha CBOCTBE KOMILJIEKCHOI quddepennupyemoctu. Vmeercs: apyroit oaxom K
OTIPEIEJIEHUIO AHAJTUTUIECKON (DYHKIMM, OCHOBAHHBIN HA IIPEJICTABIEHUN €€ B BUIE
CYMMBI CTEIIEHHOTO Psiia B OKPECTHOCTHU KarXKJoi Touku obsactu. Cremayrommii pe-
3yJIbTAT MOKA3BIBAET, ITO 00a ITH MOAXO0JA IPUBOIAT K OJHOMY M TOMY K€ KJIACCY
dyHKITHI.
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TEOPEMA 6.1. ITycmv f — eonomoppran 6 obaacmu D dynruyus u zg — npo-
uzgoavhas mowka obaacmu D. Tozda ¢ mobom kpyee Op(z9) C D dynruyusn f
npedcmasuma 6 ude CYMmbv, CTOOAULE20CA CMENEHH020 PAIG

o0

fz) = enlz—20)", (6.1)

n=0
KOIPPUUUEHMBL KOTMOPO20 BBIMUCAFIOMCA TWO POPMYAGM

ﬂme

Cpn = ]
n:

: (6.2)

n=12,....

JIOKABATEJIBCTBO. onycrum Baavase, 4o O, (zo) C D, unycrs v = 00,.(20)—
LOJIOXKUTEIBHO OpreHTHpoBanHas rpaunia kpyra O, (zp). Torna f nmeer npeacras-
JIeHue B Or(zo) uHTerpaJjbHoil dpopmysioit Komun

2m C—z

Husa ukcuposannoro z € O,.(zo) saupo Kommu 1/({ — z) paziokum B psi

I 1 > (z — 2z0)"
o ) Z _Zon+1

(—=z (C_ZO)(l_CzO

ITockombKy 77151 Bcex ( € <y BBINOJIHSIETCA HEPABEHCTBO

Z— 20

¢ — 20

_ |z — 20|

<1,

r

TO TIOJIyIeHHBIN PsIJT CXOUTCS PABHOMEDHO 110 ¢ € 7y B CWiLy pu3HaKa Belieprurpac-
ca. CJie10BaTeIbHO, 3TOT PsiJl MOYKHO IIOUJICHHO HHTEIPUPOBATD HA Y. Y MHOZKAS €0
Ha HenpepbiBHyO GyHKIWMO f(()/(271) ¥ BBIIOIHSS HOYJIEHHOE WHTEIPHUPOBAHUE,
IPUXOJUM K DABEHCTBY

1 f(< n
f(z) = Z m/(cio))nﬂdc (2 —20)"™.

n=0 5
B cuny mwaTerpamnuoit popmynsr Kormm aj1st Tpon3BOgHBIX

1 f(Q) _ ™ (20)
2mi | (¢ — zo)"H! dc = nl
Y

n=12...
Ocraercst 3ameruTh, 9To Koabdunuents! (6.2) psiga (6.1) He 3aBUCAT HE OT TOY-
KW Zz, HU OT BbIOOpa OKpyxkHOCTH . Ilosromy psii (6.1) cxoamrest M ero cymma

coBrazaer ¢ gynkuueii f B o6om kpyre O,.(2p), KOTODbIii COAEPXKUTCA B 00JIaCTH
D. O
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3AMEYAHUE 6.1. Psiz (6.1), koadbdunmeHTs KOTOPOro BHUUCISIOTCS 10 HOp-
mysnam (6.2), maswiBaerca padom Tetinopa dyHKIMU f B OKPECTHOCTH TOYKH Z(.
Kpowme Toro, eciim dyaknus f npezgcrasuma B Buje paga (6.1) B HeKoTOpoM Kpy-
re O,(zp), 70 K03(bduUIUEHTEI psifia OJHO3HAYHO onpeesstorcs dopmyaamu (6.2),
KaK OBLIO ITOKA3aHO B 3aMedaHuu K Teopeme 3.1. Jlpyrumu cirioBamu, mpe/icTaBieHne
rojioMopdHOii (DYHKIMK B BUE CYMMbI PSJIA 110 CTEIeHAM (2 — 2o) €AUHCTBEHHO.

ITenbie dynkuum u teopema Jluysusiis.

ONPEAENEHUE 6.1. Tomomopduas Bo Beeit komiutekcuoit 1tockoctu C dyHk-
nusi f Ha3bIBaeTCsd Ueaol.

K mesbiv hyHKITMAM OTHOCATCST TIOJIMHOMBI, SKCIIOHEHTA, CUHYC, KOCHHYC U JIPY-
rue. VI3 Teopembl 0 pazioxkenunn rojoMmopduoit dynkinn B paa Teitaopa cpa3y ke
cJejyer, 9To ey GpyHKIUo f MOXKHO MPEJICTABAUTH CTEIIEHHBIM PSIJIOM

o0
= E cn2",
n=0

KOTODBIi cxomuTcs BO Beeit komiutekcHoit mtockoctu C. Ilpu srom kosddumumenTs
Psijia BBIYUCIISAIOTCS 0 (hopMyJiaM

2m/<n+1d§, n=012,...,

TJe YR — MOJOXKUATEIBHO OPUEHTUPOBAHHAS OKPY2KHOCTBH pajuyca R ¢ 1meHTpoMm B
HavaJjie KOOpJIuHaT.

Cremytomuii pe3yIbTaT MOKa3bIBAET, 9TO OIPAHUYEHUE HA POCT Teoi (hyHKImun
TaK»Ke CYIIECTBEHHO BJIMdAET Ha ee BHU/I.

TEOPEMA 6.2. ITycmov f — uenas pynxyus u das nexkomopoix M > 0, 7 > 0 u
UEN020 HEOMPUUATMENLHOZ0 T EBINOANACTICA HEPAGEHCTNEO

[f(2)] < Mlz[™
npu |z| = r. Toeda f ABAAEMCA NOAUHOMOM CTNENERU HE 6BIULE, YEM M.

CaeACTBUE 6.1 (TEOPEMA JIMYBUJUIA). Leaasn ozparuventan Gyrkyus mo-
21C0ECMBEHHO NOCTNOAHNA.

JTOKABATEJILCTBO. Ilycth R > T U g — HOJOKUTEIBHO OPUEHTUPOBAHHAST OK-
pyxuocts |¢| = R. Kak ormedasioch Bblme, f MOXKHO NPEJICTABUTH CTEIIEHHBIM
pagoM f(z) = D07 ¢pz", K09hOHIHEHTEI KOTOPOro BBIMUCIAIOTC 10 (hopMyIam

QWZ/C”“CK’ n=012....

HpI/I CIOeJIaHHBIX IIPEIIOJIO02KEHUAX BBIIIO/JIHAIOTCA HEpaBEHCTBa

MR™ m—n.
len| < Rn+127rR MR n=012,....
Ecmn >2m+1 1o R —- 0upu R — o0 u ¢, = 0. D10 o3nagaer, aro f

ABJIAETCA IIOJIMHOMOM CTEIICHH HE€ BBIIIE, YeM M. O
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Hynau rosomopdHoit GyHKIINN 1 TeopeMa eIuHCTBEHHOCTH.
Touka a € C HasbiBaercst HyiaeMm dyukun f, ecam f(a) = 0.

ONPEAENEHUE 6.2. Ilopsadkom (nam xpamwocmoto) uyias a € C bynkuuu f,
roJloMopQHOI B 3TO#l TOUKe, HA3BIBAETCA HAMMEHBITHI HOMED OTJMYHON OT HyJs
npoussonuoii £ (a). pyrumm cioBamum, TOYKa a sBJIseTCs HyigeM (byHKIuE f
nopsiaka m, ecan f(a) = f'(a) = ... = f"D(a) =0, f™)(a) # 0.

W3 dbopmyn mist koaddurnmentoB psima Teiyiopa ciieflyer, 9TO HOPSIOK HYJISA
COBIIAJIAET C HAMMEHBIIUM HOMEPOM OTJIMYHOTO OT HyJs KOadduimenTa Teiiopos-
CKOT'O pa3yioKeHust (DYHKIUN B OKPECTHOCTH 3TOi Touku. [Ipu sTom, ecim a — HyJ1b
6eckoneunoro nopsiika, 1o f(z) = 0 B Hekoropoii okpecraoctu O,(a). C mpyroii
CTOPOHBI, €CJIM @ — HyJIb KOHEYHOI'O IOpsiJIKa m, To Haifigercs okpecraoctb Os(a),
0 > 0, B KoTOpoii HeT HyJsiell pyHKIMHU [, OTINYIHBIX OT a. JlefcTBUTENbHO, B HEKO-
ropoii okpecraoctu O, (a) dyukuus f npeacrasuma psigom Teitnopa

f(2) = (=)™ Y cmrnlz —a)* = (z —a)"p(2),
k=0

rie @ —romomopduas B O, (a) byskuus n ¢(a) = ¢, # 0. B cuy Henpepsis-
Hoctu yHKIMU ¢ Hafinercss okpectHocTh Os(a), B KOTOPO ¢ He obpanaercs: B
HyJb. B cuity oTcyTcTBus Jesuresieii Hyslsl B 110J1e KOMIUIEKCHBIX uncent f(z) # 0 B
npokostoroii okpecrroctn Og(a).

3aMeTnM, YTO B BEIECTBEHHOM AHAJIN3€ CUTYAIUS C HYJISIMU ¥ IIPeJICTABIeHIEM
GeckoneuHo udddepennupyemoii dbyHkiuu ee psiiom Tefsiopa KapUHAIBHO OTIIN-
gaercd. Kiaccuaeckum npuMepoM siBjgeTcs (pyHKIUs

—1/2?
)

e ecim  x # 0,

fz) =

0, ecsim x =0,

KOTOpas UMeeT B OKpPeCTHOCTU TOUYKHU s Teitopa ¢ HysneBbIMEu KodbpUImeHTamu,
HO oOpaIrnaeTcs B HyJIb JIUIIb B camoit Touke x = (.

TEOPEMA 6.3 (EJUHCTBEHHOCTH). Ecau dee zosomopdrvie 6 obaacmu D ¢y-
nxyuu f u g cosnadarom ma mrnoorcecmee E, xomopoe umeem xoms 6v. 00ny npe-
deavhyio mouky a, npunadaesicauyio obaacmu D, mo f(z) = g(z) ecrody 6 D.

JIOKA3BATEJIbCTBO. Paccmorpum dynkuuio h(z) = f(z) — g(z), koropas sis-
Jistercs rojoMopdHoit B obmactu D m obparmaercd B HyJIb HA MHOXKecTBe F, a B
CHJIy HEIIPEPLIBHOCTH M B TOYKe a. Ham HyxKHO zokazarh, 4ro h(z) = 0. Ilycrs
(Q — MHOX)KecTBO HyJiel dyHKIuu h B objactu D. BHyTpEHHOCTH 9TOr0 MHOXKECTBA
oboznaunm uepe3 Gp. Apyrumum ciaoBamu, ( € (G B TOM U TOJBKO TOM CJIydae,
ecyn Haidinercs okpecrrocTs O,((), B KoTopoil h obpamaercs B Hy/Ib. 1lo camomy
onpesiesiennio G sIBISIETCs OTKPBITBIM MHOXKecTBoM 1 G C D. Ilycrs G = D\ Gy
7 TIoKaxkeM, 9TO (G TaKKe sIBJIAETCSI OTKPBITBIM MHOXKECTBOM, T. €. KaXKJasi TOUKa
npuHagIeRkuT (Go ¢ HEKOTOPOU OKPEeCTHOCTHIO. JlefiCTBUTEIbHO, B IPOTUBHOM CJTy-
qae HeKoTOpas Touka ( u3 (o ObuIa ObI IpeeIbHO TOUYKOl Hystelt dyukuu h. Ho
TOr/Ia, KAK IMOKA3bIBAIOT PACCYKIEHUS, [IPOBEICHHbIE 1Tepe (hOPMYJIUPOBKON TEO-
pembl, ( He MOXKeT OBITh HYJIeM KOHEYHOIW KPATHOCTH M HAILIACH ObI OKPECTHOCTH
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9TOIl TOYKHU, B KOTOPOil h obpamaercss B HyJb. Ho 310 o3Hauaso 0w, uro ( € (.
Urak, D = G1 U Go, tne G; u G2 — OTKPBITHIE HEIIEPECEKAIOIecss MHOXKeCTBa. B
cmty cBsizHocTu D omuo w3 MmHOXKecTB (1 mwitn G2 10/KHO OBITE mycTbiM. C apyroit
CTOPOHBI, TOYKA ¢ SIBJASETCS MPEIeJbHON TOUKON Hysel yHKmmm h u, caeaoBa-
TesibHO, npuHamIexkuT G1. B pesyabrare, Go = @ u G; = D, 4T0 1 JI0Ka3bIBAET
TEopeMy. O

CHEACTBUE 6.2. Ecau f(z) Z 0 2onomoppna 6 obaacmu D, mo ece ee nyau
UBOAUPOBAHDL U KOHEUHO20 NOPAIKA.

§ 7. Nunekc. O6mas ¢dpopma Teopembl
Komiu u uaterpansaoii popmysibr Korrm

,ZLHH ,Z[aﬂbHefILHeFO pacoinpeHusd TeoOpeMbI Komn mam HOTpe6yeTCH BBECTU HEKO-
TOPbIE€ TOIIOJIOTUICCKHUE ITIOHATUA.

7.1. Ilpupamenue aprymeHTta BAoJib KpuBoili. Wuaekc. Ilycts v: z =
2(t), a < t < B, — KycouHo-IJIaJKas KpUBasi, HE IIPOXOJMAINAs 9epe3 HAYAI0 KOOD-
muHaT. Torma onpenesaeH MHTErpas

/ dfzz = j 2/((:)) dt.

BbisicHUM reoMeTpuuecKuii cMbIcs ero MEAMON dactu. Ilycrs d = dist(y,0) — pac-
CTOsIHUE OT 7y JI0 Hauasa KoopauHat. [TocKoJbKy z(t) siBJIsleTCsl pABHOMEPHO Helpe-
pbIBHOIT byHKIHEl Ha oTpesKe [, 3], To Haiigercs Takoe § > 0, uro |z(t') —z(¢")| <
d/2 npu |t' — | < §. Bumossum pasbuenue tg = a < t; < ... < t, = [ orpe3ka
[, B] Tak, arobbr (tp — tx—1) < 0 g Beex k = 1,...,n. D10 pasbueHue WHIY-
HUpYyeT Pa3JioKeHue KPUBOH 7y B CyMMY AYyI ¥ = 1 + ... + Yn, 0H€ Y 2 = 2(1),
tp—1 < t < tp. Yepes Ay oboznaunm kpyr O, (z(tx)) ¢ nearpom B z(tx) U pajuycom
r = d/2. U3 ycioBus Ha pasbuenue ciemyer, 910 v C Ag, k = 1,...,n. Kpowme
TOro, paccTosinue or ToYKu z = 0 110 KaxKJ[oro Kpyra Ay He Menbire d/2. 910 103-
BOJISIET B KazKJIOM Kpyre Ay ONPEJIeNTh HEIPEPHIBHYIO BETBb arg(yy # (B KayKIoM
CBOIO) H, CJIe/IOBATE/IBHO, PEryJIspHYyIo BeTBb jorapudma Ing,y 2 = In [2] + i arg, 2,
Koropast Oyzier neppoobpasnoii dynknun 1/z B Ay. Vcnonas3yst CBOHCTBO a1 uTuB-
HOCTHU MHTErpaJa, MoJIyqIaeM

e
z - z
kzl’Y}c

= Z(ln |2(tk)| = In[z(tx—1)]) +iZ(afg(k) 2(tk) — argpy 2(tk—1))

k=1 k=1
@ ) ” ar 72(%)
z<a>'+ 2 W8,y

rjie B IOCJIEAHEHl CyMMe IOJ apryMEHTOM HOHUMAETCS IVIABHOE 3HAYCHHWE U3 MH-
Tepsasa (—m,m). B neiicreurenbuoctn, pasnocts (arg ) z(ty) — arg gy z(tk—1)) me

=1In
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3aBHCUT OT BbIbOpa BeTBH aprymenta. Cymma
n
z(t
> arg 2L
o Ahe)

BBIpaXkaeT IpupalieHue apryMenTa z(t) (B paauanHoii Mepe), Korja z(t) npoberaer
KpuBywo v. Kak u paHee, IIOBOPOT BEKTOpA IPOTHUB JBHKCHHsS YACOBOM CTPENIKH
CUNTAETCS HOJIOKUTEIBHBIM. B CBA3U C 3TUMHU PACCYKICHUSME BBEIEM CJIEIyIOIIee
MOHSATHe.

OnPEIEJEHUE 7.1. Ilycth v — KycouHO-TUIaIKas KpUBasi, HE MIPOXOJISINAs Te-
pe3 Touky z = 0. Ilpupawenuem apeymenma z 6004 Kpueol <y HA3BIBAETCS BEJIU-
qnHa

d
Ay argz = Im/—z.
z
v

3amMernM, 9TO B 9TUX TEPMUHAX

z(P)
z(a)

dz
z

= In

’ +iA, arg 2.
¥
B ciyuae 3aMKHYTOI KPUBOIi Y MMEET MECTO PABEHCTBO
dz )
- = 1A, arg z,

Y

a caMo IpHpalleHne apryMenTa A, arg z KpaTtHo 2.

Homycrum Tenepb, uro Kpusad v: 2z = 2(t), a < t < §, pacuoyoxkena B 06J1acTH
D, B koropoii onpejesena rojomopduas byukius w = f(z). Ecau xpome Toro
f(z) 0 ma v, To kpusasg I' = f(v): w = f(2(¢t)), a < t < B, He OyJer UPOXOAUTDH
gepe3 Touky w = 0. IlosToMy ompesenena BeawmuuHa Ar argw, KOTOPYIO Oymem
HA3BIBATb NpUpauweHuem apeymenma gyrnxyuu f 6doav kpucol ¥ W 0003HAYATD
A, arg f(z). HemocpencTBeHHO U3 OIpesiesieHus IOy daeM

B
dw f'(=1) f'(2)
Ayarg f(z) =Im [ — =Im | ——=52/(t)dt =Im | ——dz,
P/ w / Fl=(8) / 2)

A arg f(2) = Im/ I'G) g, (7.1)

Uz (7.1) cpasy ke ciemyer, 4To it J0OOr0 KOMILIEKCHOrO 4ucia ¢ # 0 umeer
MEeCTO PaBEHCTBO

Ay arg(cf(z)) = Ay arg f(z).

OTMeTyM erre OJ[HO TaK HA3bIBAEMOE L02GPUPMUNECKOE CE0TCMEO TIPUPAIIEHUS ap-
ryMeHTa (QYHKIINU BIIOJIb KPUBOI.
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JIEMMA 7.1. Iycmov v — KYycourno-2aa0kas Kpusas, pacnosodicertas 6 obaacmu
D, 6 xomopot onpedeaenvs zonomopprvie dynkuyuu f1 uw fo. Honycmum maxorce,
umo f1 u fo He obpawaromes 8 nyav wa y. Tozda

Ay arg(f1(2)f2(2)) = Ay arg fi(2) + Ay arg fo(2).

JIOKA3ATEJIBCTBO. U3 dopmyusr (7.1) n upasuia auddepeHIEpoBaHus Ipo-
U3BEJICHUS CJIEJYET, ITO

A arg(fi(2)f2(2) = Im/wdz

(2) f2(2)

L RG )+f1( D),
I/ OhG)

= A, argfl(z) + Ay arg fo(2),

1 JieMMa JOKa3aHa. O

3 (7.1) u CBOMCTB MHTErpaJa TAKXKE CJELYET, YTO

A_arg f(z) = —A, arg f(z), A, arg A, arg f(z).

1
f(2)
BrenmeM B paccMoTpeHHE elle OTHO Ba)XHOE IIOHATHE, KOTOPOE XapaKTepPU3yeT
COOTHOIIIEHHE MEXKJy 3aMKHYTOH KPHUBOW W TOYKOW BHE 3TON KpuBoil. Kcam v —
3aMKHYTasl KyCOYHO-TJIJKasl KpUBas, He MPOXOJdiiasg depe3 TOUKy a, 1o f(z) =
z — a sgBjseTcd roJioMopdHON (byHKIHEl, KOTOpas He 00paIlaeTcs B HyIb HA 7.
TlosTomy ompenesiena BesmanHa,

A, arg(z —a) = Im/

Z—CL

TlockonbKy KpuBast v 3aMKHYTa, TO 9Ta BEJIUUINHA, KPATHA 27, & BEIeCTBEHHAs JaCTh
WHTErpaJjia B IIPaBOil 9aCTU IIOCJIETHETO PABEHCTBA paBHA HYJIIO.

ONPEAENEHUE 7.2. IlycTb v — 3aMKHyTast KyCOIHO-IJIAIKAs KPUBasi, He IPOXO-
Jisdinas 9epe3 Touky a. Torna undexcom TOUKH ¢ OTHOCHTEIHHO KPUBOil Y Ha3bIBa-
eTcs 9HCiIo

1 dz
211 ) z—a’
¥

‘](77 a) =
U3 npeapiayInero cjieryer, 9To BeJnInHa,
J(v,a) = = A, arg(z - a)
a) = — ar zZ—Qa
’75 2 T Yy g

SIBJISIETCS TIEJIOUNCIICHHON U BBIPAXKAET IUCJIO 000POTOB BEKTOPA, COEIUHSIONIErO @
¢ TOUKOI z, Koryia oHa 06xoauT Kpusyio . VHorga J(7, a) Ha3bIBAIOT TaKXKe Nnopsod-
KOM KpU60U Y OTHOCUTEIBHO TOYKH . HemocpencTBeHHO 13 Ope/Ie/IeH s HHIEK A,
u CBOICTB MHTErpaJa cieiyer paseHcrso J(—v,a) = —J (7, a). IIpoBenenunie panee
BBIYUCJIEHUs MOKA3BIBAIOT TAKKE, 9TO €CJIH Y — IMOJIOXKUTEJIHHO OPUEHTUPOBAHHAS
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OKPY?KHOCTB C IIEHTPOM B TOYKe @, TO J(y,a) = 1. DTum o6bscHsAeTCS TepMUH
,, JIOJIO2KUTEJIbHO OPUEHTUPOBAHHA" .

Jlns 3aMKmyTO# KpuBoii y nonomnenue C \ 7y ABIATCH OTKPBITHIM MHOXKECTBOM,
a MaKCHMaJIbHBIE CBsa3HBIe ToaMuoxKecTBa B C \ 4 mpeacrapagioT coboit obracTn u
HA3BIBAIOTCA KOMNOKeHMamu céaznocmu ponoiuenus C\ .

TEOPEMA 7.1. ITycmov v — 3amxnyman Kycouro-zaadxas kpusas. Toz0a dywk-
wus z = J(7,2) ABAAEMCA UEAOWUCAEHHOT U NOCTNOAHKOT 68 KaHCOOl KOMNOHEHME
ceasnocmu donoanenua C \ . Kpome mozo, undexc obpausaemca 6 Hyab 60 6Heul-
Hetl Komnonenme ceéaznocmu (codeporcaueti 6eckonewto YoanennyIo mouKy).

JIOKA3BATEJIBCTBO. 3ameuas, 910 J (7, 2) MOXKHO pacCMaTPUBATh KAK MHTErPAaJl
Ko ¢ mroTHOCTBIO, TOXKIECTBEHHO paBHOil 1, moryaaem 6ecKoHedHyI1o auddepen-
upyemMocThb J (7, z) U paBeHCTBO

d 1 dc
%‘](7’3) = o (C_Z)g'
y

[ockombky d¢/(¢ — 2)? sBnserca nonueim muddepenruanom B C \ {2}, To npasas
9acTh TOCJIEHErO paBeHcTBa obpamaerca B vy b, CiegoBaresbho, J (v, z) = const
B KaKJI0it KoMnoHenTe cBsizaoctn Muozkectsa C \ 7.

PageHcTBO MHIEKCa HYJIO BO BHemHel kommonenTte ceasnoctn C \ v caemyer u3
€ro IIOCTOSIHCTBA, B 3TOH KOMIIOHEHTE CBA3HOCTH U TOTO, YTO MHTErPaJl

E

CTPEMUTCS K HYJIIO IIPH 2 — OO. O

7.2. O6masa dopma treopemsbl Komm. Kaxk 66110 ycranosseHo B reopeme 4.4,
eci byukius [ rosmomopdHa B BBITYKJIOH objiactu D, TO pe3yJbTaT ee WHTErPHU-
poBaHMs 110 JII000I 3aMKHYTON KPUBOH Y, pacnoJioxkeHHoit B D, pasen Hyso. s
[IPOM3BOJIBHON obstactu DD B TakOM BHUE PE3y/IbTAT HE MMEET MeCTa, Ha UTO yKa-
3bIBAET NpUMep Koubla 1 < |z — a| < 2 u rosioMopdHON B 9TOM KOJIbIle (DYHKIUH
f(z) =1/(z—a). B cB=3u ¢ 9TUM €CTECTBEHHO BOZHUKAET J[Ba BOIPOCA: JJIsi KAKOI'O
KJtacca objracteit D ocTaeTcss BepHBIM 3aK/IOvueHne TeopeMbl 4.4 u, ecau 00JacThb
D npousBosbHa, TO I KAKOTO ceMeiiCTBa 3aMKHYTHIX KPUBBIX MHTEI'PAJI OT T'0JIO-
mopduOit B D dynknun pasen uymio? Ilpexse, 1eM chOpMyIHpOBATH OTBET HA
[TOCTABJIEHHBIE BOIIPOCHI, JIOKAYKEM OJIHO BCIIOMOTATENbHOE YTBEDPXKICHUE U HPUBE-
JIeM HEKOTOPBIE OIIPE/IeTICHIUS.

JIEMMA 7.2. Ilycmo f — 2onomopdprasn 6 obaacmu D dynryusn. Tozda dyrryus

SO
o(Co2) = =z ectn  ( # z,

F(z),  ecm =z

oydem nenpepuenoti 6 D X D, a das 410600 xpusoti 7y, pacnoasoscernot 6 D,

hz) = / 9(¢, 2)dc

~
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oydem zonomopgdrot 6 D dynryued.

JIOKA3BATEJIBCTBO. JlokaykeM BHadaje HelnpepblBHOCTH ¢((,z) Kak (QyHKIuu
nByx nepemenHbix B D x D. B roukax (o, z0) npu (g # 2o HENPEPHIBHOCTH OUe-
BUJIHA, TIOCKOJIBKY 9TO sIBJISETCsI CJIEJICTBUEM HEIPEPBIBHOCTHA YACTHOIO IIpU He 00-
paleHnu B HyJIb 3HaMeHaTesss. llycrh Temeph zg € D U pacCMOTPHUM IOBEIEHUE
dyukuun ¢g(¢, z) B okpecrHocTH TOUKH (20, 20). BbibepeM r > 0 MeHbIIE PaCCTOs-
HUs OT 2o 10 rpauunbl dD obmactu D. Torga B 3amkayToMm Kpyre O,.(2g) dynkus
f byzmer npencraBuMa abCOIOTHO U PABHOMEPHO CXOISAIIMMCS PsAIoM Teisiopa

f(z) = co+ei(z—20) + ez —20)2 + ...

Hosromy mis ¢, z € O,.(zp) umeem
O = F(2) = ex(¢ —2) + ch ) = (2 20)"]

= (¢ - { (20 —|—ch ¢—z0)"" 1—|—((—zo)”_g(z—zo)+...+(z—z0)"_1]}
u Jasee

FO = 1)

9(6.2) ~ atan. )] = |1

oo
< Z |cn|m"”_1
n=2

3ameuasi, 9TO psijl B IPABOI YaCTHU IIOC/IEIHETO HEPABEHCTBA CTPEMUTCS K HYJIIO [IPH
r — 0, IPUXOJUM K HelpepbIBHOCTH (YHKIUK ¢ B TOUKe (2o, 20).

[Tokaxkem Terepb, 9To byHKIHU h sABJIsieTcst ToJloMopdHOit B obiiactu D. CHoBa
dukcupyem zo € D u r > 0 Tax, 9rober O,(z9) C D. dnga moboro TpeyroiabHUKA
A, pacnionoxkerntoro B O,.(zp) BMeCTe CO CBOUM 3aMBIKAHUEM MMeEM

/h(z)dz = / /g((,z)d( dz :/ /g(C,z)dz dc.

o0A oA Yy Y A

3ameHa mopsiIka HHTErPUPOBAHIS OO0CHOBAHA HEIIPEPBIBHOCTHIO (hyHKINH g. 3ame-
TuM Tenepsb, 4ro g((, z)dz aBusercsa nonupiM auddepenimanoM B O,.(zg). Iloaromy

/g(QZ)dZ =0

oA

/ h(z)dz =
OA

CuenoBaresbho, 110 Teopeme Mopepa 5.4 dyukuus h rosomopdua 8 O,.(29), a no-
CKOJIBKY Z( BBIOMPAJIOCH IPOU3BOJIBHBIM B DD, TO mojydaeM rojaoMopdHOCTs GyHK-
muu h Bo Bceit obnactu D. m]

ans Beex ¢ € D. Ho Torma u
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Bsesiem Tenieps HEKOTOPBIE IOHATHSA U onpefenenusd. 1lycts vy, . .., Y, — 3aMKHY-
Thle KyCOYHO-TJIaJIKNe KpuBble U ki, ..., k, —1enbe uncaa. PopMalIbHYIO CyMMY
I'=kivi+...,kyyn OyaeMm Ha3BIBATH YUukAOM. ByTeM roBoputh, 9TO UK [ pac-
noJioxkeH B obnactu D, eciim v; C D, j =1,...,n. B cayyae, korga I' pacnosnoxen
B D, a f —HenpepbiBHast B D QyHKIUsI, IO/ UHTErpajaoM oT MyHKImK f 1o UKy

I" 6ymem nmoHuMaThH
/f(z)dz = ij/f(z)dz.
r =y,

Takum 0bpasom, eciiu k — HaTypaibHoe ducio, 1o (—k)y = k(—).

Orpeneniedne MHTErpaJia 1o IUKJIY [I03BOJIET BBECTU IIOHSTUE MHIEKCA TOYKN
orHocuresibHO nukiaa. Ecmm I'=kiy + ... kpyy —nukn u a € I' (1. e. a He nexur
HU Ha OJHOMN U3 KPUBBIX Y1, ..., Vn), TO

n

J(T,a) =Y k;J(v;,a).

Jj=1

OnPEAENEHUE 7.3. Ilycts I' —nukir, pacnosioxkenusiii B objactu D. Bynem
TOBOPUTH, UTO NHUKJI I' 20Mon02uven HYM0 omuocumenvno obaacmu D u mucarh

I'~0 (mod D),

ecin J(I',a) = 0 miisa Bcex Touek a € D.

TeEOPEMA 7.2 (Obliaga Koum). Hyems D — o6aacms ¢ C u I — yuka, 2omo-
A02UMHDBITL HYA0 omuocumenvho obaacmu D. Tozda das 410600 20aomopdroti 6 D
dynruuu [ cnpasedausvl caedyroujue YmeepiHcoenus:

(1) ecau z € D\T, mo

J@wﬁ@)=?L/
N

)

/()
%

211

(ii) swmoansemcs pasercmeo
[ e o
r

JOKABATEJBLCTBO. Ilycts f — ronomopdHas B obactu D pynknus. Pacemor-
puMm B D x D dbyskIuo

f(()_f(z)’ econ C#Z;
9(¢,2) = (—=
f'(z), ecm (=2,
N3 nemmbr 7.2 caemayet, uTo g HenpepbiBHa HA D X D, a dyHKINAA

W) = — [ (¢, 2)dc

T 9mi
T

SABJISIETCST TOJTOMOPdHON B obsactu D.
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PaccvoTpum Temmepb OTKPBITOE MHOXKECTBO
Q ={zeC\TI: JI,z) = 0}

U OIIpeIeS UM Ha HeM (DYHKITIIO

- 1

B cuity cBoiicts unTerpasna Komu dyukus hg sBistercs rogomopdnoii Ha Q. Kpo-
me Toro, u3 ycjaosus I' ~ 0 (mod D) cienyer, uro C\ D C Q u qyia z € QN D
MeeT MECTO PaBEHCTBO

r

CrenoBaresibHO, TOJIATAS

Fo) = h(z) upu z€ D,
"~ | ho(z) mwpu zeC\ D,

mosrydaeM 1eyo ¢yskiuo. [Ipu sTom

lim F(z) = lim ho(z) = 0.
Z—> 00 Z—00
Orcrojia, B 4aCTHOCTH, CJieJlyeT OrpaHuvYeHHOCTh (pyHKiuu F, u o teopeme Jlu-
yBusuist 6.1 nosygaem F(z) = 0. Pasencrso h(z) = 0 9KBUBAJIEHTHO yTBEPIKICHUIO
(1) u3 HPOPMYITUPOBKHE TEOPEMBI.
YrBepxkaenue (it) caeayer n3 (i) npumenenueM K Gyurmun fi(z) = (z — a) f(z),
rie a — nupousBoiibHag Touka u3 D \ I'. eiicrBuresbHo,

0 = J(T,a)fi(a Qm/ ! " 2mi /f

u TeopeMa JJOKa3aHa. 0O

CneacTBuE 7.1 (TEOPEMA Kolm Uit OJHOCBSA3HON OBJIACTH). Ilycmw
D — odnoceastas 064aCmMd U Y — 3AMKHYMAA KYCOWHO-2AG0KAA KPUBAA, PACTLOAO-
orcennas 6 D. Tozda das 410600 2onomopdroti 6 D dynxuuu f svnosnsemes pa-

6EHCMEB0
JECEE
J

JIOKABATEJIbCTBO. 3aMeTuM, YTO €CJid TOYKa a ¢ D, TO OHA TPUHAJJIEKUAT
BHeIHeil KoMmonenTe casnocTn MuoxkecTsa C \ 7, mockomsky C\ D cesazmo. Ilo-
TOMYy 7y 00pa3yeT MUKJI, TOMOJIOTHIHBIN HYJII0 OTHOCHTEAbHO obsactu D. Ho Torma
yTBEDXKIEHHUE CJIeJCTBUSL CJe/lyeT u3 IyHKTa (i4) TeopeMbl 7.2. o
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s npyroro cienctBust obieit opMbl Teopembl Kormu Ham morpebyercst of-
HO onpejesenne. [lycTh 7 — 3aMKHyTast KyCOYHO-TIaKAs YKOPAaHOBa KpuBas. 1o
teopeme 2Kopaana ona pazdbusaer Bcio mwiockocts C Ha nBe 0b6acTH, OfgHA U3 KOTO-
PBIX OrpAaHMY€EHA U HA3BIBAETCS BHYTPEHHE!, a Apyras He OrPDAHNYEHA U HA3BIBAETCS
HermHeit. [Ipu aTom v aBisieTcs obreit rpanureit atux obsacreit. Kak Obmo 110-
KazaHo Bblmle, J(v,2z) = 0 j1s ToYek z U3 BHemmHeil obracTr. MOXKHO IOKa3aTh
(MBI He OyJIeM TOrO JejaTh, HOCKOJIbKY B KaXKJOM KOHKPETHOM CJIydae 3TO IIPOBe-
psieTCsI HEITOCPEICTBEHHBIM BBIUMC/IEHUEM WJIU JIETKO CJIEIYeT U3 MeOMeTPUIECKOro
CMBICJIa UHJIEKCA), YTO B CJIyuae, KOIJa z JIEXKUT BO BHyTpPeHHell 06JacTu, nHJIEeKC
J(7, z) moxer paBusThes 1 mwiu -1. Hanpumep, eciin ¥ — OKpy*KHOCTb € IIEHTPOM
B TOYKE @ U €€ IMapaMeTPU3alius TAKOBA, YTO IIPU BO3PACTAHUN IIAPAMETPA TOUKA
JIBUKETCS [0 OKPYZKHOCTHU, OCTaBJisgsd KPyr (06/1acTb, OrpaHUYEHHYIO 7y) CJIeBa, TO
J(v,a) = 1. Drum 06bsiCHsIETCH NPOMCXOXKIEHUE TEPMUHA "'MOJOKUTEIHLHO OpH-
eHTHpOBaHHas rpanuna". B majbpHeillneMm o7 HOJOXKUTEJIBHON OpHeHTaIueil 3a-
MKHYTOH KYCOYHO-TJIJIKOH KOP/IaHOBON KPUBOH 7y MBI OyAeM MOHUMATH TAKyIO ee
napaMeTpHU3aIuio, Ipu KoTopoit J(7, z) = 1 jisa Touek z U3 BHyTpeHHeH 06JIacTh.

ONPEAEJIEHUE 7.4. Bynem rosoputs, 4ro muki I' = v —v1 —. .. — vy, te v —
KYCOYHO-TJIA/IKV€ 3aMKHYThIE YKOP/IAHOBBI KPUBBIE € TIOJIOKUTETHLHON OpUEHTAIHEIH,
orpanmauBaeT obsiacth D, eciu I' aBasercs rpauutieit odbigactu D u

1 mpu z€D,

J(T,z) = _
0 mpu ze€C\D,

IIpu sTom I' HA3BIBAaETCST MOIOKUTEIHHO OPUEHTUPOBAHHONI rpanureit odgactu D u
Takxke obozHauaercst 0D.

CHEACTBUE 7.2 (TEOPEMA Kolu AJisi MHOIOCBSI3BHOU OBJIACTH). ITycmo
I — yuxa, oepanuvusarowut obaacmo D, u f — 2onomopdras pynkuus 6 obracmu
D', xomopas codeporcum samvixarnue D. Tozda

F/f(z)alz = 0.

JIOKA3ATEJLCTBO. Ilo yenosuio I' ~ 0 (mod D’) u yTBepkKaenue ciemyer us
nyHKTa (i) TeopeMbl 7.2. O

CJEACTBUE 7.3 (IHTEIPAJIbHASI ®OPMYJIA KOIIM JIJIst MHOIOCBSI3HOU OB-
JIACTH). B ycaosuax npedvidyuweeo caedemeus oan ecex z € D evinoansemcs pa-
6EHCMBO

1) = 5 [ 24, (7.2)
r

a makoice dasn 6cex n = 1,2,... umeem mecmo pageHcmeo 0as NPou3BOOHBLL

Co2mi ) (¢ — )t
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JIOKA3ATEJILCTBO. Pagencrro (7.2) cpasy ke cienyer u3 IyHKTa (i) Teope-
MBI 7.2, ecain 3aMeTuTh, uTo 10 ycsosuio J(T z) = 1. @opmyna (7.2) nmokasbisaer,
9TO U B ciydae obsactu D, orpaHutdeHHON nukiaoM ', 3HadeHUsT roJoMopdHOi
dyukiun f BHyTpH 00jacTr D BOCCTAHABIMBAIOTCS 110 €€ 3HAYEHUSIM Ha [DAHUIIE
0D =T. Ilpu stom f sBisiercst unrerpajgoMm Ko, B KOTOPOM B Ka4ecTBE ILJIOTHO-
CTH BBICTYIAIOT €6 I'PAHUYHBbIE 3HaYeHus. Takum o6pazom, dopmyia (7.3) cienyer
u3 TeopeMbl 5.1 0 cBoiicTBax narerpasa Kommn. a

§ 8. Psan Jlopana. M3oiaupoBanubie 0COObIE TOYKM

8.1. Panwr Jlopana. Paccymorpum BHauasje psjg Buia by 4+ b1z~ ! + byz ™2 +
.... IIpocrast 3amena nepemeHHol z = 1/¢ IPUBOAUT €ro K OOBIYHOMY CTEIIEHHOMY
Py ZZO:O b,¢™. Ob6iacTb CXOAMMOCTH ITOTO Psijia, Kak Cjeiyer u3 reopembr 3.1,
siBaistercst Kpyr || < R, rue

1/R= Tm {/Jbn).
n—oo

Cure1oBaTesIbHO, 00JIACTHIO CXOAMMOCTH UCXOIHOTO PSAJIA SBJISIETCS BHEITHOCTD KPY-
ra |z| > 1/R, e ero cymma npejcrasisier coboii roomopduyo dynkiwo. Ecam
CKOMOMHUPOBATH TAKON PsiJi ¢ OOBIYHBIM CTEIIEHHBIM PSIOM, TO MOJIydnM Oojiee 00-
oo n oo n
1yio (bOpMy CTEIeHHOrO pafa » .~ ¢, 2™, mmm )~ cn(2 — 29)", 06aacTbio
CXOJIMMOCTH KOTOPOr'o (€CJ/id OHA He IIYCTa) sIBJIAeTCs KOJIbLO. BHYTpeHHUil u BHeII-
HUIl PaJMyChl ITOrO KOJbIA MOXKHO IOJYYUTh, Hampumep, 1no dopmyae Komm—
Anamapa (3.2).

TEOPEMA 8.1. Jhobyio dynwuuio f, 2onomopdnyro 6 woavue K = {z: r < |z —
al < R}, mootcno npedcmasums kax cymmy crodswezocs 6 K pada

o0

flz) = > calz—a)", (8.1)

n=—oo

KOIPPUUUEHMDL KOMOPO2O ONPEIEAAIOMCHA N0 HOPMYNAM

1 f(Q)
n = . d¢, 8.2
2wt ) (¢ —a)ntt ¢ (82)
Ye
n=0,£1,42,..., 2de 7, — NOAOHCUMEALHO OPUEHMUPOSANHAA OKPYIHCHOCTIL |C —

al|=p0,r<po<R.

JIOKA3BATEJIbCTBO. 3aMeruM OpexK/ie BCero, 9YTo MHTErpaJibl B IpaBoil yacru (8.2)
HE 3aBUCAT OT 3HadUeHus . eiicrsuresnsno, eciu ¢, 0 € (r, R), TO Yy —7,r ABIAET-
¢ UKJIOM, TOMOJIOTHYHBIM HYJIIO OTHOCHTEILHO KoJblia K. ITosToMmy nmpumenenue
teopembl Kormmu 7.2 k bynkimuu f(z)/(z — a)"t! naer pasencrso

f(¢
[ om0

’Yg/ —’YQ//

Q[ O
/ € —apri® = / €= a1

’yg/ ’YQ//

OTKY/Ia CJIEJIyeT, YTO
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IIycts Teneps 1 < 1’ < R’ < R. Torma muksa yg/ — 7 OIPAHUYHUBAET KOJIBIIO
K' ={z: v < |z —a|] < R'}. B cuny unrerpanstoii dbopmysasr Komn 7.3 umeem B
kosbiie K’ mpesicTaBsienue

= <—z 2m/< & = [i2)+ (),

i (2

h( = omi / (—z s fa(2) = 271'2 C—z

Dyuxuo fi MOXKHO paccMaTpuBaTh Kak uHrerpai Komm B kpyre |z —al < R’ u
MOTOMY OH& SIBJISIETCSI TOJIOMOP(HOI B 3TOM Kpyre. B cmry Teopemsr 6.1 dbynkmuio
f1 MoxHO tipescTaBuTh psigom Teitaopa

N " _ i) _ 1 /()
—ch('z_a)v CH_T_% Wdf»
=0
TR/
T.e. KoaDbumenTsl ¢,,n = 0,1,2, ..., Beraucigaorcs no dopmyiaam (8.2). i

HOJTyYeHUsT Pa3JIoKeHus: (QYHKIMA fo BO BHEIIHOCTHU KPyTa |z — a| > r’ npemcraBum
spo Ko B Bujie

I 1 a)"!
_cz‘(z_a)<1_<> Z Gz—am

IockoubKy 1pu |z — a| > 1/ u € 7, BBIIOJIHSIETCS] HEPABEHCTBO

(—a

zZ—a

zZ—a

7,/

<1,
|z — al

TO HOJIy9IEHHBIH Psif, CXOIUTCA PABHOMEPHO 110 ( € 7, ¥ €r0 MOXKHO MOYJIEHHO WH-
TerpupoBaTh. YMHOXKas ero Ha orpannvernyo dbyukuuo f(¢)/(27) u naTerpupyst
HOYIEHHO, IIOJIyYaeM
(o]
fale) = Y0
2(2) =
(z—a)"’
rie

bn = 5— [ ((—a)" T f(QdC = c—p.
Vo
CkapiBas Terepb IOJydeHHbIe Pa3jIoKeHus i fi U fo, HOJydaeMm pasiiozke-
aue (8.1) mst bynxmun f B koabe K'. Iockombky 7’ m R’ MOXKHO BBIODATH CKOJb
yroaHo Osu3Ko K r U R, cOOTBETCTBEHHO, U KOIPDUITUEHTHI C;, HE 3ABUCAT OT ITOTO
BBIOODA, TO TIOJIyU€HHOE [IPEJICTABIEHAE UMEET MECTO BO BCeM KOJiblle K. O

ONPEJEJEHUE 8.1. Pag (8.1), k03hdunueHTsr KOTOPOro BEIYUCIAIOTCS 110 (DOP-
mysnam (8.2), HaspiBaercst psadom Jlopana Gyukuun f B kosbie K. CoBOKYIHOCTD
YJIEHOB 9TOIO DsijIa € HEOTpHUUATEeJbHbIMU crenensvu (z — a)®,n = 0,1,..., Ha-
3BIBAETCS €r0 NPAGUALHOT 4ACMBI0, & COBOKYIHOCTb WICHOB C OTPHUIATETHLHBIME
crenensmu (z —a)®,n = —1,-2,...,— 2aasnoll wacmwio.
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TEOPEMA 8.2 (EIUHCTBEHHOCTb PANA JIOPAHA). Ecau dynxyus f npeo-
cmasuma crodauumes 6 kosvuye K = {z: r < |z — a| < R} padom (8.1), mo ezo0
Koappuyuernmor onpedeastomesn no gopmysam (8.2).

JIOKABATEJIBCTBO. ®ukcupyem o € (r,R). Pazn (8.1) cxomurcs paBHOMEPHO
Ha OKPYZKHOCTH 7Y,. 1l09TOMy €ro MOXKHO MOUIEHHO MHTEIPHPOBaTh. PasHOMEp-
Hasl CXOAMMOCTL He HapYIINTCS, eCId er0 yMHOXKUTh Ha OrpaHUYeHHYI0 (DyHKIHIO.
Vmnozxkast pasenctso (8.1) Ha (2 —a) ™™~ 1, rae m — npoussosbHOE TesI0E, U TIEpe-
X0/l K TOYJIEHHOMY MHTEIPUPOBAHMIO, HOIydaeM

n_ioo Cn /(z —a)" ™ Ny = /(z_fiz)l)mﬂdz.

Ye

OpHako B cyMMe JIEBOU YACTH IOCJIEJHETO PABEHCTBA BCE CjlaraeMble, KpOME COOT-
BETCTBYIOIIErO MHIEKCY 72 = M, 00pAmaTcs B HyJb. 1loaToMy

. f(z
Cm'QWl:/(’Zi)?deZ

Ye
1 TeopeMa JJOKa3aHa. O

CMBICJT TEOPEMBI COCTOUT B TOM, YTO BCSIKUI CXOJSIIUIICS PsIJL SABJISIETCS PSIOM
Jlopana cBoeit cymmbl. QopMysibl JiJTst BEIYUCIEHUsT KO3(dduimenToB psijga JlopaHa
Ha [IPAKTUKe IPUMEHSIIOTCST PEJIKO BBUY I'POMO3IKOCTUA COOTBETCTBYIOIINX BBIUUC-
sgennii. Ha ocnoBanum J10Ka3aHHOM TEOPEMBI JIJIsl [TOJIYIeHHs JIOPAHOBCKOI'O Pa3JIio-
2KEHUsT MOYKHO UCIIOJIb30BATh JIFOOOI KOPPEKTHBIN IIpUeM.

IIpuBenem Temeps HEKOTOPBIE 3aMedaHus O psje Jlopana B oKpecTHOCTH OECKO-
HEYHO yjaJeHHol Touku. Eciau dynknus f rojomopdHa BO BHENTHOCTH HEKOTOPOIO
Kpyra |z| > R, T.e. B OKPECTHOCTH GECKOHEYHO Y/IAJEHHOI TOUYKHU, TO B CHILY Teope-
MBI 8.1 ee MOXKHO PA3JIOKUTDH B 9TOH OKPECTHOCTH B psj Jlopama

f(z) = Z 2",

K03 DUIUEHTHI KOTOPOr'0 BBIYUCISIIOTCSI 110 (DOPMYJIaM
oo L [1O,
"o ) (Y
Ye

[Jie 7Y, — HOJIOXKUTEIHHO OPHEHTUPOBAHHAS OKPYKHOCTE (| = o, ¢ > R. Onmako
[IPU 9TOM HECKOJIBKO MEHsIeTCsl TepMuHoJorus. [lo riasHo# yacThio psima Jlopa-
HA B OKPECTHOCTH OECKOHETHO YJAJICHHOH TOUKM IIOHHMAETCS CyMMa » oo Cp2"
[0 TIOJIOKUTEJIbHBIM CTEIIeHsIM 2, & IOJ IPAaBUJILHONW YacThI0 MOHUMAETCS CyMMa
Z?L:foc Cp 2" 1O OTPUIIATENILHBIM CTEIIEHSIM 2 U Cg. JTO CBI3aHO € TeM, 910 2" — 0
pHU z — 00 JIJIsT OTPHATNATEIBHBIX 1L U 2" — 00 TP! 2 — OO JIsl TOJOXKUTETHHBIX
n. B ciyuae orcyrcrBus riasuoit actu f(z) — ¢o upu z — 00, a 3amena z = 1/(
upusout K Tomy, uro dyukuus g(¢) = f(1/¢) 6yuer rosomopdHOil B OKPECTHOCTH
touku ¢ = 0.
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8.2. N3osupoBaHHbie ocobble TouKu. Touka a € C HaspIBaeTCs U30JAPO-
BaHHOI 0c060it TOUKOH (0OmHOZHAYHOrO XapaKTepa) g GyHKImu f, ecu Hafinercs
Takoe r > 0, a0 f sABAgEeTCs TOJIOMOP(MHON B MPOKOJOTOH OKPECTHOCTH @r(a). B
3aBUCHMOCTHU OT noBenenus (Gyukuuu f(z) upu npubizkeHun z K 0coboii TOUKE a
IIPOBOJINTCS CJIELYIONIAs KIACCU(DPUKAIINSA.

ONPEAEJIEHUE 8.2. U3onuposannas ocobas Touka a € C dyukium f Ha3bBa-
eTcs:

(i) yemparnumols 0co6ot mowkoti, ecin CylecTByeT KOHEUHbIH 1peed

lim f(z) = A;
z—a
(ii) noarocom, ecmu f(z) — oo npu z — a;
(iil) cywecmeenno ocoboti mowkot, eciu f(z) He UMeeT HU KOHEIHOrO, HU GECKO-
HEYHOTO Tpeiesia Iph 2 — .

TEOPEMA 8.3. H3zoauposannas ocobas mowka a gynkyuu f Asasemes yempa-
HUMOTL 8 MOM U TOALKO MOM CAYHGE, ECAU [ 02PAHUMENA 8 HeKOMOPOT OKPECTHO-
emu Op(a), r > 0.

JOKABATEJLCTBO. Eciu a sBiasiercss ycrpanmMmoi 0cob0# TOYKOI, TO OrpaHu-
gennoCTb f(2) B HeKOTOPOI OKpecTHOCTH O, (a) CIIELYeT U3 CyIECTBOBAHMUS IPEIETIa
lim f(z) upu z — a.

Tomycrnm Teneps, aro |f(z)| < M upu Beex z € O,(a) u mexoropom M > 0.
B @r(a), KaK B KOJIBIIEBOIT obsiacTu, GpyHKIMs [ MpejcTaBuMa B BUJE CYMMBI Psijia
Jlopana

o0

f)= ) elz—a)",

n=—oo

K03 DUIUEHTHI KOTOPOr'0 BBIYUCIISIIOTCSI 110 (DOPMYJIaM

1
L[ 1O
2wt ) (¢ —a)ntt
Ye
rjJe 7y, — IOJIOKUTEILHO OPUEHTUPOBAHHAA OKPYKHOCTB | — a| = 9, a @ MOXKHO

BbIOpaTh J1100bIM B nHTepBasie (0,7). Ilockoubky

_ 1 f(<) M _ M
|Cn|—§/de QW/WQ—QW
Ye

e

TO ¢, = 0 JiyIs1 Bcex oTpuriarejbubiX n. Takum obpasom, psy Jlopana dyuknun f B
@r(a) SIBJISIETCSL, 110 CYIIECTBY, OOBIYHBIM CTEIIEHHBIM PSIJIOM, a ero cyMMa g(z) npej-
cTaBisieT co0oii roJIoMOPdHYIO B @r(a) dyHKIIMIO, KOTOPas COBIAIAeT ¢ PyHKIINEN
f B npokonoroii okpectroct O, (a). O

3AMEYAHUE 8.1. U3 nokazaresbcTBa T€OPEMbI BUIHO, YTO JOOIpeieseHne (uim
nepeonpesiesenne) GbyHKIUU [ B yCTPAHUMON 0COBOI TOUKE a JIEIAaeT ee roJoMopd-
HO#t B moutHON okpectHOCTH O,.(a), YeM 1 0OBSICHsIETCsI ee HA3BAHME.
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SAMEYAHUE 8.2. IlosyueHHbIE B XO/€ JOKA3ATEILCTBA HEPABEHCTBA |cp| < M/ o™
Jst KoadpdunnenTon psaga Jlopana, rioe

M = max|f(2)]

Z€7,
HOTJa HA3BIBAIOT HEPAGEHCIMEAMU Kowu.

CHEANCTBUE 8.1. Ilycmwv [ — 2onomopprasn 6 obracmu D dynrkuyus u a A645-
emcesa ee nyaem nopadka m. Toeda 6 obaacmu D umeem mecmo paseHcmeo

f(z) = (z=a)"g(2),
20e g — 2onomoppmasn 6 D dynryus u g(a) # 0.

JIOKA3ATEJBLCTBO. @ynkius g(z) = f(2)/(z — a)™ smasiercst romomopdHOit B
D\ {a}. U3 Buna psina Teitopa dyHKIUM f B OKPECTHOCTH TOUKH (& CJIEJIYET, UTO @
SIBJISIETCSI YCTPAHUMOMN 0c000# ToUKo# /st pyHKuu g. Takum 0o6pa3oMm, JT00Ipeie-
Jstst PyHKIUIO ¢ B TOYKE G COOTBETCTBYIOIIAM 0OpPa3oM, HOJIydYaeM TOJOMOPQHYIO
B D dyuknuio. Yeiosue g(a) = 0 oznadasio 661, 9T0 f uMeeT B TOUYKE @ HyJb bojee
BBICOKOTO TIOpsIKa, deM m. Ciemosarensuo, g(a) # 0. O

IIpu mokazarenbcTBe TEOpeMbl 8.3 Mbl YCTAHOBUJIM TAaKKe, UTO M30UPOBAHHAS
0cobast TOUKa ¢ sIBJIAETCS] yCTPAHUMOM j1jis (DYHKIMKE f B TOM M TOJIBKO TOM CJIydae,
ecim pasiokenne f B psan JlopaHa B IPOKOJIOTON OKPECTHOCTH (’)T(a) HE couep-
JKUT IJIABHOI 4acTH. OKaSbIBaeTCH7 YTO I'VlaBHasd 9aCThb JIOPAHOBCKOI'O Pa3JIOZKEHUA
GYHKIMYM B OKPECTHOCTU U30JIMPOBAHHON 0CO00# TOUKHM MOJTHOCTHIO OIPEIE/ISIET Xa-
pakTep 0COOEHHOCTH.

TEOPEMA 8.4. Hszoruposannasn ocobas mouka a € C dpynxyuu f sasasemcs no-
aocom (cyuecmsenno 0coboti) 8 MOM U MOALKO TOM CAYHAE, ECAU 2AGBHAA HYACTDL
pada Jopana dywruuu f 6 npokosomoti oxpecmmocmu O, (a) codeporcum xoneunoe
(beckonenroe) wuUCAO YALHOB € HEHYAEBVMU KOIPPHUUUEHMAMU.

JIOKABATEJIbCTBO. YTBEPXKJIEHUE TEOPEMbI JIOCTATOYHO JOKA3ATh TOJBKO IJIs
nostoca. Jonycrum, uro nopanosckoe paszioxkenue dbyukiuun f B O, (a) umeer Bu,

f(Z) = C_m(Z - a)*m + C—m-‘rl(z - a)*erl + ...

u c_,, # 0, T.e. IJIaBHAsL YACTh MMeeT KOHEYHOE YUCJIO YJIEHOB C HEHYJIEBBIMU
Koddburmentamu. Tornaa GyHKIUS @, onpejessieMas KaK CyMMa CTEIIEHHOTO PsIIa

p(z) = Y crmlz —a),
k=0

Gyzer rosomopduoit B nosHoi okpecrnoctn Oy (a). Ipu stom p(a) = c_,y # 0.
U3 pasencrsa f(z) = (z — a)"™p(z) Bugno, uro f(2) — o0 mpu z — a. Takum
00pa3oM, a SBJISIETCS TTOJTFOCOM it (DyHKIMH f.

Homycrum Tenepb, uro a — nomoc dbyuxiuu f. Torna f(z) # 0 B Hekoropoit
poko0Toit okpecraoctu O, (a) U, CIEIOBATEIBHO, B ITOI OKPECTHOCTH (DyHKIUS
g(z) = 1/f(z) saBnsierca romomopduoit u g(z) — 0 mpu z — a. INomaras g(a) = 0,
nosygaeM rojomopduyio B O,.(a) dyukuuo. [Iycrs m —nopanok nyisa dyHkuuu
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g B touke a. Torma g(z) = (2 — a)™¢(z) roe ¢ —ronomopduas B O, (a) Gynxunsa
u p(z) # 0 npu z € Op(a). Pyuxrusa 1/¢(z) Takxke 6yzer rosomopduoit 8 O, (a),
a ee paznoxkenue B psj Teiiopa B O,.(a) Oyzer umers Buj

oo

1 Zak(z—a)k,

o(z) =

e ag # 0. Ho rorma B O, (a) dyukuus f npeacrasuma B Buje
1 oo
f)= = =(G-a"—==(E-a ") alz-a
k=0

13 KOTOPOTO BUJIHO, UTO TUIABHAs 9acTh psja Jlopana dyukimm f B OKpecTHOCTH
TOYKHU @ MMeeT KOHEYHOe YHUCJIO HEeHYJIEBbIX 4JIE€HOB. O

ONPEJEJNEHUE 8.3. Ilopadkom (nnu xpammnocmoio) noioca a GyHkuuu [ Ha-
3BIBAETCS TIOPSAJIOK ITON TOUKM Kak Hy/s dpyHkmum 1/ f.

13 nokazarenscTBa TEOPEMBI BUIHO, YTO MOPSIOK IOJIIOCA COBIIATAET C HOMEPOM
CTapIIero 4jieHa IJIABHON YaCTU JIOPAHOBCKOTO PAa3jIoyKeHUs (PYHKIINA B OKPECTHO-
cru nosmioca. Cureyronuil pe3yIbTaT yKa3blBaeT Ha CJI0KHOE MOBeJeHne DYy HKITII
B OKPECTHOCTU CYIIECTBEHHO OCOOOIN TOYKH.

TEOPEMA 8.5 (COXOULKOIO). ITycmo f 20a0mopdha 6 npokosomots okpecmmo-
cmu @T(a) U @ ABAAEMCA Cyuecmsenno 0coboti moukot dywkyuu f. Tozda dasn
06020 A € C natidemes nocaedosamervrocms {z,} C O,(a) makaa, wmo z, — a,
f(zn) = A npun — co.

JIOKABATEJIBCTBO. B ciiygae A = 0o yTBepxKJIeHUE CJIEIYET U3 TEOPEeMbI 8.3,
COTITACIO KOTOPOit f He MozeT 6brTh orpammdernmoii B okpecrrocta O,(a) i s
kakoro o € (0,7).

[Iycts A € C u jgomycrum, ato A He SBJISETCS MPEIETHLHON TOYKON HUKAKOIM
nocsenoBaTenbHocTh { f(2y,)}, mis Koropoit z, — a. Torma naiixyrcsa Takue € > 0
ud >0, aro |f(z) — Al > ¢ upn z € Os(a) Oynxuus

g9(z) = m

6yner romomopduoit 8 Os(a) u |g(z)| < 1/e. o Teopeme 8.3 TouKa a T0KHA GBITH
YCTpaHUMOii 0c060i TOUKOI 1t byHKIMHA g. Jloonpenesnss ee HEKOTOPBIM 3HAIECHHU-
em g(a) € C, nomyuum rosomopduyio B nounoi okpecraocru Os(a) dynkuuio. Ec-
au g(a) # 0, To JOIKHO BBIIOJIHATHCS IpeiesbHoe cooTHomenue f(z) — 1/g(a)+ A
OpU 2z — @, 9TO MPOTHBOPEYHT IMPEIOIOKEHNsIM TeopeMbl. B cayuae g(a) = 0
JIOJIZKHO BBINOJIHATECA yeaosue f(z) — 00 IpU z — @, 9TO TaKKe HPOTHBOPEYUT
[PE/IIIOJIOKEHUSIM TEOPEMBI. O

B neficTBuTenbHOCTH MMeeTCS 3HAYUTEHHO 0OJIee CUJIBHBIN PE3yJIbTaT, M3BECT-
HBIIl B JuTeparype Kak Ooavwas meopema Iluxapa. Mbr ero chopmysmupyem 6e3
JIOKa3aTeIbCTBA.
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TEOPEMA 8.6 (ITUKAPA). Jonycmum, wmo 2oromopPras dyrkyus | umeem
cyuecmeento ocobyro mouky z = a. Toeda 6 kasncdoli oxpecmmocmy 3mot mou-
KU PYHKUUA [ npuHuMaem 6ce KOMNACKCHBIE SHAYEHUSA, 3G UCKANOYEHUEM ODIMb
MOHCEM, 001020, beckorewHoe HUCAO Pa3.

Beckoneuno ymasenHasi Touka. B ciydae, korna f rosoMopdHa BO BHeII-
HOCTH HEKOTOPOIO KpyTra, T.e. B 0bjacTu |z| > R, 6ECKOHEYHO YIAJIEHHYIO TOUKY
TaKXKe PacCMaTPUBAIOT KaK H30JMPOBAHHYIO OCOOYIO TOUKY. XapakTep OCOOEHHO-
ctu (U OPSAIOK TIoJioca, ecu f(z) — 00 IpH 2 — 00) OUPEAEIAETCS B 9TOM CIydae
KaK COOTBETCTBYIONINN XapaKTep W30/ MPOBaHHOI 0coboit Toukn ( = 0 dbyHKIMEH
9(¢) = f(1/¢). Jlerko BuzmeThb, 4T0 pe3yabTaThl TEOpeM 8.3 — 8.5 ocraioTcd B cuie,
€CJIM B HUX TOJIOXKUTH @ = 00. HamoMHUM IIpH 3TOM, 9TO IO/ TJIABHON 9acThio psi-
na JlopaHa B OKpecTHOCTH HECKOHEYHO YIAAJEHHON TOYKHA TOHUMAETCS COBOKYITHOCTD
YJICHOB PA3JIOXKEHUs C TOJOKUTEIbHBIMY CTEIeHIMHI 2"

HomyctuMm Terepb, uro f —uenas QyHKIUs. XapakTep 0cob0#l TOYKU z = 00
BO MHOTOM orpejesisier Buj byuknuu f. Eciam z = 0o sBisieTcst yCTpaHUMO# 0Co-
Goif TOUKOl, T.e. CyInecTByeT KOHEeUHBIN mpenesn Gyukimn f(z) npu z — 00, TO
B cwiy Teopembl Jlnyeumuist (ciencreue 6.1) f(z) = const. Eciu z = oo siBisier-
s TIOJIIOCOM TOPSIJIKA 1M, TO CYIIECTBYET HEHYJIEBON KOHEUHBIH IIpejiesl OTHOIIEHMS
f(2)/z™ upu z — oo. Ho rorma no reopeme 6.2 dbyuxims [ sBageTcd MOJUHOMOM
crenenn m. Hakowner, B ciiydae, KOrja z = 00 sIBJISIETCsI CYIIECTBEHHO 0CO0O0# TOY-
Koit, mo reopeme 8.6 I[Tukapa f(z) upunumaer Bce 3uadenus B C, 3a uckioyeHuem,
OLITH MOKeT, ogHoro. HamoMummM, 9T0 € He obparaeTcs B HyIb. VHOTAA TeopeMy
TIukapa s menbix QYHKINNE GOPMYIUPYIOT CaeayomuM obpaszom: Feau ueaan
Pynryus He npurumaem Toms 0v, I8YT PAAUMHBLE KOMNAEKCHOIT 3HAYEHUT, MO
OHA MOAHCACCTNBERHO NOCTOAHHA.

Ilenast dyukms, Aast KOTOpOit OGECKOHEYUHO YIaJeHHAs TOTKA SIBJISETCS CYIIe-
CTBEHHO 0CO0O0M, HA3BIBACTCS Ueaot mpancyendenmnot. IIpumepamu 1esIbIX TpaHc-
[IEHIEHTHBIX (DYHKIUI sIBJISAIOTCS €7, sin z, CoS 2.

§ 9. BoiueTnl 1 BbIYUC/IEHNE UHTETPAJIOB

IMycrhb a — uzonupoBannas ocobas Touka byuxmuu f u O,.(a) — IpOKoJIoTasT OKPECT-
HOCTBb TOUYKU @, B KOTOPOil byHKust [ sBisercs rogomopduoit. 13 Teopembr Ko

ns O,(a) caemyer, 4To MHTErpAT
[ s
Ye

L€ 7y, — MOJIOKUTENILHO OPHEHTHPOBAMHAS OKPY’KHOCTD |2 — G| = p, He 3aBHCHUT OT
BoiGopa ¢ B unrepsase (0,7). B cBasu ¢ stum, swuermnom rojmomopduoii GyHKIuu
f B m3oJIMpOBaHHOI 0CODOI TOYKE @ HA3BIBAETCH KOMILIEKCHOE JIHCIIO

res /(2) 2m/f
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L€ Y, — HOJOKUTEIHHO OPUEHTHPOBAHHASL OKPYKHOCTD |2 — a| = @ ¢ PaauycoM g
n3 unrepsana (0,r), a f romomopdua B npokosoroit okpecrnoctu O (a). NHorma
JIsi 0003HAYEHUsI BBIYETa UCIOJIb3YIOT 00Jiee KOPOTKYIO 3aIuch res f.

a

TEOPEMA 9.1. Bwuem ¢ynxuuu f 6 usosuposanmoti ocobotli mouxe a pagen xKo-
afppunuernmy npu (z—a) "t aopanoscrozo pasaosicenus dyrryuu f 6 oxpecmmocmu
MOUKY G.

JIOKABATEJIBCTBO. Ilockombky psg Jlopana Y o0 c¢p(z — a)” bynkuun f
CXO/IUTCS PABHOMEDHO Ha OKPYZKHOCTH Y,, TO €0 MOXKHO [IOYJIEHHO HHTEIPUPOBATD.
SaMeuasi TaKXKe, 9TO fv (z —a)"dz = 0 ipu n # —1, noyuaem

e

1 = n _ _
rgsf 5 /f %nzoocn /(z a)*dz = c_1J(v,,a) = c_1.
__ Ye

Teopema nokazaHa. O

3AMEYAHUE 9.1. U3 xo01a J10Ka3aTe/ibCTBa TEOPEMBI BUJIHO, YTO €CJIM 7Y — 3a-
MKHYyTasl KyCOUHO-TJIa IKasi Kpubasi, pacrnosoxkentas B O(a), T0

2)m/f dz = J(y.a)res [

CJHEJACTBUE 9.1. B ycmpanumot 0coboti mouke 8viuem paser Hyao.

[TPEAIOKEHUE 9.1. [Tycms a — nomoc xpamuocmu m > 1 20a0mopdnoti 6
O,(a) gynxyuu f. Toeda

res f(z) =

z=a (m - 1)‘ zl—rﬂz

=" f(2)]

JOKABATEJLCTBO. IlockopKy KpPaTHOCTH HOJIIOCA @ PABHSETCS 1M, TO Pa3Jio-

1 ) |:d(m—1)

»xernue B psij Jlopana dyuakinun f B oKpecTHOCTH @T(a) OyIeT mMeTb BH]
f(2) =c_mz—a) ™™ +...+c1(z—a) P +cte(z—a)+...,

e com # 0. Oyukmusa g(z) = (2 — a)™f(z) Gyaer umers B TOYKe @ YCTPAHU-
MyI0 0COGEHHOCTD, a ¢_1 Oyaer kosdbdummentom ee psaga Teittopa mpu (2 —a)™ L.
CemoBaTe/IbHO,

1 d(m—l)

C-1 = rgsf = WW‘G(Z)

zZ=a

O

Cremyromuit pe3yIbTaT HA3bIBAIOT TeopeMoil Komu o BbIyeTax u OH UrpaeT BarK-
HYIO POJIb B BBIYNCJIEHUU UHTETPAJIOB.

TEOPEMA 9.2. ITycmwv D — obaacmo, ozparusernas yukiomy (m.e. v = 0D —
NOAOAHCUMEABHO OPUEHMUPOBAHHGA 2panuya obaacmu D), u f — zosomopdran na
D pynruua, UCKkAI0NAA KOHEUHOE YUCAO 0COBBIT TOUEK A1, . . . , Gy, PACTIOAONHCEHHDLT
6 D. Tozda

n

2mi /f - Zzlfrfk /().

k=1
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JIOKA3BATEJIBCTBO. Ilycrs r > 0 rtakoso, yro O,.(ar) C D nua Beex k
L,...,n, u O.(aj) N O,(ax) = @ upn j # k. Torma muka v — > p_; A\, U1€e
A = 00, (a), GymeT TOMOJIOTMYHBIM HYJIEO OTHOCHTEJBHO OBJIACTH TOJTOMOPGHO-
cru dyuxnun f. [lostomy B cuny teopembr Komu nveem

/f iz =3 [ sz = o

k= 1)\k

OTKYy/1a cJieJlyeT TpeOyeMoe PaBEHCTBO, IIOCKOIBKY

3 / f(2)dz = Jes f(2),

k=1,...,n. a

Bperuer B 6eckoHevuHO ynasieHHOIT Touke. [lycrs dyarmus f rosmomopdHa
BO BHEIITHOCTHU HEKOTOPOro kpyra |z| > R. Torpa 6eCKOHEUHO yIAJEHHYIO TOUYKY MBI
MPUIHUCISIEM K M30JIMPOBAHHBIM OCOOBIM TOUKaM. OmpejiesinM BbIYeT B HECKOHEYHO
YJIAJIEHHON TOYKE TIOCPEICTBOM PABEHCTBA

Tes f (2) =5 / f(z

—Ye

rJe 7y, — IOJIOKUTEILHO OPUEHTUPOBAHHAS OKDPYXKHOCTB |z| = o, ¢ > R. Hure-
rpupysl HOYIEHHO JIOPAHOBCKOe pasioxkenue f(z) = > °°  ¢,2" dbyskinun f B
OKPECTHOCTH 2 = 0O IO OKPYKHOCTH —7,, TOTydaeM

res f(z) = —c_1.

Z=00
9TO PABEHCTBO YaCTO WCIIOJIb3YeTCsl JJIsi BBIYUCIEHUS BBHIYETOB (PYHKIUH B GECKO-
HEYHO yJaJeHHOH Touke. OTMETHM B CBSI3U € 3TUM OTJIHYNE DECKOHEUHO YIaJIeHHOM
TOYKHU OT KOHEYHBIX M30JIMPOBAHHBIX 0COOBIX ToueK. Koaddurment c_; orHOCHTCS
K TpaBUILHON YacTu psija Jlopana paznoxkenuss GyHKIUE f B OKPECTHOCTH TOUKH
z = oo. IlosToMy mazke B ciiydae, KOTJIa z = OO SIBJISIETCS YCTPAHUMOI 0coboit
TOYKOM, BBIYET B HEIl MOXKET OKA3aThCs OTJIUIHBIM OT HYJIS.

TEOPEMA 9.3. Ilycmov dynxyua f asisemcs 2040mopdroti 60 6cetl KOMNAEKC-
noti naockocmu C, 30 UCKAIOYEHUEM KOHEUHO20 YUCAG OCOOBIT TOYUEK A1, . .., 0.

Tozda
Tes f(z)+ E res f(z
=00 Z Ak
JTOKABATEJBCTBO. IToCcKOIBKY OCOOBIX TOYEK KOHEYHOE YHUCJIO, TO Hailjercs

rakoe R > 0, uro |ag| < R auyist Beex k = 1,...,n. O603HAUNM YR HOJIOKATETHHO
OPHEHTUPOBAHHYIO OKPYKHOCTH |z| = R. Ilo npempuiymieii reopeme
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Sameuasi, 4TO
27rz/f - 7zlf§of(z)’

osrydaeM TpedyemMoe paBeHCTRO. O

IIycts D — obmtactb, KOTOpast MOIydeHA yAaJeHneM 13 KOMILIEKCHOMN IIJIOCKOCTH
C komevHOro 4mc/ia 3aMKHYTHIX MOIMAPHO HE MEPECEKAIONINXCs YKOPIAHOBLIX 00JI1a-
creit Ay, ...,/A,, OrPAHIMYCHHBIX KyCOYHO-TJIAIKIMU KPUBBIME 71, . . . , Y, COOTBET-
crBeHHO. Takyio obsiacTh O6yaeM Ha3bIBATH BHEIIHEH 00/1aCTHIO ¢ KYCOIHO-TJIA KON
rpanurneit. [lomoKuTebHO OPUEHTUPOBAHHON TpaHuUIEeit 3TOI 00JacTu OyIeM Ccuu-
TaTh OTPHUIATENHHO OpUEeHTHpOBaHHBIE KpuBble v (J(5,a) = —1 mas a € Ay),
k=1,...,n, nu obosnauars 0D. B ciiyuae J0CTaTOYHO MPOCTHIX KPUBBIX 7Y} MOMKHO
cKa3aTh, YTO IPH JBUKEHUU BJOJb Iparuiibl 0D obnacth D ocraeTcs ciieBa.

TEOPEMA 9.4. ITycmv D — snewras obaacmo ¢ KycouHo-2aadkot eparnuyet 0D
u f — eonomoppran na D Pynkuus, uckiowan KoOHewHoe YUCA0 0CO0bIT Mouex a1,
., Qp, pacnoaodicennvix 6 D. Tozda

27rz/f = resf +Z resf

JOKA3ATEJBLCTBO. Ilycrs R > 0 Takoe, uro rpanunia 0D u TOYKH a1, ... ,0a,
pacoJIoKeHbl BHyTpU Kpyra |z| < R. O6o3naunm dyepes ['p HOI0KUTEIBHO OpUEH-
THUPOBAHHYIO OKPYKHOCTD |2| = Runycrs D = {z € D: |z| < R}. TormaI'r+90D
OyJIeT MOJIOKUTEIHLHO OPUEHTUPOBAHHON rpanureit obsactu Dgr u mo Teopeme 9.2
[IOJIyIaeM PaBEHCTBO

5 / f(z dzfzzlfaskf(z).

Tr+0D

Sameuasi, 4T0
27T’L/f - —ZI‘:eg,of(Z),

IIPUXOJIUM K JIOKa3bIBAEMOMY YTBED2K/ICHUIO. m|

Borunciaenue wHTErpaioB. Teopus BLIYETOB JaeT OYeHDb 3PDEKTUBHBIA UH-
CTPYMEHT ]I BBIMHCJIEHNUsI OIIPEIeJIEHHBIX NHTEerpasoB. Ilpu sTom ciemyer mmers
B BUJY, 9TO MOJABIHTErpaJibHast (DYHKIMS JOIKHA OBITH OMM3KAa K TOJTOMOP(MHOIL.
Ha npakTuke 310, KaK [MPABUJIO, BBIIOJIHSIETCS B CHIY TOIO, 9TO WHTEIPUPYIOTCH,
B OCHOBHOM, 3JieMeHTapHble (DYHKIMH. bBoJiee CyIeCTBEHHBIM SIBJISIETCS TO, UTO
TeopHus BBIUETOB CBsi3aHa C MHTEIPUPOBAHUEM I10 3aMKHYTHIM KPHUBBIM, B TO Bpe-
MsI KaK B BEIIECTBEHHOM aHAJIM3€ MHTEIPUPOBAHUE BEJETCsI 110 OTPE3KY, & B CJIydae
HECOOCTBEHHBIX WHTErpPaJjiOB IO BCEW YHCJIOBOI MPsIMOil MJIM HEKOTOPOIl ee JaCTH.
PaccemorpuM HEKOTOpBIE THIUYHBIE TPUMEPHI IIPEOIOJIEHUST ITUX TPYIHOCTENA.

|. UHTETPUPOBAHUE TPUTOHOMETPUYECKUX ®YHKLWIA
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Iycrs R(z,y) — paimonanbHas (yHKIMs (T.e. OTHOIIEHHE IIOJMHOMOB) JBYX
[EPEMEHHBIX. PaccMOTPUM HHTErpasl

2m
/ R(cos 6, sin6)db.
0

Wnest npuMeHeHnsT TEXHUKH BBIYETOB K BBIYHUCJIEHUIO TAKOI'O WHTErpaJjia COCTOUT
B TOM, YTOOBI MPEJICTABUTH €r0 KaK JIMHENHbI WHTErpaJl, MOy IeHHbIH IpU WHTe-
rpupoBaHuu 10 3aMKHyTON KpuBoi. Ilycrs T — mosokuTelbHO OpUEHTHPOBAHHAS
equamaHas okpyxuocth n T: z = €, 0 < § < 27, — ee mapamerpusamus. Torma
na T OyIyT BBIIOJHITHCH CJIEAYIONINE COOTHOIICHMS

dz = izd#, cosf = 1 (z—i—l), sinf = l (z— 1)
2 z 24 z

U, cJIeJOBaTeJbHO,

2m
1 1 1 1 dz .
/R (2 (z—i— z) 5 (z— Z)) e /R(cos&sm&)d@.
T 0

Ecan panmonanbuas GyHKIUS

=3+ 3 (-2)

OT KOMILJIEKCHOH IIepEMEHHO z He mMeeT Ha T IOJII0COB, TO

2

, 1
/R(cose,sme)de = 2/Rl( )dz = 2n Z res Ry (2),
0 T |a|<1

IJle CyMMHUPOBAHUE BeJIETCSI 110 BCEM I10JTI0caM (MYHKINN R, KOTOPbIE PACIIOIOXKEHBI
BHYTDHU €JMHUYHOIO Kpyra. Takas 3aluch CyMMbl MOTUBHPOBaHa TEM, UTO BBIUET
B Touke rosiomopdHocTu GbyHKIuN R paBeH HYJIO.

Il. HECOBCTBEHHBIE UHTETPAJIbl OT PALUVMOHAJIbHBIX ®YHKLINIA

Paccmorpum teneps naTErpan Buga

P(z)

J awm™

rae P(z) u Q(x) — moJuMHOMBI CTEleHN M U 1, COOTBETCTBEHHO. Byjem caurarh,
YTO OHU HE UMEIOT OOIIMX KOpHeii, T.e. apobb P/Q) asisercs necokparumoii. Tiis
TOTO, 9TOOBI CXOJUJICS PACCMATPUBAEMBIH MHTErpaJl, HY?KHO, 9TOObI 3HAMEHATEIb
() He WMeJT BEeIeCTBEHHBIX KOPHEN U CTeleHb YucauTesis P Oblia MEHbIIE CTeleHn
3HaMeHaTe st (), 10 KpaiiHell Mepe, Ha 2, T.e. n —m > 2.

JIEMMA 9.1. ITycmv P u @ — noaunomvr 6€3 o0buux KopHetl cmenenu m u n,
coomeememeento. lonycmum, wmo Q) He umeem 6eUecmeeHHbr KOPHET U n—m, =
2. Toezda

Vi P(x) (2)
oo Q(:r) o Z;(]gei("? (=)’
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2de CYMMUPOBAHUE 8edemcs no 6Cem HYAAM TLOAUHOMA Q, PacnoNoOHCEHHBIM 6 BEPI-
et noAYNA0CKOCMU.

JIOKABATEJBLCTBO. Ilycrts ay,...,a, —Hygun noaunoma (. Ilockoiabky npobb
P/Q siBisiercst HecokpaTumoit (P u () He nMeroT obIux HyJel), TO 3TH TOYKA siB-
JIIOTCsI TIOJIIOCAMU panoHabHo dynkuun P/Q. Boibepem R > 0 Tak, 4To0bl jijis
Bcex k = 1,...,n BBIIOJHAIUCH HepaBeHCTBA |ag| < R. Ipyrumu cioBamu, Bce 1o-
JIIOCBI panuoHajbHoi dbyukinuu P/ pacnosoxensl B kpyre |z| < R. Paccmorpum
nostyokpyzHOCcTh I'p: 2 = Re®, 0 < @ < 7, uw otpesok A\p: 2z = x, —R < = < R.
Tlockonbky I'p + Arp 0Opa3yeT MOJIOXKUTENTHHO OPUEHTHPOBAHHYIO TPAHUILY ITOJIY-
kpyra D = {z: |2] < R,Im z > 0}, To no Teopeme 9.2

P(z) = 2m res P(2)
| g X

z=ax Q(z)
I'r+Ar

k: Imap>0

3amMernM, 9TO IpU yBejndeHnun R mpaBas 9acTh TOTO PABEHCTBA HE MEHSIETCS,
[OCKOJIbKY BHe Kpyra |z| < R myneit nommuoma ) mer. C apyroii cTOpOHBI,

R R )
[ B [ B [ g [ ]

Tr+AR

Hasee, nycrs P(z) = by 2™ + ... 4+ by, Q(2) = cp2™ + ... + co, 1€ by # 0, ¢,y # 0.
Torna niust z € I'g umeem

xT

P
Q@

idx.

PR _ 1 |bmt+bmoa/z4 .. +bo/2"
Q(z) R |ep+cp_1/2+ ...+ co/2"|
OTKyJIa C Y4eTOM HEPABEHCTBA 1 — M > 2 CJIeLYeT, 9YTO
P
R - max (2) 0
z€lR Q(Z)

npu R — oo. Ho Torna

[ ot < [Jat

npu R — oco. B pe3ysiprare npuxoiuM K paBeHCTBY U3 (GOPMYIMPOBKH JIEMMBI. [

P(z)
Q(2)

-ldz] < mR- max

(1. BBIYUCNTEHNE MHTEIPAIOB C NCMOJIb30OBAHNEM JIEMMbl XKOPOA-
HA

I/IHTeraJIBI BUIa

[agmeie [ o

abCOJIIOTHO PACXO/IATCH, €CIM 3HAMEHATE/Ibh UMeeT CTEIleHb BCero Ha eJIMHUILY BbIIIIe
crerenn gucauress. C apyroit CTOpOHBI, HHTErpaJl
oo

sinx
dx
x

— 00
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CXOJTUTCST YCJIOBHO. JIJIsi BBIMUCIEHUST TAKAX WHTETPAJIOB C IIOMOIIBIO BHIYETOB UC-
osib3yeTrcs JeMma 2Kopana.

JIEMMA 9.2 (ZKOPHAHA). ITycmob g — nenpepusnas na muooicecmee {z: Imz >
0,]z| = Ro} dynryus npu nexomopom Rog > 0 . Jonycmum maxorce, wmo

max |g(z)| — 0

npu R — 00, 20e Tr: z = Re'?, 0 < 0 < 7, — noayoxpyorcrocmo. Tozda dns mobozo
a > 0 svnoanaemcs coomHouleHue
lim [ g(z)e***dz = 0.
R—o0
'r
JOKABATEJBCTBO. [ljis noKasaTeabCTBa HAETO YTBEPXKIEHN JOCTATOYHO 10-
Ka3aTh, YTO MHTErPaJ

T /2
/|6iaz||dz‘ _ R/efaRsinede — 2R/67QRSin9d9
I'r 0 0

orpanunden pasaoMepno 1mo R > 0. TlockosbKy sin @ gsisiercst BOrHYyTON Ha 1Ipo-
MmexxyTke (0,7) dyukuumeit, ro sinf > 20/7 npu 0 < 6 < /2. Hcnonbsyst aro
HEPABEHCTBO, TIOJIyIaeM

/2 w/2

aR [eS)
—aRsin @ </ —a2RO/7 _ T / —t < m / —t _ m )
/e df < e do SR e 'dt < SR e 'dt SR
0 0

0 0
/|ei°‘z’|dz\ < I
«
Ir

Jlemma 2Koprana npumensieTcst OObIMHO K BBIYUCIEHUIO HHTEI'DAJIOB BUIA

Orcroma HAXOAUM, 9TO

I = /g(x)cosaxdw, I, = /g(x)sinaxd:c

rue « > 0, a g(x) — paumonajubHasg (QYHKIUs, Y KOTOPOH CTEIeHb 3HAMEHATEJIs
JINIIb HA eIUHUILY OOJIbINe CTeleHn ducanTess. Jljis mpuMeHeHns TeOPUU BIYETOB

paccMaTpuBaeTCs
o0

I =1+il, = /g(ac)em’”dx
— 00
U CTPOUTCH 3aMKHYyTast KPUBAasi, COCTOsIAs U3 OoTpe3ka Ar: 2z =z, —~ R<ax < R, u
nostyoxpyzxuoct ['p: 2 = Re'?, 0 < 0 < 7. Tlpu 10cTaTodno GOIbINMIX 3HAUEHISX
R umeem
1o % . iz
z)e'Y*dz = 2mi res |g(z)e .
[ o S res [g(e)e™]

TrtAr Ima>0



JIEKIIUU IO T®KII 59

Ojmako, B cuity Jemmbl 2Kopana

/g(z)eiazdz —0

npu R — oo. ITosromy

IIpu stom Iy = Rel u I, = Im .

IV. JONEBOW BLIYET B MPOCTOM MOJIKOCE

IIycts @ — m3omupoBannast ocobasi Touka dyukiuu f, T.e. f rojsomopdHa B
O,(a) mpu mekoropom 7 > 0. PaccMOTpHM Ayry OKpYKHOCTH Yot 2 = a+ e,
6o <0< 0+, rmepe (0,r) ua e (0,2n]. Ecim a = 27, TO 7, IPEACTABISIET
€000l IIOJTHYI0 OKPY?KHOCTD 7, H

/f(z)dz = i27rzr§§1 f(2).
Ye

B obmem coyvae mjis mHTETpasa BIOND Yoo NPH & < 27 BBIPAXKEHNS Tepe3 BBI-
ger Her. OJHAKO, €C/IU @ SBJISIETCH IPOCTBIM IOJIOCOM (KPATHOCTH 1), TO MOXKHO
BBIUUCJIATD IIPEJIeJI 9TOro nHTerpasita npu g — 0.

JIEMMA 9.3. ITycmo a — npocmoti nomoc dymkyuu f u Yoo 2 = a+ e, 0y <
0 < 0y + a — dyza okpyosrcrocu, COOEPHCAUGACH 6 Y2A0B0M CEKMOPE PACTNEOPG, (Y,
0 < a<2r. Toeda

lim / f(z)dz = ia res f(2).

0—0
Yo,

JIOKABATEJIBCTBO. II0CKOIBKY @ SBJISAETCS MPOCTHIM HOJIOCOM (byHKIUA f, TO
B OKPECTHOCTH ITON TOYKM pazJoxkenue [ B pan Jlopana umeer sun f(z) = c_q1(z —
a)t+ecg+ci(z—a)+ ..., c_1 #0. Crenosarensio, B 9T0i okpecTHOCTH f(2) =
c_1(z —a)™! + g(2), tae g— rosomopduas B mosHOI okpecTHOCTH TOuKH a. Ho

TOrIa,
/f(z)dz:c_l / Zdja+/g(z)dz.
Yo, o

o, Yo,a

TTockonbKy ¢(z) orpaHuYeHa B OKPECTHOCTU TOYKH d, TO

/ g(z)dz =0

Yo,
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mpu ¢ — 0. 3amedasi TakxKe, 9TO

90+O(
dz . .
=1 df = ia,
z—a
Yo, 6o
[IPUXOIUM K YTBEPYKIEHUIO JIEMMBI. O

HpI/IBe,ILeM JABa IIpuMepa IIPUMEHEHUA JOKA3aHHbIX JICMM.

IIpumep 1. Joxazamd pasencmeo
nx T
——dr = —.
/ 2 -1 4
0
B kommnekcuoit mockoctn € ¢ paspesom Biosb syua L = {z = iy: y < 0}
MOYKHO BBIJCIUTH PEryJISpHYIO BETBb Jlorapudma
Inz =In|z| +iargz, —m/2 < argz < 3m/2,
u pacemorpers dynknmio f(z) = Inz/(2? — 1). Dra bynxmusa umeer 5 C \ L xse
n30JUpOBaHHbIE 0cO0ObIe TOUKH z = *+1. IlocKosbKy B OKpecTHOCTH TOUKH 2z = 1

BbIJCJICHHAA BETBb norapH(bMa nMeeT pa3JIOZKEHHEe

Inz =In(1+(z-1)) = Z(_l)n—1ﬂ7
n=1

n

ro st pyakiuu f(z) Touka z = 1 aBisiercd ycrpaHumoii ocoboit Toukoii. Touka

2z = —1 gBIgETCA TPOCTBIM TIOJIOCOM C BBIYETOM
In z 1 i
res f(z) = lim = ——In(-1) = ——.
2=—1 z——12—1 2 2

g Goabmnx R > 2 u manbix € < 1/4 pacemorpum obsacts D(R, €), Koropast
nostydaercss u3 noaykpyra {z: [z] < R,Imz > 0} ynaneamem muOXKecTB {z: |z| <
g, Imz>0}u{z: |24+1] < g,Imz > 0}. IlosoKUTENHHO OPUEHTUPOBAHHAS [PAHUIIA
obnactu D(R,€) cocrout u3 Jyr:

aD(R7€) = FR+)‘§7’YT+)‘;7’Y§+>‘33
el z2=Re?, 0<O<m N:z2=2, —~ R<x<—1—¢67f:2=—1+¢ee?,

0<O0<mN:z=a, ~1l+e<a<—5:2=¢c? 0<0<m N\5:2 =2,
e<z<R.

IMockonbky f ronomopdua Ha D(R,€), To no Teopeme Ko

OD(R,e)
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Puc. 2. K npumepy 1

N, 9TO 3IKBUBAJICHTHO,

3amernm, 9TO

I R)% + 72
[z < [1@1- el <« LT op s
R I'r

upu R — oco. IlosTomy, ocytiecTBisiss npemesbHbIi epexod npu R — 0o, morydaem

—1—¢

1 ; I ' 1
/ n|x\+z7rdx+ / n|a:|—|—z7rdm+/ nx /f dz—/f
22 —1 z2 —1

—00 —14e€ €

Otnesnsisi B JIeBO# 9aCTU PABEHCTBA BEIIECTBEHHYIO YACTh W BBINOJIHSS B IIEPBBIX
JBYX MHTerpaJiax 3aMeHy IIepeMEeHHOI, IoJIydaeM

z — Re f(z)dz+ | f(z)dz p = 0.
Jrome]

1—¢

Inx T Inx
/xQ_ldx—i—/ixQ_ldx—I—

5 1+e¢ 5

Hanee,

/f (lnlsz Jr7r27r5—>0

npu € — 0, a B CHJIY JIOKA3aHHOH BBIIIE JIEMMBbI

2

2

e—=0

lim/f z—mresf():



62 B.B. I'OPSIIHOB, E.C. IIOJIOBUHKIWH

Takum obpazom,

IIpumep 2. Buvucaumo unmezpan

oo

7 / sinxdx.
T

— 00

Bamernm BHawaste, uro dbynknus f(z) = e'*/z ronomopdua B C \ {0} u B Touke
z = 0 uMeeT IPOCTOii MOJIIOC ¢ BBIYETOM

res — = lim e** = 1.
z=0 2 z—0

Hug R>1u0< ¢ < 1/2 paccMorpum KpuBbie:
Fr:z=Re", 0<t<m 7, z=0e",0<t<m Ny=[-R,—0, L%=][oR].

TTockonpky I' R—i—/\% —yg—l—L% ABJISIETCSI TIOJIO?KUTE/IBHO OPUEHTUPOBAHHON I'PAHUIIEH
obnacru D(R, 0), B Koropoii dyukust f(z) romomopdna, To 110 Teopeme Korm

B cuny nemmbr 2Kopmana

R—o0
'r

lim /f(z)dz = 0.
IIosTomy mpu R — o0 mosrydaeM paBeHCTBO

-0 0o

/e—dx—i—/e—dx = /f(z)dz
x x

-0 e Ye

HpI/IpaBHI/IBaH MHUMbIEC JaCTH B 9TOM DaBEHCTBE, IPUXOJAUM K COOTHOIIIEHUIO

/ Slnx /smx ~ Im /f
0

—0Q0

Haxkowner, ocyrecTBiisiss TpeJie/bHBIA niepexo npu o — 0, morydaeM

o0

sin x .
/ . dx = Im{mzrg%f(z)} = 7.

— 00
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§ 10. Perynsipabie BeTBU JiorapudMa u KOpHe

10.1. VYcaoBusi cyliecTBOBaHUs peryJisipHbIx BerBeii. OCHOBHOII BompOC,
KOTOPBIN M3ydaercs B 3TOM naparpade, 3aK/II09aeTCs B BbISICHEHUU YCJIOBHIA BO3-
MOKHOCTH BblLiejieHust peryiapuoii sersu In f(z) u {/f(z) mus rosomopduoil B
obiactu D dyukmun f. O4UeBUIHO, 9TO HYKHO B KQYECTBE OJIHOIO M3 YCJIOBUH 110~
TpeboBarh HeobpaleHue B Hysib QyHKIuE [ B obinactu D. pyrue ycioBusi CBSI3aHbI
C TOTIOJIOTUIECKON CTPYKTYpoii obnactu D u ee obpasza f(D).

TEOPEMA 10.1. ITycmo f — 2oaomopdran 6 obaacmu D dynxyus u f(z) # 0
npu z € D. Tozda 8 obaacmu D moscho svidesums pezyaapryro eemes In f(z)
MOM U MOALKO MOM CAYUGE, ECAU OAA A1000T 3aMKEHYMOT KYCOUHO-2A00K0T KPUBOT
v, pacnososicennoli 6 D, evinoanaemcs ycirosue

J(f(7),0) = 0, UAU, 4O IKEUBANEHTHO, Ay arg f(z) = 0. (10.1)

JIOKA3BATEJIBCTBO. ounycrum Buadase, uyro F'(z) — perynspuas Bersb In f(z)
B obactu D, T.e. F romomopdmua B D u ef'?) = f(2). Torma F'(2) = f'(2)/f(2)
u (f'(2)/f(z))dz —nomubiii nuddepeniman B obmacru D. CienoBaresbHo, s
J060# 3aMKHYTOM KyCOIHO-TJIaIKO#l KPUBOi v B obsactu D GyieT BBINIOJTHATHCS
DaBEHCTBO

z)

O6parno, ponycrum renepb, 910 J(f(7),0) = 0 gy1st 11060i 3aMKHYTON Kycod-
HO-TJIaJIKON KpuBoit v B D. Do skeusasentHo tomy, uro (f'(2)/f(z))dz ssaserca
nosubiM auddepentmaiom B D. Ilosromy cymecrByer nepBoobpasuas F'(z) s
f'(2)/f(z), KoTopas onpesesieTcst ¢ TOYHOCTHIO JI0 &JINTABHON KOHCTAHTHI. DUK-
cUpyeM HEKOTOpYyIo TouKy a € D u suauennme In f(a) uz Ln{f(a)}. Pacnopsmum-
¢ aJUIUTUBHON KOHCTAHTON NEpBOOOPA3HON TaK, Y4TOObI BBIIOJIHAIOCH PABEHCTBO
F(a) =1n f(a). 3amerum Tenepsb, 4ro

(F@e @) = PO (f'() - f2)F(2)) = 0

_ [LE) z = 2mi

s Beex z € D.  Cremosarensno, f(z)e () = const. Ilpu z = a umeem
fla)e=f(@) = 1. Taxum obpasom, f(z)e ¥ =1 u ef®) = f(2). Hpyrumm
ciioBamu, F(z) saBisercs: peryssipHoil BeTBbio B obsiactu D dyukuuu In f(z). O

CHAEACTBUE 10.1. Ecau f — 2onomoppnasn 6 obaacmu D dynxyua, f(z) # 0
npu z € D u swnoansemen yeaosue (10.1), mo das aoboeo ¢ € C 6 obracmu D
MODICHO Gvidequms pezyaapryio semev dynxyuu (f(2))¢ = ecF(2),

CHEACTBUE 10.2. Ecau f — 2on0omopdrasn 6 odnoceasnot obracmu D dynryua
u f(2) # 0 npu z € D, mo 8 D moocho evideaums pe2yssphvie 6emsu PyHkyud

In f(2) u (f(2)), ceC.
JeficTBuTesIbHO, TOCKOIBbKY D — oiHOCBsI3Hast 06nacth, a f'(z)/f(z) sBasercs
rosomopdHoit B D dbynKIwmeli, To B cuity TeopeMbl Korrm

[5=o
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JJIsT JIIOOOI 3aMKHYTOI KyCOYHO-TJIA KON KPUBOH Y, PACIOJIOXKEHHO B [D. DT0 03Ha-
qaer BoinosHenue ycjosug (10.1) 1 BO3MOKHOCTD BbIJEJICHUs PErYJISIPHBIX BeTBell

dyukuuii In f(z) u (f(2))¢, ce C.
3AMEYAHUE 10.1. B ycioBusx Teopembr 10.1 perynspayio Bersb In f(z) B 06-
sactu D MOXKHO TPeCTaBUTL (POPMYITOit

Inf(z) = o)+ [ L6

!/
‘/}((C))dé , (10.2)
rie a — dukcnposanHast Touka obnactu D, In f(a) — HEKOTOpOE 3HAYEHNE U3 MHO-
xkecrsa Ln{ f(a)} n vy, — KycouHo-TaiKasi Kpusasi, COEJMHSIONAs TOUKY @ C TOUKOH
z B obstactu D.

JHeiictBuTenbHo, peryisipaast BerBb 1n f(z) B objactu D Bbiessiercss Kak mep-
BooOpaznaa dbyuxnuu f'(z)/f(z). C apyroii cTOPOHBI, IPU JIOKA3ATEIHCTBE TEOPe-
MBI 4.1 OBLIO MOKA3aHO, YTO MEPBOOOPa3HAas MOXKET ObITH MMOJIyYeHa WHTErPUPOBa-
HUEM TI0 KYCOYHO-TJIAJIKUM KPUBBIM C HAYAJIOM B HEKOTOPOi (DHKCUPOBAHHOM TOUYKE
a € D u ¢ xonnom B Tekymieit Touke z € D. Kpome Toro, yaurnsiBasi reoMmerpude-
CKUI CMBICI MHTErPaJa OT JOTapuPMUTIECKON TPOU3BOIHOM

/Qg%mmﬂ+m%mﬂm

dopmymy (10.2) MOXKHO nepencaTh B BUe

Inf(z) = In|f(z)| +i[0+ A, arg f(C)], (10.3)

rie 6 — HekoTopoe dhukcnposannoe 3Havenue arg f(a), T.e. 6 € Arg{f(a)}.

3AMEYAHUE 10.2. Ecan D — oxnocsasHas obigacts u 0 € D, to B obmactu D
MOKHO OIpeiesinTh In 2 o dhopmyiie

d .
Inz = lna—f—/?c =In|z[+i[0+ A, arg(],
7z
rae a € D, Ina € Ln{a}, v, — KycouHo-I1a/iKast KpUBasi, COEUHSIONMAsT TOUKH ¢ U

zB D uf e Arg{a}.

3AMEYAHUE 10.3. Bcee perynspubie Bersu In f(z) B obmactu D orimgarorcs
JAPYT OT JIpyra Ha aJIMTUBHYIO IIOCTOSHHYIO 2k7i, k € Z.

JTOKA3ATEJBLCTBO. Ilycte Fy(z) m Fy(z) — mBe ronomopduee B obmactu D
DyHKIMY, YIOBIETBOPSIONIE YCIOBUIO

eFl(Z) j—

= ()

f(2).
Torna ef1(2)=F2(2) = 1 yu, cienoBaresnso,
Fi(z) — Fy(z) = k(z) - 2w,

rae k(z) € Z pna Beex z € D. Opuako, U3 3TOro paBeHCTBa BUJHO, 4TO k(2) —
HelpepbIBHAs (DYHKIMS, TPUHUMAIOIIAsT TOJIBKO IeJIble 3HAYEeHUsI. DTO BO3MOXKHO,
KaK CJIeJlyeT U3 JIEMMbI HUKe, JIUIIb B CJIydae, Korja k(z) TOXKIeCTBEHHO II0OCTOSHHA,

re k(z)=k. O
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JIEMMA 10.1. ITyemwv k(z) —nenpepueran 6 obaacmu D dynxyus, xomopas
npuHuMmaem suauenua us muoocecmsa K C C, ydosaemeoparowezo yeaosuto |w' —
w’| = d >0 dan scex w',w" € K, w # w"”. Toeda k(z) = const.

JOKABATEJILCTBO. Pukcupyem a € D u gepe3 (G; 0003HAIUM MHOXKECTBO TEX
Touek z € D, mns koropeix k(z) = k(a). Ilycrs takxke Gy = D\ Gi. B cuy
HernpepbiBHOCTH byHKIMU k(z) Kaxkiasd Todka 2o u3 (1 BXOIUT B 9TO MHOYKECTBO C
HEKOTOPOii okpecTHOCTBIO. eiicTBuresnsno, s € € (0,d/2) naiinercsa 6 > 0 Takoe,
aro |k(z)—k(z20)| < e upu z € Os(2p). Hockoubry k(29) = k(a) ne < d/2, To Takxke
JIOJZKHO BBINOJHATHCsT paBeHeTBO k(z) = k(a) u, caemosaresnsro, Os(zg) C Gi.
Takum o6pa3zom, (G1 — OTKPBITOE MHOYKECTBO. AHAJIOTMYHO YCTAHABJINBAETCS, UTO
n G5 gBIsIeTCsT OTKPBITBIM MHOXKecTBoM. Omuaro, Gy NGy = @ u D C G1 U Gs.
B cuny cBssnoctn D omao w3 muOXkecTB (G min Go mOKHO OBITH mycTbiM. Ilo
yenosuio a € G1. CrenoBarensio, G = @ u D = Gy r.e. k(z) = k(a). O

TEOPEMA 10.2. IIycmo f — 2onomoppnasn 6 obaacmu D dynryus u f(z) # 0
npu z € D. Toeda das namyparvrozo wucaa n 6 obaacmu D mootcno svideaumo
peayaspnyro eemsv ¥/ f(z) 6 mom u moavko mom cayuae, ecau dasn a060U 3aMEHY-
moti KYcouwno-24a0K0t Kpusot y, pacnoaodtcernot 6 D, evnoanaemcs ycrosue

J(f(7),0) = k-n, wuau, wmo sxeusarenmno, A arg f(z) = k-n-2mr, (10.4)

ede k € 7.

JIOKA3ATEJIBCTBO. lounycrum BHavase, 4ro ¢(z) — perynspras Bersb 1/ f(z)
B obmactu D, T.e. g rosomopdua B D u (g(2))" = f(z). Torma g(z) 208 D u u3

pasenctia f'(z) = n(g(2))" g’ (2) cnenyer
P g
f(2) 9(z)°

Ecin v — 3aMkHyTas KycodHo-IJiajKas kpusas B obsactu D, ro I' = f(y) u T'* =
g() Takzke OyiyT 3aMKHYTBHIMH KYCOYHO-IVIAJKUME KPUBBIMU, KOTOPBIE HE IIPOXO-
JISAT Yepe3 HadaJsIo KOOpJAuHAT. V3 1oJIyueHHOTO BbIIlle PABEHCTBA 10JIyYaeM

L, 1 [d0)
27Ti7 f(z) 27rz'7 g(z)

J(f(7),0) =

dz = nJ(I'*,0),

T. e. BoimosHstercs yeaosue (10.4), mockonbky J(I'™,0) sBIISETCS IETBIM THCIOM.

O6parno, pomycrum, uaro yciaosue (10.4) BbimosHsiercs jist J060# 3aMKHYTON
KYCOYHO-TJIIKON KPUBOH 7y, pacmosoxkenHoit B obmactu D. Pukcupyem B obactu
D rouxy a u nekoropoe suauenue g(a) € {(f(a))'/"}. Oupememum B obacru D
dyHKIHO

1O
ma:m@maf/——«
) 0
Yz
rIe 7y, — KyCOYHO-TJIaJIKasi KPUBasi, COeJIUHSIONIAasi TOYKHU a u 2 B obsmactu D. [loka-

JKeM, 9TO ¢(z) KOPPEKTHO OIpeiesieHa, rojoMopdHa B D 1 BBIIOIHAETCS PABEHCTBO
(9(2))" = f(2) ang Beex z € D.
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st KoppekTHOCTH olpe/iesieHust ¢(z) HaM Hy?KHO II0Ka3aTh, 9TO ee 3HAYCHUE He
3aBUCHUT OT BHIOOpA KYCOYHO-IJIAIKONM KPUBOIL Y, , CoeInHsIoIIel Touky a u z. [lycThb
v — npyras Takas kpusas. Tornma v =7y, — 7} Oyler 3aMKHYTOI KyCOYHO-IJIQ KO
kpusoit B D. Ilo ycioBuio TeopeMbr

L[/

2mi ) f(Q)

Y

d¢ = J(f(7),0) = k-n,

rie k € Z. B cuty nepnoguaHOCTH SKCIOHEHTHI

1 11 . 2kmi _
exp njf(c)d( =e = 1.

Hcnonb3yst cBOMCTBO aIIUTUBHOCTH WHTETPAJIA, TOJIYIaeM

oo\ o,
P nv/f@)dC P n!f(()dc b

OTKYyZIa CJlejlyeT KOPPEKTHOCTh olpeeienus byHKImn g(z).

Ina nokazarenbcrsa rosomopdroctn GyHKIUA ¢(2) BoIGEpEM IPOU3BOIBHO TOY-
Ky 2o € D u okpecrroctb O, (z9) C D. Tlockonbky O, (zp) ABIsieTCst OMHOCBSZHOM
obnacreio, a Gynkmus f’(z)/f(z) romomopdna, To (f/(2)/f(2))dz — nommwrit mud-
depenrman B O, (z). Ilepsoobpasuywo h mua f'(z)/f(z) B Or(z0) MOxKHO onpeze-

JINTH PABEHCTBOM
_ /(€
") = / 70«

[20,2]

Bribupast v, = 7., + [%0, 2|, IPUXOUM K PaBEHCTBY

9(2) = glzo)en"?),

orkyza ciemnyer rojomopduocts byukiuu g B O, (2p). [TockonbKy Touka zo BbIOH-
paJjiach IPOM3BOJIBHO, TO g rosioMopdua B obsactu D. U3 upezcrasienus: g(z) B
okpecraoctu O, (zp) cieayer TakKe, ITO

N ST S
9() = Lo E) = Lol) 5

Hanee 3amernm, uro dbyakuus f(z)(g(z))™" sasasercs rogomopdHoii B obractu D
U B TOYKe 2 = a upuHuMaer 3Hadenne 1. ITockonbKy

[F)9() ] = F(2)(9() " = nf(2)(g(x)) " 1d (2)

= (g(2))™" ’z—ng/(z) 2)| =
= 0 [r0) - nLs0] = 0

st Beex z € Dy o f(2)(g9(2)) "™ =1u (g9(2)" = f(2). O
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3AMEYAHUE 10.4. B yenosusix Teopemsl 10.2 peryisipHyio BeTBb g(z) QyHKIMN
Y/ f(2) B obsmactu D MOXKHO TOJIydIuThb 110 (HhOpMYyJIe

f'(©)
G e, (10.5)

o) = gayesn [

e a € D, g(a) € {(f(a))"} u v, — Kycouno-riajikas Kpupasi, COCMHSIOMA B
obmactu D Toukn a u z. IlpuHmMas BO BHUMAHWE T€OMETPUIECKUIT CMBICT WHTE-
rpaja or JorapudMIIeCKONl IPON3BOAHON DYHKIMHA [, IPEICTABIEHIE PETYIISIPHOM
BerBu 1/ f(z) MOXKHO mepenucaTh B Bue

g(z) _ |f(2)|1/”exp{:'l(9+An/z argf(C))}, (106)
rie 0 € Arg{f(a)}.

3AMEYAHUE 10.5. Bce peryuspubie Beru dbyuximu {/ f(z) B obnacru D oriu-
YAIOTCsT APYT OT JApyra MHOKHTeneM e/ 2F /" L =0,1,...,n— 1.

OKABATEJIbCTBO. e#cTBuTesbno, ecan gi(z) u g2(2) — ABE peryiadapHbIC BET-
) g g peryi€ap

B dynkmun Y/ f(z), To "
(Zlé)) -t

g1(2) = x(2)g2(2),

OTKY/1a TIOJIydaeM

e x(z) € {e*™/7: k=0,1,...,n—1}. U3 gemmsr 10.1 ciaemyer, 4o »(z) = const,
U yTBEpXKJEeHUEe JTOKA3aHO. ]

IIpumep 1. Hccaedosamnb 60npoc CYuLLCMBo8aHUSL PDELYAAPHBIT Gemeels MHO20-
anavwnot gyrryuu v/ 23(z + 1) 6 obaacmu D = C\ E, 2de E — xomnaxmmnoe céaznoe
MHO00icecmeo, codeporcawee mouku z = 0 u z = —1 (nanpumep, E = [—1,0]).

HaMm Hy»KHO IPOBEPHTDH BBIIOJHEMOCTBL ycjoBuil Teopembl 10.2 misa dyHKIuM
f(z)=2%(2+1),n =4, u obnactu D = C\ E. Hockomsky Toukn z =0 u 2z = —1
He npuHajyiexar obuactu D, o f(z) # 0 upu z € D. Hazee, mycrsb 7 — 3aMKHyTast
KyCOYHO-TJIaJIKasi KpUBas, pacrojioxkenHast B D. Paccmarpupast dyHkimio f Kax
upoussesienne f(z) = fi(2)f2(2), tne fi(2) = 23 u fa(2) = 2 + 1, u npumenss
JIorapupMUIECKOE CBOWCTBO MHJIEKCA, TIOJLyIaeM

J(f(7),0) = J(f1(),0) + J(f2(7), 0).

3aMeTuM Telepb, 4TO

_ L [hAE, 3 [de
2ri ) f1(2) 2ri ) =z
y 8!

J(f1(7),0) =3J(,0), J(fa(7),0) = J(v, 1),

OTKYy/la Haxo/uM Bbipazkenue jist J(f (), 0):
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B cuny cBasmoctu muoxkectsa F touku z = 0 u z = —1 npunajjiexxar ogHON 1 TOH
ke KommoHeHTe cBs3HocTH C \ v 1 1o Teopeme 7.1 MMeeT MECTO PABEHCTBO

rae k € Z. Takum obpazom,
J(f(7),0) = 3k +k = 4k,

1. e. yciaosue (10.4) Boinosseno u B o6jactu C\ E MOXKHO BBIIEJIUTH PEryJISPHYIO
BETBb MHOTO3Ha4IHOH dyHKIMHN {/23(2 4 1). ]

10.2. PaziioykeHue B psi/ibl PeryJIIpHBIX BeTBeil jorapudpma u KOpHs.
Paccvorpum Tereps Bompoc npescTaBienus psigamu Teitopa un Jlopana perysisp-
HBIX BeTBell (KOIyia OHM CyIIECTBYIOT) MHOro3HauHbIX yHKImit In f(z) u (f(2))%,
a € C. Korya BBOIWINCH 3J1eMeHTapHble (DYHKIUH, OBLIO ITOKA3aHO, YTO JJIsi Pery-
nspuoit Bersu In(1+ 2), Begensiemoit B equamanoM kpyre DD yeaosuenm In(1 + 2)[,_,

= 0, UMeeT MeCTO IPeJICTABICHIE

In(1+2) = i #z"
n=1

ITockosibKy ipyTue peryssipHble BETBU OTIMYAIOTCS JIUIH CaraeMbiM 2k, TO Jijs
HUX TeHI0pOBCKOe pazoxkenue B ) OyaeT nMeTh BUT

0 —1)n—1
Ingy(1+2) = 2kmi + Z (#Z’Z
n
n=1

k=0,£1,£2,....
Paccmorpum teneps dbyrknuo (1 4+ 2)%, rae a € C. Ee peryisipHble BeTBU B
equHUIHOM Kpyre D onpenensrorcs depe3 peryJisipHble BeTBU Jorapudma

hk(z) S ln(k,)(l—i-z).

ITycrs h(z) — BeTBB, KOTOpasi COOTBETCTBYeT 3HaueHH0 k = 0, T.e. BbIIeIseTCs
yeaosuem h(0) = 1. Torma Bce ocraibHble BeTBH OYAyT OTJIMYATHCA JIAIIL MHOKY-
TeJIeM

hk(z) _ 61’(127&'1@}71(2)7

k=0,+1,42,.... Haiinem pasznoxenue B pay Teitnopa sersu h(z). g seraucie-
Hust KoaddurmenTtos psga Teitopa BOCIOIb3yeMCsl PABEHCTBAME

B (z) = 11211(2)7 W'(z) = Mh(z),...,
B () = ala — 121+(:);n—|— 1)h(z),

u yciosueM h(0) = 1. Takum obpaszom,

> —1)...(a—n+1
W) = SO e O = alazl..lazn+l) oy
n=0

n!
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Hanee, B obnactu C\ [—1, 1] mHOrozHauHast dyHKImst In %fz UMeeT peryJsipHbIe
serBu. [leiicrBurensro, dyukius f(z) = (1 — z)/(1 + z) B 310it 06nacTH B HYJIb
He obpamaercsa. Kpome Toro, jiisi JirobOH 3aMKHYTOM KYCOYHO-TVIQJIKON KPUBOit
v C C\ [-1, 1] umeem

1 1'(2) 1 2dz
J 0) = — = —
G0 =55 | % = am ) =1
¥ Y
1 dz 1 dz
= S — = J(v,1) = J(v,—1).
i) 7=1 2w ) ze1 - 0D
¥ ¥
ITockonbky TOukM 2 = 1 M 2 = —1 PacCHIOIOXKEHBI B OJHOM M TOH K€ KOMITOHEHTE

csaznocru muoxecrsa C\ v, ro J(v,—1) = J(v,1) u ycnoBus reopembr 10.1 BbI-
nosrensl. CrenosarensHo, B C\ [—1, 1] Bergensiorcs Bersn dbynkunu In i;j Ho
TOr/Ia BO BHENIHOCTH €JAUHUYHOIO Kpyra (KakK B KOJIBIEBON 06JIacTH) KaxK/1asl BETBb
JIOJIKHA MMeThb pas3jioxkeHue B paz Jlopaa.

ITycrb g(z) —HekoTOpasi BETBh MHOIO3HAYHON GyHKIUU In

1—=
142z

. Torua

2 =1
/ _ _
g(Z) - 2271 - 27;12271

¥ PSJI B IPABOI YaCTH 3TOI0 PABEHCTBA CXOAUTCSH BO BHENTHOCTHU €JIMHUYHOTO KPYTa.
CymMMa [OYIEHHO [TPOMHTEIPUPOBAHHOTO Psia

o0

1
S(z) = —QZIW

pecTaBiasgeT coboil rooMOPGHYI0 BO BHENTHOCTH €IMHUIHOIO KPyra (OyHKIHIO.

Ipum stom (g(z) — S(z)) = 0 u, cremosarensuo, g(z) — S(z) = const. 3amernm
rerreps 910 (1 —2)/(1+ %) = —1 mpu z — 00, T.e. BerBH dyHKIUY In ﬁ—i UMEIOT B

GECKOHEYHO y/IaJIeHHOM TOYKE YyCTPAHUMYIO OCOBEHHOCTD, & WX MPEJIe/Ibl IIPHHA,ITC-
xkar MHOXKecTBy Ln{—1}, T e. umeror sug i(m + 2k7), k € Z. C apyroii cTOpoHbI,
S(z) — 0 upu z — 0o. B pesysnprare npuxoguM K passioxkeHuto B paj JlopaHa

. 1—=z.
BeTBel In T

1—2
142

<2
= i(2k + )7 — —(2n-1) keZ.
i(2k+ ) nz::l o 12 , €

ln(k)

Husa marypasnbuaoro n > 2 pacemorpuM B C \ [—1, 0] MHOro3HauHy10 GyHKIMIO

Kak u B mpumepe 1 ycranaBimBaercsi CyIIECTBOBAHHME DPErYJISPHBIX BETBEH 3TOI
dyuknuu. Haiinem pasisioxkenune B psn Jlopana BeTBH, KOTOpas MIPUHUMAET II0JIO-
JKUTeJIbHbIe 3HAYEHUs 1Ipu z = x > 1. 3amedast, 4T0

1 1/n
”z”—1(2+1):z<1—|—2> ,
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rze B kagecrse (1 + %)1/ "' paccMaTpHUBAeTCs PEryJIsIpHAs BETBb BO BHENTHOCTH €JTU-
HUYHOTO KPyTa, MPUHUMAIOIAS MOJOKATEIbHbIE 3HaYeHus Ipu 2z = & > 1, U Huc-
nosb3ys passoxkenue (1 + 2)% B eIMHUYHOM KpyTe, I0JIyYaeM

o0

o1
Vertl(z+1) = = Z Cl/nzm =Dl
m=0 m=0
IL.HH JApyrux BeTBel Pa3J/I02KEeHne MMeeT BU/T
(VaTEr) = e z o =01, 1.
k

IIpumep 2. Buuucsums unmezpan

2
/ dz
x2(2 —x)
0
Kax u B npumepe 1 ycTaHaBIMBAETCS CYIIECTBOBAHNIE PETYJISIPHBIX BETBE MHOIO-

sHauHoi QyHKIMN /22(2 — 2) B 0bmactu C\ [0, 2]. Pukcupyem R > 2 u onpegennm

BETBb 110 hopMmyJie
o) = 2= P e {5 (r A 2= 0) ). (107

ryie T — oziHo u3 sHadenuit arg(R?(2 — R)) = arg(—1) a 7y, — KycouHO-T/Ia/IKas KpH-
Basl, coemuHstomas R ¢ Toukoit z sayTpu obmactu C \ [0,2]. dmst mamoro € > 0
PacCMOTPHUM OTPUIIATENbHO OPUEHTHpOBaHHble OKpyxkHOocTH C u C5 paamyca € ¢
IEeHTpaMu B TouKax z = 0 M 2 = 2, COOTBETCTBEHHO, OTPe30K A\ = [g,2 — & u Takoi
JKe OTPe30K \J € HPOTUBONOJIOKHOI opuenrtanueii. Torma AT + C§ + A= + C§ mox-
HO paccMaTpUBaTh KaK HOJIOXKUTEIHHO OPUEHTHPOBAHHYIO rpaHuily 0D, BHelHei
obsract D-.

Y )
AN

Puc. 3. K npumepy 2
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IMockonbky B D, Her ocobbix Touek dyHkuum 1/g(z), T0 110 TEOpeMe 0 BBIUIETAX

dz ) 1
/ e = QWZZIEEO 9 (10.8)

DE

st BBIYMCIIEHNsT BBIUETA B IpaBoii yacTu paBeHcTsa (10.8) 3amernM, uro DyHKIMS
1/g(z) Bo BHemHOCTH Kpyra |z| > 2 coBnajaer ¢ OAHOI U3 BeTBell MHOMO3HAYHOI

byHKIMNI
a1 2\ /3
67”r/3* <1 _ ) ,
z z

KOTOPBIE NMEIOT CJIEIYIONIee Pa3JyiozKeHue B psit Jlopana

_1/3 i
o—im/31 (1 B 2) _ —m/3 o2k /3 Z C™ g (=2)™
z 2/ (k) s z

B N )
Z 0—1/3 am41 7
m=0

k=0,1,2. ITockoabky C" 1/3( 2)™ > 0 upu Bcex m = 0,1,2,..., To cymma pszga

Z cr 1/3 Zerl

IPUHUMAET II0JIOKUTesbHoe 3Hadenue upu z = R. C apyroii croponsl, 1/g(R)
umeer apryment —7/3. CienoBaresibHO, BO BHEIIHOCTH KPyra |z| > 2 uMeer Mecro
Pa3JIoKEHnE

_ —ZTI'/3 cm )
g(z Z 1/3 zm+1
Orcroa HAXOIUM
res = —c_; = —e /3,
z2=00 g(z)

Jia Beruncienus unrerpasa B JjieBoil yactu pasencrsa (10.8) Hy:KHO BBISACHUTD,
Kakne 3HadeHns npuanMaer GyHKims g Ha A — Bepxwmeii cropone orpeska g, 2 — ¢]
u Ha ero HuKHel cropone - . Ilyers v — myra, coepunsiomas Toukn R u x € AT,
a vy, — Oyra, coenuugiomad R u x € AZ. CooTBeTcTByOMMe 3HaYeHUA DYHKIUA g
Gyaem obosnauars g(x + 0) u g(x — i0), coorBercrBeHHO. 3amedast, 4TO

A+ arg 22(2 — 2) = 2A +argz+ A varg(z—2)=m, A _arg 22(2 - 2) = —,
HoJTyuaeMm
glx +i0) = 222 — x)e?™/3, g(x —i0) = /22(2 — x).

CieoBaTe/ibHO,

2—e

AT € Ae
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Haree,

/ dz o / |dz| o 27e S0
9(2)| = ] 1222 =213 T 232 -l ’
ok o

/ dz < 2me S0
9)| S ey

€
2

upu € — 0. Takum obpaszom,

lim ﬁ = (e*’?”/?’ — 1) I
e—0 g(z)
F)

€

u pasenctso (10.8) B upenesne npu € — 0 HPUHUMAET BUJ
(e_i%/g — 1) I = —2mie /3.
B pesyabrare momyuaem

I 2mie /3 21 T 2r
T 1 —e—2w/3  gin/3 _ g—in/3 sin% o \/g

§ 11. Ilpunnun apryMeHTa U OoTOOpakaroliye
cBOICTBA roJIoMOpdHBIX DYHKITHI

IIycts dyukust f rosiomopdHa B 06actu D, 38 UCKIIOYEHUEM N30 IMPOBAHHBIX
0COOBIX TOYEK, KOTOPBIE SABJISIIOTCS ee rosocaMu. K K — KOMIIaKTHOE TIOJMHO-
KecTBO obsactu D, To Ha K MOXKeT ObITh JIMINIL KOHEYHOE UHCJIO HOJIOCOB. B
IIPOTUBHOM CJIy4ae HAIIach Obl IPeJiebHast TOUYKa II0JII0COB Ha K, 9TO IPOTUBO-
peumsio Obl YCJIOBUIO HAJIMYMS JIMINb W30JMPOBAHHBIX OCOOBIX TOdYeK. Kak ObLIO
[TOKA33aHO paHee, KAXKIbII IOJMIOC MMEeT KOHEIHYI0 KpaTHOCTh. 1lycTth by, ..., b, —
nosrockl gyHkiuu f, nonagaiomme Ha K, a qq,..., ¢, —HAX KpaTHOCTU. Torma
P =q1+...4qp, Ha3BIBaeTCI “UCAOM Nosocos GyHKIMEA f Ha MHOKecTBe K ¢ yue-
mom uz kpamuocmu. Ecau f(z) #Z 0, To ee Hyau Tak)Ke OymLyT M30IMPOBAHHBIMU
U UMeTb KOHEUHYI0 KpaTHOCTh. CieoBarenbho, Ha K OyIeT pacroyioyKeHO JIHIIb
KoHewHoe ux uncio. Ilycrs ay,...,a, —Hyan ¢yskmun f, nomagatomue Ha K, a
S$1,...,8, —ux KparHoctu. Torma N = s1 + ...+ S, Ha3BIBACTCI YUCAOM HYael
byukiun f na maoxkecrse K ¢ yuemom ux Kpammocmu.

TEOPEMA 11.1 (TIPUHIIUN APTYMEHTA). ITycmo D — o6aacms, o2paruvertas
yuraom vy, u f — 2o0aomopdran na D = DU~ (m.e. 6 nexomopoti obaacmu, codep-
srcaweti D,) dynryus, 36 UCKAIOMEHUEM USOAUPOGAHHBIT 0COOBIT MOUEK, KOTOPyIE
ABAAOMCA €€ NONOCAMU. J[onycmum maksice, 4mo HYsu U noaocs, Gyrxyuy [ re
nonadatom Ha . Toezda wucao N ee nyaei u wucao P ee noaocos 6 obaacmu D c
YUEMOM UL KPAMHOCTNU YOOBAEMBOPAIOM, COOMHOULEHUIO

_ 1 (1)
-2 f(z)d

ol

N-—-P

2= JU().0) = y-Ayargf(z). (L)
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JTOKABATEIBLCTBO. ITockoibKy 3aMbikanme D obsacti D SBJIseTcs KOMIAKT-
HBIM MHOXKECTBOM, TO B D COIEPKUTCH JIUIIb KOHEIHOE HUHCJIO HYJIEH U IOJIIOCOB
byukuuu f. Ilycrb aq,...,a, —ee HyJu ¢ KPATHOCTIMU S1,...,8n, & D1, ...,0m —
€€ TOJTIOCHI ¢ KPATHOCTIMH (1, . . . , G, COOTBeTCTBeHHO. Torma N =51+ ...+ s, u
P=q +...4+ q¢n. Paccmorpum dpyHKITHIO

:ﬁz—ak ﬁ27bqu (Z)
k=1 k=1

O4eBUIHO, YTO M30JIMPOBAHHBIE OCOOBIE TOYKHU G1,...,0n,01,... b, GYHKIUK ¢
SIBJIAIOTCS yeTpaHuMbiMu. CJie0BaTe/IbHO, (DYHKIUS § SIBJISETCSl NOJIOMOP(MHOM 1
He obparaercs B Hysib Ha D. 113 paBeHcTBa

f(2)=(z—a)™ ..o (z—ap)™(z=b1) T ... (2= bp) " Tmg(2)

cjeayer, 9To
n m

f'(2) 72 Sk qr +9'(Z)

Fo) T a9

[Mockomeky g(z) # 0 ma D, To dbynkmus ¢'(z)/g(z) asaserca romomopdmnoit Ha D n
o Teopeme Kot

Takum o6paszom,

1 f/Z n m
Tm/fz Z—gskt](%ak)_;(b@J(Vabk)_N_P
J Z Z

un TeopeMa JJOKa3aHa. 0O

Ha npaxkTuke TpuUHIAI apryMeHTa |alle BCEro MPUMEHSAETCS depe3 CJIe Ty
pe3yJibTart.

TEOPEMA 11.2 (PvIIE). ITycmv D — obaacmy, o2panuvernas yukiom ¥, a f
u @ — 20n0mopdnvie na D = D U~y dynxyuu, ydosaemeopaousue yeaosuro |¢(z)| <
|f(2)| npu z € . Tozda | u f+ ¢ umerom ¢ D odunakxosoe wucao nyael ¢ yuemom
UL KPAMHOCTAU.

JIOKABATEJIBCTBO. Ilo yciosuio Teopembl f(z) # 0 u f(2) + ¢(2) # 0 npu
z € . CnenoBarenbro, QyHKIHs

iy = 20002

ABJIfeTCa TOIOMOPGHOI Ha D, 33 HCKIIIOUEHHEM, OBITH MOMKET, KOHETHOIO HICIIA
TOJTIOCOB, pacrojiokeHubix B D. Kpowme Toro, F' e obparmaercs B Hy/Ib Ha . B
JeHCTBUTEILHOCTH, mojocaMu GyHKun F' MoryT ObITh b Hymu GyHKmum f.
IIycte N; — obmiee auciio myseit dyukimu f, a Ny — obiee qaucio Hyseit Oy KT
f+ v, B obimactu D ¢ yderom ux KparHoctu. Eciam N — obiee 4ucyo Hyseit, a
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P — obmree wmciio nostocos, dyukiuun F' B obactu D ¢ y4eToM BX KPATHOCTH, TO
N — P = Ny — N1 ¥ 110 IPUHITAITY apryMeHTa

Ny — N1 = J(F(7),0).

Onmaxo, uz pasenctsa F(z) = 1+ p(2)/f(2) u yenosust |o(2)/f(2)] < 1 npm z €
~ BumpHO, uro F(7) pacnosoxena B kpyre |w — 1| < 1. CuemosaresbHO, TOYKA
w = 0 pacrosioxKeHa BO BHeIlHeil kommonenTe csznoctu Muoxkecrsa C\ F(y) u
J(F(v),0) = 0. Dro Bieder pasencrso N; = Na. ]

TEOPEMA 11.3 (OCHOBHAS TEOPEMA AJITEBPHI). Kaotcdwili mrozovier n-mot
cmenenu P(z) = 2" + Cno12""1 + L+ co umeem 6 wommaexcroti naockocmu C
POBHO N HYAET C YHEMOM UT KPAMHOCTNU.

JIOKABATEIBCTBO. Ilyers f(2) = 2" n o(2) = ¢p_12" "1 + ... + co. Torma
plz)| _ 1

’fEZ) 2|

upu z — oo. Iosromy Hmaiigercs takoe R > 0, uro |¢p(2)/f(2)| < 1 npnm |z| > R.
CrefoBaTesbHo, Ha OKpy kHOCTH 'p: 2 = Re'®, 0 < 0 < 27, mis dbynxumit f u @
BBIIIOJIHSIIOTCS ycsioBust TeopeMbl Pymié u dyukimu f(z) = 2" u f(2) +¢(z) = P(2)
GyayT mMeTh B Kpyre |z| < R oIMHAKOBOE YHCJIO HyJIell ¢ y4eTOM HX KPATHOCTH.
Onnako z = 0 gsisierca HyJeM KparHocru n jia f(z) = z™. Bue sroro kpyra
nosmaOoM P B HYsIb He obparaercs, OcKoIbKy |¢(z)| < |f(z)| upn |z| > R. O

Cp— c
2L 4+ 20

2 Zn—l

Cn—1+ — 0

Crenyromuit pe3yabTaT SBJISIETCS YCUJICHIEM TEOPEMBI 00 00paTHOM 0TOOpake-
HUH.

TEOPEMA 11.4 (O JIOKAJIBHON CTPYKTYPE OTOBPAXKEHUA). Ilyemo f 20-
aomoppra 6 obaacmu D u f(z0) = wo, 20 € D. Jonycmum maxoice, wmo dynryus
f(2)—wo umeem 6 moure 2o nyav nopadkan, m.e. f'(z) =...= f"V(z)=0u
F™ (20) # 0. Toeda natidymesa maxue okpecmmocmu O,(20) C D, 7> 0, u O,(wy),
0> 0, wmo das mobozo w* € Oy(wo) ypasnenue f(z) = w* umeem 6 O,(z0) posno
N PABAUNHOE KopHed.

JTOKABATEJILCTBO. Iockombry (™ (z9) # 0, To f(2) # const. B cuny uzomm-
POBAHHOCTU HyJIeH HEIOCTOSHHONW ToIoMOpGdHON MYHKIINNA HAKIETCS OKPECTHOCTD
O, (z0), KoTOpAs comepkuTcst B D BMeECTe O CBOMM 3aMBIKAHUEM U TaKasl, 9T0 hyHK-
mun f(z) —wo u f'(z) we obpamarores B Hyib B O, (z0) \ {z0}. Hycrb v = 00, (20) —
HOJIOKUTEIHHO opreHTrpoBannas rpanuna Kpyra O,.(z9) u I’ = f(v) — ee 06pas npu
oTobpaxkenuu nocpeactsoM f. 3ameuasi, aro [ He mpoxoauT Yepe3 TOUKY W, BbI-
6epeM aucyio ¢ > () MeHbIIe, YeM paccTossHue OT wy 10 I'. PukcupyeM TpOM3BOIHHO
w* u3 @g(wo). W3 ycnoBus BeIOOpa @ CIIEYET, ITO

lwo — w*| <[ f(2) — wol
st Beex z € . Ho Torma o teopeme Pymié dynxnun

f(z)=wo m f(z) —w” = (f(2) = wo) + (wp — w)
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nmerot B O, (2¢) 0MHAKOBOE YUCJIO HyJel ¢ yaeToM ux kparnoctu. Oaako, f(z) —
wo umeer B Op(z9) OMH HYJIb 2 = zg nopsinka n. Ilockonbky f'(z) # 0 npu z €
(;)r(Zo), 10 Bee nysm dyukiyu f(z)—w* B okpecraocTu O,.(2() ABAAIOTCS IPOCTHIMHU.
Takum o6pazom, B O,.(2g) COIEPKUTCH POBHO T TOUEK 21, . - . , Zp, KOTOPBIE SIBJISAIOTCS
pemenusivu ypasaenust f(z) = w*. O

Hanomaum, aro rosiomopdHas B obinactu D GyHKINS f HA3BIBAETCS OIHOJIUCT-
HOIT B 970i1 obstacty, ecin f(z1) # f(z2) upu 21 # 2o Jyid Ja1000# IAPBI TOYEK 27, 22
u3 D. O@yukiuus f Ha3bIBAeTCs JIOKAJIBHO OJHOJUCTHON B D, eciu JJisi KazKI0i
TouKH 2o € D Haifigercs okpectHOCTh O, (20), B KOTOPOH f OJHOJUCTHA.

3AMEYAHUE 11.1. V3 TeopeMbl 0 JIOKAJIBHON CTPYKTypPe OTOOPAXKEHUsI CIIEIYET,
9TO HEOOXOJUMBIM U JIOCTATOYHBIM YCJIOBHEM JIOKAJIBHONW OTHOTUCTHOCTH (OYHKITHN
f B obuactu D siBisieTcst HeoOpallleHue B HyJIb IPOU3BOAHOI, T. e. yciosue f'(z) # 0
B D. JlocTaTOIHOCTDH 3TOTO YCJIOBHS ObLIA JOKA3aHa paHee, KaK CJACICTBIE TEOPEMbI
06 0O6paTHOM OTOOpaKEHUM.

TEOPEMA 11.5 (IIPMHIMII OTKPBITOCTH UJIN COXPAHEHUSA OBJIACTH). He-
NOCMOAHHAA 20A0MOPPHGA PyHKyus [ nepesodum omrpuimoie MHOHCECTEA 6 O~
KpvIMBLE, A 06AGCMYD — 68 00AACTY.

JIOKABATEJIBCTBO. Ilycrs f rosomopdua B obmactu D u f(D) = G. Ecau
wo € G, To B D naiinercss takoe zg, 910 f(29) = wo. Ilockosbky f(z) # const,
T0 maiifercs Takoe marypasiproe n, aro f(™)(z) # 0. Ho Torma mo reopeme 11.4
Haitnyres okpecrHocT O, (20) u O,(wp) Takue, uro O,(wp) C (O, (29)) C G. Cae-
J0BaTebHO, G — OTKPBITOE MHOXKECTBO. CBA3HOCTH MHOXKeCTBa G CJIe/lyeT U3 TOrO,
YTO NIPU HENPEPBIBHBIX OTOOPAKEHUAX CBASHBIE MHOMKECTBA [EPEXOAT B CBI3HBIE.
O

TEOPEMA 11.6 (IIPUHIUII MAKCUMYMA MOJAVJISA). [yemv f — nenocmosn-
Has 2oaomopdran 6 obaacmu D dynxyua. Tozda maxcumym modyas |f(z)| a max-
o1ce MAKCUMYMBL U MUuHUMYMbE eusecneennol Re f(2) u mnumot Im f(2) wacmet
dynxyuu [ ne mo2ym 00Cmu2amuea 60 HYMpPernux moywkax obaacmu D.

JIOKA3ATEJILCTBO. JlomycTum, 9T0 B TOUKE 2o € D JOCTUTAETCS MAKCHMYM MO-
oy dyakmun f, T.e. |f(2)| < |f(20)] mst Beex z € D. Torna G = f(D) nomxua
conepxkarbes B Kpyre |w| < |f(z0)]. C mpyroit croponsl, Touka wy = f(z) Jexkur
Ha T'paHUIE 9TOro Kpyra, a mo rteopeme 11.5 G sSBISETCS OTKPBITHIM MHOXKECTBOM
U, CJIeJ0BaTeNIbHO, Haiinercs Takoe ¢ > 0, uro O,(wy) C G. Oxmuako B O,(wy) Hait-
JleTCsl TOYKA w1, JJId KOTOPO#t |wy| > |wg|, a B obuactu D Haiijercsa Touka 21, JJist
koropoit f(z1) = wy, 1.e. |f(z1)] > |f(20)|- Iomyummm nporuBopedne mpe/ oo
JKEHUIO0 0 MAKCUMAJILHOCTH |f(20)|. AHAJOrMYIHO yCTAHABINBAIOTCS YTBEPXKICHUS O
MaKCHMyMe U MUHUMYyME BeIeCTBEHHON U MHMMOMN 4acreil pyHKIuu f. O

IIpunnun MaxkcuMyma MOJTYJISI IMEET MHOTOYUCIEHHBIE TPUIOYKEHUS B aHAIU3E.
Hampumep, perrenne 3a/1a9m 0 TOM, B KAKOH TOYKE KBaJIPaTa JIOCTUTACTCS MAKCH-
MyM HIPOM3BEJEHUS YeThIPpeX PACCTOAHUN OT TOYKH /IO BEPIINH KBaJpaTa, CYyIIe-
CTBEHHO YIIPOIIAETCs C IPUMEHEHNEM IIPUHITNIIA, MAKCAMYMa, MOJLYJIA TOJIOMOPQHOHI
dyukiuu. Clremyiomnas TeopeMa TaK¥Ke SBJISIEeTCS CJIeICTBUEM 3TOrO IPUHITUIIA.
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TEOPEMA 11.7 (JIEMMA IIBAPULA). [Tyemo 2040m0pPnas 6 eQuruvHOM Kpyee
D= {z€C: |z| < 1} ¢ynryus | ydosaemeopaem ycrosuam: f(0) =0 u|f(z)| <1
npu z € D. Tozda dasn ecex z € D guinoanaemes Hepasercmeo

If(2)] < |z] (11.2)

U, Kpome mozo,

IF(0)] < L. (11.3)

IIpu amom snak pasencmesa 6 (11.2) npu z # 0 uau 6 (11.3) docmueaemesa avwo 6
cayuae f(z) = ez, 2de 6 € R.

JIOKABATEJIBCTBO. B cuiy cienaHHBIX B YCIOBUU TEOPEMDI ITPEITOIOKEHU
dyuxims ¢(z) = f(z)/z ronomopdua 8 D\ {0} u B Touke z = 0 UMeeT yeTpaHUMYIO
ocoberroctb. Ilomarasi ¢(0) = f/(0), moayuaem rosomopduyo B D dyHKImO ©.
Ipu srom mia kaxgoro r € (0,1) B culy IPUHIUIIA MAKCUMYMa MOJLYJIsl HMEEM

max ()] = max|p(z)] = + max|f()] <

|zI<r |z|=r rzl=r

S e

Takum o6pasom, eciu z € D dukcuposano, To st 7 € (|z|,1) Gyner BBIIOTHATHCS
HepaBeHCTBO |p(z)| < 1/r. OcymecTBiisist B 9TOM HEPABEHCTBE MIPEIENIbHBII Iepexot
npu r — 1, monyuaem |p(z)] < 1. Dro sxeuBasenTHO HepaseHCTBY |f(2)] < |z].
Kpowme Toro, |p(0)] = |f'(0)] < 1.

Honycrum Tenepsb, uaro mis zg 7 0 u3 D semosasieTcss paseHCTBO | f(20)] = |20]-
DT0 o03HAUAO Obl, 9TO |p(20)| = 1. Ho TOrma B cuily NpUHIMIIA MAKCHMYMa MOJTYJIs
() = €, 0 € R, wm, uro sxkeusasnentno, f(z) = €z. B cmyuae pasencrsa

B (11.3) BBImONHSATOCH ObI paseHCTBO |@(0)] = 1 ¥ MBI CHOBa HPUXOIUM K BHJLY
bynxmm f(2) = ez O
KoudopmHuocTsb.

Pacemorpum rostomopduyo B obiactu D byakmuio f. Homyctum, 910 B TOU-
ke 29 € D me obpamaercss B mynb npomssomnasa f(z9) # 0. Torma, xak ciemyer
U3 TEOPEMBI O JIOKAJBHON CTPYKType 0ToOpakenus1, Haiizercst okpectHocTb O, (2p),
B Koropoil f ommosucrha. Ilycrs v: z = 2(t), a < t < B, — miagkuil uyThb (T.e.
Z'(t) #0) B O,(20), Ipoxomsimit uepe3 TOUKy zg, T.e. z(tg) = zp IPU HEKOTOPOM
to € (o, 8). Ero o6pas I': w = f(2(t)), @ < ¢t < B, upu orobpaxkennu w = f(z)
TaKIKe SIBJISIETCS VIAJKUM IIyTeM, IPOXOJSIIUM depe3 ToUKy wo = f(zo). Helicreu-
resibHO, W' (t) = f'(2(t))2'(t) # 0 upu t € («a, 5). B wacrHOCTH,

w'(to) = f(20)7 (to)- (11.4)

UceneyeM 3HaMEHEE 9TOTO PABEHCTBA.

Buauasie 3amernm, uro Aw = w(t) — w(ty) — cekymas mis Kpusoii I, mpoxos-
miasi uepes TouKy wo, a Az = z(t) — z(tp) — coorBeTcTByIONIIAs CEKYIAs JJIsd KPUBOIi
7, TIPOXOIAIIAsT Ie€pe3 TOUKY zg. 1lpm arom Aw = f/(29)Az + o(|Az|) n
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Teomerpuvecku 1o o3Hauaer, uTo |f’(zp)| aBasercs koabduUInEeHTOM NCKasKEeHUST
JUIMHBL B TOYKE 2o Ipu oToOpazkenuu f. IIlpuuem OH He 3aBUCUT OT HAIIPABJICHUS
Iy THU, IPOXOJSIIErO 9e€pe3 TOUKY Zg, T.€. BCE IIyTH B TOYKE Z( UMEIOT OJMH U TOT
ke KoadummenT nckaxkenusi JinHbL. OOpa3HO 9TO MOXKHO CHOPMYIMPOBATH KaK
TO, 9TO ,,0ECKOHEYHO MaJias" OKPY2KHOCTB C IIEHTPOM B TOYKE 2 IEPEXOIUT B ,,6ec-
KOHEYHO MAJIYI0® OKDPYXKHOCTb C IEHTPOM B Touke wy = f(29). Takum obpaszom,
2E0MEMPUUECKUT, CMBICA MOOYAS NPOU3E0OHOT B TOUKE — 3TO KOI(PPUIMEHT UCKa-
YKEeHWsI JITAH B 9Toit Touke. Pamee mMbl Buesn, ato |f/(2o)|?
orobpazkenus w = f(z), T.e. KO3DOUINEHTOM UCKAYKEHUSI ILIOIIAJIN.

[TockobKy KacaTeabHast K TJIAJIKON KPUBOH SIBJISIETCSI IPEIETBHBIM OJIOKEHNEM
cekyIieit, To arg z’'(ty) BbIpaXKaer yroJ, KOTOPBIH 00pasyeT KacaTeabHasl K KPUBOH
Y B TOUKE 2o C HOJIOKUTEIbHBIM HAIIPABJICHUEM BEIIECTBEHHON OCH. AHaJIOrudHOe
snagenue umeer arg w' (tp) B w-wiockocru. [Ipu cOOTBETCTBYIONEM BBHIGOPE BETBU
aprymMeHTa u3 paBeHcTsa (11.4) nosydaem

SBJIAETCA TKOOUAHOM

argw’(tg) = arg f'(20) + arg 2’ (o).

Takum obpazom, zeomempuueckuli cmoica arg f'(zg) —3T0 yroJi IOBOpOTa HAIIPAB-
JIEHUsI HAIIPABJICHNST KACATETHLHOM K TVIAJIKOM KPUBOI Y B TOUKE z( IIPU OTOOPAYKEHIHN
mocpeicTBOM f. DTOT yros He 3aBUCHAT OT BBIOOpA KPHUBOI 7y, IPOXOIAIIEH depes
TOYKY 2g. llodromy, ecim v U y* — nBe KpUBBIE, IIPOXOJSIINE Yepe3 TOUYKY zg W
[IepEeCeKAIONINecs B 9TON TOYKE MO YIJIOM &, TO ux o0passl I' = f(v) u I'™* = f(v*)
Oy/IyT TepeceKaThCs B TOYKE Wy MO/ TEM Ke YIJIOM (. DTO CBONCTBO HA3BIBAIOT
KOHCEPBATUIMOM Y2406 WU KOHPOPMHOCTIDI0 oToOpakerus w = f(z) B TOUKe Zzp.

TEOPEMA 11.8. ITycmv w = f(z) onpedeaena 6 obaacmu D u nenpepvisho dug-
Pepenyupyema 6 sewecmeennom cmouicae. Toeda f asasemces KOHPOPMHBIM 6 MOU-
Ke zg € D 68 mom U MoAvKO MOM CAYHAE, ECAU OHG OUBPHEPERUUPYEMA 6 KOMNAEKC-
Hom emviene 8 amot mouke u f'(zg) # 0.

JOKABATEJILCTBO. ¥YcioBue HenpephIBHON Aud dbepeHnnpyeMocTr B BEIIeCTBEH-
HOM cMbIcJie oTobpazkenust w = f(z) o3Hadaer, 4To KoopauHaTHble hyHKIuY U (T, y)
u v(z,y), te z = x + iy, w = u + iV, UMEIT HENPepHIBHbIE YaCTHBIE POU3-
Bogubie. To, uro u3 guddepeHnupyeMocTr f B KOMILIEKCHOM CMBICJIE U YCJIOBUS
f'(20) # 0 caenyer koHMOPMHOCTH (KOHCEPBATH3M YIVIOB) B TOYKE 2o OBLIO HO-
Ka3aHo Boie. JlomycTuM Tenepb, 9ro oTobpazkenue f KOH(DOPMHO B TOUKE Zg.
Ecmu v: z = 2(t), a < t < 8, — riagxuil myTh, IPOXOAANIMHA Yepe3 TOUKY Zg, T. €.
2(to) = 20, to € (o, ), To npousBoanyo or hyukuun w = f(z(t)) MOKHO 3a1UCATDH
B BUJIE

of

OF (o) (t0) + 2L (o) (10),

w'(to) = ox Jy

e
af ou .Ov af 8u+,8v
— = — 11—, —_— = — 1.
ox ox ox y dy y
Bripaxkast «'(t) n y'(t) wepes 2/(t) = /(t) + iy'(t), pasencrso Jyuist w'(tg) MOXKHO
HepenucaTh B BUJIE

0 0 0 Of\ —
w'(to) = % (ai - Zai) #(to) + % (ai + zajyc) (to)-
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IMockonbKy myTh 7y MIaAKuii, To 2’ (o) # 0 U U3 TOCIIeIHEr0 PABEHCTBA MOy IaeM

-3 )

; . (11.5)
KondopmHocTh B TOUKe 2o oToOpazkenusi w = f(z) osHauaer, uro arg{w’(tg)/z' (to)}
ue 3aBucur or arg 2’ (tp). C mpyroii cropousl, Beipaxkenue 2’ (tg)/z'(tg) nupunumaer
Bee 3Hauenus e, 0 < @ < 27, Korja MeHseTcs HalpaBleHHe KacaTeabHoi 2/ (tg) K
KPUBOIl ¥ B TOUKe 2o (IIpu OBOpOTE 7y B TOUKE 2g). Lloaromy u3 pasencrsa (11.5)
BUJIHO, ITO KOHPOPMHOCTH 0TOOpazkennss w = f(z) B TOUKE 2y BO3SMOXKHA JIWIH B
CJIyvae BBIIOJHEHUS] PABEHCTBA

2’ (to) Ox 8y ox Jy

of , ,of

81‘ 8y =9

KOTOPOE 9KBUBAJEHTHO ycaoBusM Komm— Pumana. Kpome Toro, mockomabKy riaaj-
KHe KpHBbIe [Ipeo0pas3yloTcs Ipu orobpaxkennun w = f(z) B IuaJKue KpUBBIE, TO
BeInosiHsIeTCs yesosue f'(zg) # 0. O

3AMEYAHUE 11.2. U3 pasencrsa (11.5) Takzke ciezyer, 4To ycaoBre HE3ABUCH-
Moctu KoabdunmenTa nckaxkenus JuHbL (W (tg)/2'(tg)| oT HanpapieHHsT DyTH Y
BJIEYET OJITHO U3 COOTHOIIIEHUIT

(lf +1 f MJIA g 5f
ox oy or "oy ~

Ileproe n3 HEMX, Kak OBLIO OTMEYEHO BBIIIE, IKBUBaJEHTHO ycaopusm Kormu— Pu-
MaHa. Bropoe cooTHomenue Boipaxkaer ToT dakt, uro dbyHxnus f(z) aBiagercs
muddepeHIupyeMoil B KOMIIJIEKCHOM CMbBIC/IE B TOYKE 2.

KoudopmHOCT, B paciiupeHHO KOMIIJIEKCHON IIJIOCKOCTH.

IIpu paccmorpennn KOH(MOPMHBIX OTOOparkeHwit f obJjacTeil B pacHinpeHHOM
KOMILIEKCHOM 1110cKocTH C HY’KHO PACIpPOCTPAHUTH IOHATUE KOH(MDOPMHOCTH HA
cjlydan, Korja obJiacThb onpejesieHus win obaacTb 3uadenuii (wim obe) orobpazke-
Hus f comep:Kar OECKOHEYHO YIAJEHHYIO TOUKY.

JonyctuM BHaYase, 9TO KOHEYHAs] TOYKA ¢ OTOOParKaeTcsl MOCPEICTBOM TOJIO-
MopdHOit dyHKIuM [ B GECKOHEYHO YJIAIEHHYIO TOUKY, T.e. f(z) — oo mpu z — a.
D10 03HAUAET, UTO z = G sABJsieTCsl MOJocoM st hyHkuu f. Dyukuus g(z) =
1/f(2) 6ymer umerh TOUKY 2 = a B Ka9ecTBe yCTpaHuMOii ocoboit Touku. Kpome To-
ro, nosarasg g(a) = 0, noaydaeMm roJoMOpdHYIO B OKPECTHOCTU TOYKH a (DYHKIIUIO
g. Kondopmuocrs orobpazkenust g (a, C1e0BaTEIbHO, U f) B TOYKE @ IKBUBAJIECHT-
Ha yeoBuio g'(a) # 0. Dro oznauwaer, ato GyHKIHUs [ JOIKHA IMETh B TOUKE 2 = @
rpoctoii nostoc. Takum obpasom, GyHKIMs f OyIAeT OJHOJIUCTHON U KOHPBOPMHOU 6
HEKOTOPOI 0KPECTHOCTMAU TOAOCE & B TOM U TOJIBKO TOM CJIydae, KOTJA ITOT NOAIOC
npocmot.

Paccmorpum Temeps ciyuaiil, korma f rosomopdHA B OKPECTHOCTH OECKOHETHO
yraneraoit Touku. OO6CyKaaTh BOIpoc KOH(MOPMHOCTH f B TOYKE z = OO HMEeT
CMBICJI JIAIIb IPU YCJIOBUY CYIIECTBOBAHUSI 1IPeieJia (KOHEYHOrO Uil GECKOHEYHOIO)
dbyukuun f(z) upu z — oco. Homycrum BHavase, 4TO STOT IPEJES KOHEUHBIH, T. €.
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f(z) = wo upu z = oo m wy € C. [IpyruMu cioBamMu, TOYKA 2z = OO SIBJIAETCS
ycTpaHuMoii ocoboit Toukoit mst byrkuuu f. Torga dyrkuus g(¢) = f(1/¢) rakxe
Gyzer uMerb B Touke ¢ = 0 ycrpanumyio ocoberHoctb. Ilosarast g(0) = wg, MbI
ojrygaeM rosiomopdHyo B okpectaoctu Touku ( = 0 dynkiuo g. KondopmaocTb
dyukuun g B Touke ¢ = 0 sxBuBanenrna yciosuio g (0) # 0. Ilepemumem 3ro
yenosue Ha dyukuio f. [ockoabky

. —w .
g'(0) = lim 9(0) = wo lim 2(f(2) —wg) = — res f(z),
¢—0 C Z—00 2=00
TO TPUXOJUM K BBIBOJY: €CJIH Z = OO SIBJISIETCST YCMPanumoti 0coboti mowkot s
dyukuun f, To orobpaxkenue w = f(z) OyJer OJHOJUCTHBIM U KOHBOPMHOIM 6
HEKOTOPOI oKxpecmmocmu 6eckonenno yoarenhoti mouky B TOM | TOJBKO TOM CJIy-
qae, ecrm res f(z) # 0.
Z2=00

PaccmorpumM, makonern, ciaydailt f(z) — oo mpu z — 00, T,e. KOTJa z = 00
sIBJIeTCs ToJTIocoM it byakimu f. B srom ciaydae cBoitctBO KOHMDOPMHOCTH TT€-
penocurcst mHa dbyakuuo g(¢) = 1/f(1/¢) B Touke ¢ = 0. Ycnosme ¢'(0) # 0 B
TepmuHax GYHKIUA [ TPUHAMAET BUJL

9(9)

’ — i &) s i
9(0) = lim=p= = lim —— # 0.

DTO 03HAYAET, 9TO z = 0O SBJSIETCS MPOCTBIM TIOJIOCOM 1Jist (PYHKIUH f.

§ 12. JlokaJibHO paBHOMEpHas CXOJUMOCThH

12.1. Omnpenenenne M CBOMCTBA JIOKAJbHO PAaBHOMEPHOM CXOIUMOCTH.
Cpeu pa3jnyHbIX BUJIOB CXOAMMOCTHU ITOCJIEI0BAaTEIbHOCTEH (DYyHKIUI B Teopun
AHAJIUTUYIECKUX (DYHKIUI UCKIIOYNTETBHO BaXKHYIO POJIb UT'PAET TaK HA3BIBAEMAs
JIOKQJIbHO PaBHOMEPHAas CXOIUMOCTb.

ONPEAENEHUE 12.1. Byjgem roBopuTbh, 9TO TOCJIEI0BATEIBHOCTD OIPEIEIEH-
HBIX B objactu D dyskmuit f,, n = 1,2,..., CXOOUTCI AOKAAOHO PABHOMEPHO B
D x dysxmmm f, eciu s KaykI0il TOUKU zg € D Halijercss Takasi ee OKPECTHOCTD
O, (20), r >0, aro O,(z0) C D u fn(z) = f(2) pasromepro B O, (2¢) npu n — 0.

3AMEYAHUE 12.1. IlpuBesennoe ompejiesieHne MOXKHO JaTh B JAPYrOil 9KBUBa-
neHTHON dopmysmpoeke. IlocsenosaresbHocTs {f} CXOMUTCS JIOKAIBHO PaBHO-
MepHO B obsiactu D K dyHKIuH f B TOM W TOJBKO TOM CJIydae, €CJIu Jjis JIIo0oro
KOMIIAKTHOrO nojgmuoxkectBa K C D mocienoBaresbHOcTh { fr} cXomurest paBHO-
Mepro Ha K K dyakimun f.

JIOKABATEJILCTBO. [leiicrBurenbHO, eciau f, — [ JOKaJbHO paBHOMEPHO B D
B cMbIcie onpeaestenus 12.1 u K — KOMIIaKTHOE IIOMHOKEeCTBO obytactu D, To st
ar06oit Touku zg € K Hadigercs 1o > 0 takoe, uro O, (20) C D u fn(z) = f(2)
pasroMepHO B O, (20) npu n — o00. IlocKoIbKY KaxKJas TOYKa MHOXKecTBa K
00J1aTaeT TaKo# OKPECTHOCTHIO, & K — KOMIIAKTHOE MHOYKECTBO, TO MOXKHO BBIOPATH
KoHeuHoe 4ncio okpectHocreit O, (z1),..., Oy (zy), KoTOpHIe MOKpHIBaloT K U B
KaxKJI0il U3 KOTOPBIX CXOAMMOCTD IocJegoBaTeabnoctu { f,} paBuomepnas. Ilycrob
rerepp € > 0. s kaxmpoit okpecrnoctu O, (zx), k = 1,...,m, cymecTByer
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HOMep N Takoii, uro |f(z) — fn(2)] < € npu Bcex z € O, (zx) un > Ni. Ho
oI ;LJISI n = max{Ni,..., N, } u Bcex z € K GyJieT BBIIOJHITHCS HEPABEHCTBO
If(2) = fu(2)] <e. HOCKOJIbe € > 0 BBIOHPAJIOCH TIPOM3BOJIBHO, TO ITO M O3HAYAET
PABHOMEPHYIO CXOJJMMOCTD [OCJIEI0BATeNbHOCTH { f,, } Ha MHOXKecTBe K.

O6paTHO, ecy IOCJIe0BATeNbHOCT { fr,} CXOIUTCS DPABHOMEDHO HA KarKJOM
KOMIAKTHOM TojamuokecrBe K C D, 1o s Jyiio6oit Touku zg € D naiinerca (B
cuity Toro, 9ro D — orkpbiToe MHOXKeCTBO) okpectHOCTb O,.(20) C D. 3aMKHYTbI
Kpyr {z: |z — 20| < r/2} gBisiercs KOMIAKTHBIM [IOJMHOXKeCTBOM objiactu D u 110
npenonoxennio fr(z) — f(z) pasrnomepno B okpecrnoctu O, /2(20)- O

TEOPEMA 12.1 (BEMEPIUTPACCA). ITycmo { f,} — nocaedosamenvrocms 2040~
mopprvix 6 obracmu D dyrnxuud u f,(2) = f(2) aokaavho pasnomepro 6 D npu
n — 00. Tozda umerom mecmo credyrouue YymeepHcoerus:

(i) [ asasemces eonomopdroti 6 D Pynxyued;
(ii) f1(z) = f'(z) aokarvro pasromepro 6 D npun — oco.

JTOKA3ATEJBCTBO. (%) ITycts zg — npousBosbHast Touka obiactu D. Beibepem
r > 0 Tak, uTo6sl 3aMKHYTHIH KpyT O, (29) comepxascst B obnactu D. Tlockonbky
9TOT KPYI' ABJISIETCs KOMIAKTHBIM OAMHOXKeCTBOM objactu D, 1o f,(z) — f(z)
pasaomepuo Ha O.(20), a upenenbnas Gynkuus f Oymer nenpepbiBHoh. lanee,
It J1i000i 3aMKHYTON KycodHo-I1a kol kKpusoit 7 C O,.(2z¢) B cuily paBHOMEPHOI
CXOIUMOCTH nocJenoBareabaoctu { f,} Ha Heii Gyuem uMeTh

Jim [ 5nz / (e

Y

Opnako o Teopeme Ko uHTErpabl B JIeBOI 9YacTH paBEHCTBA PaBHBLI HYJIIO. DTO
osHauvaet, aro juist dyakmun f B O, (2) BBIIOJHEHBI yeaoBust TeopeMbl Mopepa 5.4
u, ciaenosarenbio, [ romomopdua B O,(29). IlockoibKy zg ObLIa IPOU3BOJILHOLM
Toukoi obsactu D To rosiomopdHOCTh f B D moka3ana.

Ilna nokazarenncrsa (i4) BOCHOJIb3yeMcs uHTErpasbhoil dhopmynoit Komu st
npousBozubix (5.2). Crosa durcupyem zg € D u r > 0 rmakoe, uro O,(z9) C
D. Ecmu v, = 00, (zp) — HOJIOKUTEIHHO OPUEHTUPOBAHHAS I'PAHULA OKPECTHOCTH
O, (20), To myast Beex z € O (20) OYAYT BBIIOIHATHCH PABEHCTBA

o [ _I©) v [ 5
16 = g [ 5w R = 5 [ 225

Yr Ir

Ho rorma mns z € O, /2(20) Gyzem umern
/ / f(¢ C) 4
()~ R = o / FO= 10 ac] < 2maxls©) = £ulO)l

[lockonbKy mpaBas 9acTh 9TOTO HepaseHCTBa He 3aBucHT oT z € O, /2(20) m cTpe-
MUTCA K HyJII0 IpH 1 — 00, T0 f;,(2) — f'(2) pasromepno B O,./5(20). IIpurumas Bo
BHUMAHUE TO, UTO Z() BBIOMPAJIOCH IIPOU3BOJILHO U3 [, IPUXOIUM K yTBEPIKICHUIO
(ii). O
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Wuorna yreepKkienue (i) Ha3bIBAIOT NepBOH TeopeMmoii Beitepmrpacca, a (i4) —
BTOpO#1 Teopemoit Beiteprrpacca.

Panee Mbl j10Ka3aid, 9TO CyMMa CTEIEHHOIO Psifia IIPEJICTAB/IsIET CODOM T0JI0-
MOP(QHYIO B KpyTe cxoauMocTu PyHKImo. Teopema Beiiepmrpacca mo3sosisier pac-
[MIUPUTH ITOT PE3YJILTAT CJIELYIONTIM 0OPa30M.

CnencTBUE 12.1 (TEOPEMA BEUEPIITPACCA JJIS PSJIOB). ITyemo pad
Yool fu(2), cocmasaennoii us 2onomopdroir 6 obaacmu D dynryud f, crodum-
(oo}
ca noxanvno pasromepro 6 D. Tozda ezo cymma f(z) = Y " fu(2) aAeasemca
20a0MopPpHoti 6 D dynkyuets u pad moocho novwaenno duddepernyuposamon, m. e.

f'(z) =200 fr(2).
TEOPEMA 12.2 (T'ypPBUIA). ITycmv dymkyuu fr, n = 1,2,..., 2osomoppro. u

He obpawaromes 6 wyav 6 obaacmu D.  Jonycmum makorce, wmo fn(z) — f(2)
A0KaALHO pasromepho 6 D. Tozda aubo f(z) =0, aubo f(z) #0 npu z € D.

JIOKA3ATEJBLCTBO. Honycrum, uro f(z) £ 0 u f(a) = 0 B HEKOTOPOH TOUKe
a € D. Torma B cuily M30JIMPOBAHHOCTH HYyJIeH TOJJOMOPQHONH DyHKIMH HAHIETCs
taxoe 7 > 0, uro O,(a) C D u f(z) # 0 upu z € O,(a). MoxkHO camrarh, 4TO
f ue obpamaerca B Hysib u Ha v = 00, (a). TIOCKOIbKY 7 SBJISETCA KOMIAKTHBIM
MHOXKECTBOM, TO

min|f(2)] = § > 0.

zey

B cuity JIOKaJIbHO PABHOMEPHOMN CXOJMMOCTH IocieoBarenbroctn { f,} Haiimercs
nomep N Taxkoi, ITo

|fn(2) = f(2)] < /2
npu Becex n = N u z € v. Ho Torma no teopeme Pyme dynknust f,(z) = f(z) +
(fn(2) — f(2)) 6yner umers B O,(a) cTOABKO )Ke HyJell ¢ yu4eTOM X KPATHOCTH,
cxobko w byukus f(z). OgHaKo, 3TO MPOTHBOPEIHT YCJOBUSAM TEOPEMBI, COTIIAC-
HO KOTOPBIM f, He O/2KHA 00paIarhcsa B HyJIb B obimactu D. |

CHEANCTBUE 12.2. ITycmv nocaedo8ameabhocmsd 00HOAUCTIIHOLL U 2040MOPPHHOLT
6 obaacmu D ¢gynrxuyuid f,, n = 1,2,..., cxodumcsa sokasvho pasromepro 6 D x
dynxyuu f(z) £ const. Toeda [ makorce odnoaucmna 6 obaacmu D.

JIOKA3ATEJLCTBO. Honycrum, uro f(z1) = f(22) = wo /7151 HEKOTOPBIX 21, 22 €
D u z; # z9. Buibepem r > 0 Tak, uro6st O,(z1) C D, Op(22) C D u O,(z1) N
O,(z2) = @. TlockoubKy Kaxjas byHKuus f, omsomucraa B D, 1o f,(2) # wp
xo1st 661 B onHoit u3 okpecruocreir O, (z1) wiu O,.(22). [osroMy MOXKHO BBIGPATH
HOJIOCTIeI0BaTeIbHOCTD { fp, } u omuy u3 okpecrrocreit O, (z1) nmm O, (z2) Tax,
9T00BI BCe (DYHKIME MO/IIOC/AEOBATEILHOCTH [y, HE NMPUHAMAJIN 3HAYCHHS W) B
BBIOpAHHOI OKpecTHOCTH, T.€. fpn,(2) — wo # 0. Ho Torma mo reopeme I'yp-

Bura jubo f(z) = wp, ymbo f(z) # wy B BHIOpaHHOW OKpecrHOCTU. IlepBoe
OPOTUBOPEUAT YCJIOBHIO f(2) Z const., a BTOpOe MPOTHBOPETNT IIPEIIOIOKEHUIO
f(z1) = f(z2) = wo. o

12.2. ITpuHimn komnakTHoOcTH. [lycTh K — KOMIAKTHOE MHOYKECTBO B KOM-
wiekcuoii mwrockoctu C. Yepes C(K) 0603HAYMM COBOKYIIHOCTb BCEX HEIPEPbIB-
HBIX KOMIIJIEKCHO3HAYHBIX (DYHKINI, onpeaesneHubix Ha K. Kak n3secTtHO U3 Kyp-
Cca MaTEeMaTUIeCKOrO AHAJN3a, BCAKAS HEIPEPBHIBHAT Ha KOMIAKTHOM MHOXKECTBE
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bYHKIUS ABJISETCS M PABHOMEDHO HEIIPEPBIBHON HA 9TOM KOMIIAKTHOM MHOXKECTBE.
Kpome Toro mpesiesr paBHOMEPHO CXOAAIIENCS TOCIEI0BATEILHOCTH (PYHKITAN TP
craBjsieT co0oit HenpepbIBHYO yHKImO. [l ceMeiicTB HEIpPephIBHBIX (DYyHKITHIT
BOBHHKAET €Ile OJTHO MOHSITHE, CBI3aHHOE ¢ HEIIPEPBIBHOCTHIO.

ONPEAENEHUE 12.2. IlycTh F — ceMelcTBO KOMILIEKCHO3HATHBIX (DyHKIIHN, Ol
penenennbix Ha MHOKecTBe E C C. Bymem roBopuTh, 4TO 3TO CeMEHCTBO ABJISIET-
cd pasHocmenenno nenpepvishvim Ha F, ecn nys moboro € > 0 Haifijgercs Taxkoe
§ >0, aro |f(2") — f(2")| < & mns mo6bIX 2, 2 U3 E, yIOBICTBOPSIOMUX YCIOBIIO
|z — 2"| < 0, m Bcex dynkumii f u3z cemeiicrea F.

OueBuHO, 9TO Kaxkaasi GyHKIUs f U3 PABHOCTEIIEHHO HEITPEPHIBHOTO CEMENCTBA
F sBjsieTcs paBHOMEPHO HempepbIBHON Ha MHOXKecTBe F. Cueyromnuii pe3yabrar
cocrasiigter npuniun koMmuakraoctu B C(K). B sureparype sToT pesysbrar usBe-
CcTeH Kak TeopeMa Apuesa — Ackom.

TEOPEMA 12.3. IIycmv K — xomnaxmmuoe 6 C mnoorcecmeo u F C C(K) — ce-
METUCMB0, KOMOPOE PASHOMEPHO 02ZPEHUMEHO U PABHOCTNENEHHO Henpepbieno Ha K.
Tozda u3 w060l nocaedosamesvnocmu {fr,} C F Mmooicho evideaumsv nodnocaedo-
BAMENLHOCTVD, KOMOPAA PABHOMEPHO crodumcs Ha K.

JIOKABATEJILCTBO. B 1oka3zaTenbcTBe BBIIEIUM TPHU ITYHKTA.

1. Buwibop cuemmozo naomnozo nodmnooscecmea ¢ K. Eciu K saBisiercs koned-
HBIM MHOXKECTBOM, TO YTBEPXKJIEHHE TeOpeMbl TPUBHAJIbHO. [loaromy Oymem cuu-
TaTh, 9T0 K OECKOHETHO, M TIOCTPOMM CUeTHOe ToTHOoe B K mommuokecTBO. st
kakgoro k = 1,2, ... paccMoTpuM pa3bueHrne KOMILIEKCHOU TJIOCKOCTH Ha, KBaJjpa-
ThI HyTeM HpOBeﬂeHI/IH HapaﬂﬂeﬂbeIX KOOp,ZLI/IHaTHbH\/I OCAM IIpﬂl\lbIX C I/IHTepBaHOM
B 1/2%. Tlockombky K siBAsieTcss OPPaHMYEHHBIM MHOMKECTBOM, TO JIMIIb KOHETHOE
YUCJIO 3aMKHYTBIX KBaJIPATOB pa3bueHus MMeEIoT He Iycroe nepecedenue ¢ K. B
KayKJIOM TAKOM KBaJpare BBIOEPEM IO OJHON TOYKE U MOJyIEHHOE KOHEYHOE MHO-
JKecTBO obozHaumM depe3 (. Torma @ = U2 Q) OyaeT CYeTHBIM MHOXKECTBOM,
IJIOTHBIM B K.

2.  Buwideaerue modnocaedosamensvrocmu Gyrkuul, CToOAWETCA HA CUEMHOM
noommooicecmee.  3anymepyeMm Touku MHOXKecTBa Q) = {q1,q2,...} U BbLIEIUM,
UCHONB3ys IuaroHaabHbIi Meron Kanrtopa, us {f,} moxnocnenosaresbHoCTD, CXO-
JISTIYIOCS B KaXKJION Touke MHOXKecTBa (). IlpuMmensisi K orpaHHYeHHON YUCIOBOI
nocnenosarenbrocTu { fr,(g1) 152 ; npuaiun Bosbinano — Beiiepmirpacca, Bbliesnm
CXOZSIIYIOCS HOINOCACA0BATEIBHOCTE { f1 1, (q1)}0% . s HyMepanuu 4IeHOB HOf-
[OCJIEIOBATEILHOCTU MBI MCIOJIb3yeM JBoiinbie unjekcol (1,n) € N, Jlanee, us
OrpaHMYeHHON 4HucsIoBOil nociemoBarenbHoCTH {f1 5, (g2)} BBLAECINM CXOASAINLYIOCS
HOANOCIenoBaTeabHOCTE { f2,(g2)}. B cmmy Toro, uro {fs,} aBiserca mommo-
CJIENOBATENILHOCTDIO { f1 n }, TO {f2.,,(q1)} Takske ABIsIETCS CXOMAIIECS OCTENOBA-
TEJBHOCTHIO. [IposiosKast mporece BIOOPa MOIIOCIIEIOBATEILHOCTEH, MBI TIOJTY IUM
CYeTHOe CEMENCTBO IIOANOC/IeI0BATEIbHOCTEN NCXOIHOI II0CIe10BaTEIbHOCTH:

fi, fi2, fiss
f2,17 f2,27 f2,3a
f3,17 f3,27 f3,37
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ITpu sTOM Kaxkaast IOALOCIIEA0BATEILHOCTD { fin., } CXOLUTCS Ha MHOMXKECTBE TOUEK
Qs Gm 13 @ U ABIACTCS MOAIOCIICAOBATEILHOCTEIO IPeAbIAyIeit { fr—1,p}-

Takum 06pasoM, JuaroHaIbHAS IIOCJIEJ0BATEILHOCTD { [y, » } sBJISIETCA HOAIIOCIE-
JIOBATEJIHLHOCTHIO UCXOHOM MOCIeI0BATENHHOCTH { [, } 1 CXOMUTCS B KaXKJI0H TOUKe
MHOKEeCTBa (.

3. Jokazamesbcmeo pasHomeproti cxooumocmu 8bideaerhot nodnocaedosamens-
nocmu. s yupornenust o603HatMenHuit oyieM nmucarb g, = frpn, 1 =1,2,.... Ouk-
CEpyeM MPOU3BOJILHO € > 0 u BeIOepeM 0 > 0 Tax, uToObI mid Beex 2, 2" usz K, s
KOTOpBIX |2’ — 2’| < §, BemmosHsiock HepaseHeTso |f(2') — f(2")| < €/3 nupu mnroboit
f n3 F. DT0 MOXKHO CJleIaTh B CHJLy PABHOCTEIIEHHOW HEIPEPBIBHOCTU CeMeiicTBa
F ua K.

W3 criocoba mocTpoenust MHOXKeCTBa () Clielyer, 9To i Jjioboro z € K Haii-
Jercst Takoe g € Q, uto |z —q| < \/é/ 2F . @uxcupyem ko Tak, 9TOOBI BBIIOIHAIOCH
HepaBencTBo § > 1/2/2%0.  Janee, mockombKy Qp, ABJISETCS KOHEMHBIM MHOYKE-
CTBOM U IIOCJIEJIOBATENBHOCTD {¢p, } CXOJUTCS B KaXK/I0# TOUYKe 3TOr0 MHOXKECTBa, TO
MOKHO BBIOpaTh HOMEp N Tak, ITOOBI

€
|gn(q) _gm(Q)| < g
mpu Bcex ¢ € Qr, u n,m > N. Ho torma nna npoussosbHOro z € K, Boibupas
q € Q, N Os(z), monygaem g n,m = N

19n(2) = gm(2)] < 19n(2) = gn(@)] + 19n(0) — g (D] + [9m () — gm(2)]

= E&.

D10 03HAYAET, UTO IS [IOCJIeI0BATEIBHOCTH { gy, } BBIIOJIHAIOTCS YCIIOBUSI KPUTEPUST
Kommu paBHOMepHO# cxommmocTn Ha K. a

[Iycts Teneps D — npousBoJibHast 001acTh B KoMILiekcHoi mrockoctu C. He-
pe3 H(D) 6ymem 0603HAYATH COBOKYIIHOCTBH OJIOMODP(MHBIX B obactu D dyHKimii.
Bamernm, aro H (D) siBisiercst IUHEHHBIM TPOCTPAHCTBOM.

OnPEAENEHUE 12.3. Cemeiicto F C H(D) Ha3BIBAETCA A0KAADHO PAGHOMED-
HO O2panuNeHHbM B D, eciu JJIst BCAKON TOYKM 2o € D HaiijyTcsi OKpeCTHOCTH
O,(20) C D u aucino M > 0 raxue, uro |f(z)| < M npu Bcex z € O,(20) u f € F.

Kak u B cityuae ompejesieHns JTOKaJIbHO PABHOMEPHONH CXOJIMMOCTH IIPUBEJIEHHOE
BBIIIIE OIIPeJieJIEHNe MOXKHO IepedOpMyJINpOBATh B TEPMUHAX KOMIIAKTHBIX MHO-
xxectB. CemeiicTBo F sIBJIsI€TCs JIOKAJIBHO PABHOMEDHO ONPDAHMYEHHBIM B 00JIACTH
D B TOM U TOJBKO TOM CJydae, €CJIU Ha JIIOOOM KOMIOAKTHOM MHOxkectBe K C D
ceMeiicTBO JF sIBJII€TCS PABHOMEPHO OTDAHMIEHHBIM.

TEOPEMA 12.4. [Iycmw F C H(D) — aokaavho pagromepno oepanuiennoe ¢ D
cemeticmeo. Tozda cemeticmeo npoussodnwr F' = {f': f € F} maxowce asasemca
AOKAALHO DABHOMEPHO O2paruvertvim 8 D cemeticmeom.

JOKABATEJLCTBO. Ilycth 29 — npomussosbaas Touka objactu D. Ilo yciaosuro

TeopeMbl HaitayTcs > 0 u M > 0 takne, aro O,(z9) C D u |f(2)] < M ans Bcex
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z € Or(20) m f € F. B cuny unrerpanbroii dopmysst Komm st TpOM3BOIHBIX

nmMeeT MeCToO paBeHCTBO
Flz) = L / (ﬂozdc

2mi ¢—2)
8O1V(ZU)

s z € Op(z9) u moboit f € F. Ho rorga B xpyre O, /5(20) 6yaer BLIIOIHATLCS
HEPABEHCTBO

1 1@ dc| < M

2 [¢—2?

00, (z0)

1F'(2)] <

T.e. cemeiicrso F' pasnomepno orpanudeno B O,./5(20). TlockonbKy zp BeIGHpaIach
IPOM3BOJIBHBIM 00pPa30M, TO TeopeMa JOKa3aHa. a

TEOPEMA 12.5. ITycmo F C H(D) — 40KaavHO pagHOMEPHO 02panuentoe 6 D
cemeticmeo. Tozda na awbom xomnaxmmuom muooicecmsee K C D amo cemeticmso
ABAAEMNCA PAGHOCTNENEHHO HENPEDLLGHBLM.

JOKABATEJILCTBO. Ilycts K — KOoMITaKTHOE ITOJIMHOXKecTBO B obstactu D. Ilo-
ckobKy paccrosaue d = dist(K,0D) or muoxkecrsa K g0 rpanunpt obgactu D
HOJIOXKUTENBHO, TO MOXKHO BeIGpaTh 1 € (0, d). MHOXKecTBO

= {z: dist(z,K) < r}

Tak>Ke OyJIeT KOMITAKTHBIM [TOIMHO2KeCTBOM obJiacTu [, 1 1o IpeIbIayIell Teopeme
naiinerca takoe M > 0, aro

|f'(2)] < M  upuscex z€K, nu feEF.

IIycts Teneps € > 0 PpUKCHUPOBAHO TPOU3BOJILHBIM 00pa3oM. Bribepem § <
min{r,e/M}. Torga ays mobbix 2’ 2 u3 K, ynosiersopsiomux yciaosuio |2’ — 2| <
§ 6ymem mmets (2, 2] C K, m

F() = F()] = / f'(2)dz| < M|2' — | < M5 < ¢,

Z’,Z”]
Y9TO U JO0Ka3bIBaeT TeOpeMy. O

TEOPEMA 12.6. ITycmo F C H(D) — aokaavho pasromepro ozpanudentoe 6 D
cemeticmeo. Tozda u3 ecaroli nocaedosamenvnocmu {fn} C F moorcro evidesumo
nodnocaedosamenvrocms { f, }, crodawyroca aokarvro pasnomepro 6 D.

JOKABATEJILCTBO. Ilycts K1 C Ko C ... — KOMIIAKTHOE HCYEPIIAHIE 00JIACTH
D, r.e. K;—xommaxkTHble noamuoxecrsa obmactun D u U2, K; = D. Takymo
[IOCJIEIOBATEIHBHOCTD KOMIIAKTHBIX MHOYKECTB MOXKHO ITOCTPOWTH, HAIPUMED, CJIe-
JgyroruM oopaszom. Beibepem R > 0 u HarypasbHoe N Tak, YTOOBI MHOXKECTBO

{z € D: dist(z,0D) > 1/N, |z| < R}
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ObLIO He IyCTO. TOF,ZL& B Ka4deCTBE€ KOMIIAKTHOI'O HCUYEPIIaHuA MO2KHO B34ATh IIOCJIC-
JOBaTEJIBbHOCTh MHOXKECTB

K; = {zED: dist(z,0D) > N+

1 )

-, |zl < R+j¢,
7=12,....

B cuty npeabiyiieii TeopeMbl CeMeiicTBO F yJIOBJIETBOPSIET HA KaXKI0M KOMITaK-
Te K; yciaoBusM TeopeMbl 12.3, T.e. OHO Ha KazkaoM K; PaBHOMEPHO OrPaHHYCHO
¥ PABHOCTEIIEHHO HENpEepBIBHO. lIpuMeHsisi, Kak U IPHU JIOKA3ATEHCTBE TEOPEMBbI
Apruena — Ackouu, quaroHajibHbI MeToy; KanTopa, noJiydaeM MoJmoc/Ie0BaTe Ib-
HOCTb fp,, , KOTOpas CXOIUTCS PABHOMEPHO Ha KayKIoM KommakTe Kj, j =1,2,....

IIycts Tenepp K — mpom3BOJIbHOE KOMIIAKTHOE IMOAMHOXKeCTBO obsiactu D. U3
HOCTPOeHHsI HocIenoBaTenbHocT {K;} ciemyer, 4ro Haiimercs Takoil HOMED Jjo,
ato K C Kj,. IlosToMy BBIACTEHHAA TOIIOCIIEIOBATEIHLHOCTD {fn.} cxonurca pas-
HOMepHO Ha K. 910 m osHavaer, uto {f,, } cxomurcss JOKANIBHO PABHOMEDHO B
obsactu D. O

§ 13. DaemenTapHble KOHPOPMHBIE OTOOPAYKEHUS
u Teopema Pumana 06 oToGparkeHuu

A pobHo-nuHelHbIe TTpeobpa3oBaHMs.

Ilox mpobHO-TMHEHHBIM TTPeoOpa30BaHIEM MOHUMAETCS PAITHOHAIbHAA (DYHKITUS

L(z) =

re KOMILIEKCHBIE JHCHIa a, b, ¢, d Ha3bBaroTCa KodhduiimenTaMu mpeodbpa3oBaHus
L u yIoBIEeTBOPAIOT YCIOBUIO

az+b

— 13.1
i d (13.1)

ad — bc # 0. (13.2)

Venosue (13.2) orBeuaeT 3a HEBBIPOXKJEHHOCTH OTOOpaykeHHs L, MOCKONBKY OHO
SKBUBAJIEHTHO TOMY, YTO HYJ/Ib YNCIUTE/S U HyJIb 3HaMeHaTe s He coBnaaor. Hac
Oyner uHTEpecoBarb L KaK OTOOparKeHWe PACIIMPEHHON KOMIIJIEKCHON ILIOCKOCTH
C ma cebsa. B cBasu ¢ 3tuM oT™mernm, uTo Tpescrasienne (13.1) me opHO3ZHAMHO,
IIOCKOJIbKY YMHOXKEHHE BceX K03(hMUIUEHTOB Ha OJHO U TO K€ HEHyJIEBOE YHCJIO He
u3MeHsier caMoro orobpazkenus w = L(z).

[TPEJIOXKEHUE 13.1. Cosoxkynnocms M ecex dpobro-aunetinovixr npeobpasosa-
HU 0bpasyem epynny OMHOCUMEABHO ONEPAUUL KOMNOZULUL.

JOKABATENBLCTBO. Ilycts Ly(z) = (akz + bg)/(ckz + d), k = 1,2, — nBa
JIPOOHO-IMHENHBIX Tpeodpa3oBanus, T.e. aidy — bpcy # 0. Torma
(a1a2 + blcg)Z + (a1b2 + bldg)
(Clag + ngl)Z + (Clbz + dldg) '

LyoLy(z) = Li(La(2)) =

Yro0b1 yoeauThesi B TOM, 910 L1 0 Ly sBJIsieTcs APOOHO-TMHEHHBIM TPe0dpa30BaHu-
€M, Hy?KHO [IPOBEPUTH BblloJHeHue yciaoBus (13.2) miis sroro orobpaxkenus. IIpo-
CThle BBIYUCJIEHUS [TOKA3bIBAIOT, 9TO

(a1a2+b162)(61b2+d1d2)—(alb2+b1d2)(61a2+02d1) = (aldl—blcl)(agdg—bQCQ) 7£ 0,
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HOCKOJIBKY yesiosre (13.2) seinonnasiercst juist Ly u Lo.
ITokazkeM Temepb, 9TO JJI KaxKJI0ro APOOHO-TMHEHHOro npeobpazosanus L cy-
mectByet obparnoe L~ u L= € M. Pemas ypasrenne

_az+b
cz+d
OTHOCUTEJIBHO Z, HAXOIHUM
dw—b
z =LY w) = —.
—cw+a
Venosue (13.2) st L~! sKBUBaJIeHTHO 3TOMY Ke YCIOBHIO s L. O

Ormerum, 9o rpynmna M (KOTOPYIO TaKKe Ha3bIBAIOT IPYIIIOH MEOUYCOBBIX IIpe-
obpazoBanuii) He kommyTaTuBHa. CyliecTBOBaHHE OOGPATHOIO OTOOPAXKEHUS JOKa-
3BIBAET, YTO JAPOOHO-IUHEIHOe peoOpazoBanmne L OCYIECTBIIAET B3AMMHO OJHO-
suauanoe coorsercreue C wa C. Ipu stom L(oc) = a/c u L(—d/c) = oo, eciu ¢ # 0,
u L(o0) = 00, ecsm ¢ = 0.

ITPENJIOXKEHUE 13.2. Kaowcdoe dpobro-aunetinoe npeodbpa3osaHue 0cyuecmens-
em xoHugopmroe omobpasicenue C na cebs.

JIOKA3BATEJIBCTBO. Ilycrs L onpezensiercs paBencrsoM (13.1) ¢ ycaosuewm (13.2)
Ha Koapdurmentol. Jonycrum BHadase, 9yro ¢ # 0. Torma mjst jar060ro z # 0o u
# —d/c BeINONHSIETCS yCIIOBUE

ad — bc
L'(z) = ——= #0,
(2) (cz+d)? 7
KOTOpOe o3HauaeT KoHdopMHOCTL L B TOuke 2. B rouke z = —d/c dyukuus L

HMeeT IIPOCTO MOJIIOC U, KaK cJlejlyeT U3 IpeblIylnero naparpada, aBiseTcs KOH-
OPMHBIM B 3T0ii TOUKe. BecKOHeYHO y/ialeHHas TOUKa B pACCMaTPUBAEMOM CJIydae
SIBJISIETCSL YCTPAHUMOMN 0co6oii Toukoit u L(z) — a/c npu z — oco. Ilpu srom

lim z(L(z),g) — lim 2(bc — ad) _ bc;ad 40,

200 c z—00 C(CZ + d) c

T.e. L xondopmHa B TOUKe 2 = 0O.

Ecin ¢ = 0, 10 B cunny (13.2) xoadbdunnents: a u d He JOMKHBI 00pAIIATHCS
B Hysb. [lostomy L'(z) = a/d # 0, uro o3HavaeT KOH(MOPMHOCTh L B KOHEUHBIX
TOYKax. B GeCKOHEYHO yIa/leHHOi TOYKe L mMeeT MPOCTOi MOJIOC U TAKKE SIBJISIETCSI
KOH(OPMHBIM. |

[IPEAIOXKEHUE 13.3. ITycmo 21, 20, 23 — mpu pasauunvie mouku ¢ C. Tozda
cywecmeyem eduncmeennoe T € M, daa komopoeo T(z1) =1, T(2z2) =0 u T (z3) =
00.

JIOKABATEJILCTBO. B ciaydae KOHEUHBIX TOUEK, T. €. KOTIA 21, 22, 23 € C, 0T00-
paxkenue ' OIpeiessieTCss PABEHCTBOM

T(z) = 222/2’12’2.

zZ— Z3 Z1 — 23
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B ciygae, Korjga ojiHa u3 TOUEK 21,29 WINA 23 SIBJISETCS OECKOHEUHO YIAJIEHHOI,
TpedyeMoe OTOOparkKeHre IMOJIy9IaeTCs U3 MPUBEIEHHOM BbIe (OPMYJIBI COOTBET-
CTBYIOIINM IIPEIETIBHBIM IIEPEXO0I0OM

zZ — Z9
EE— ecimm z; = 00,
zZ— Z3
Z1 — 23

T(z) = _ ecim  zg = 00,
zZ— Z3
Z — Z9
_ ecim 23 = OQ.
21 — 22

Ocraercs Jj0Ka3aTh €IMHCTBEHHOCTH 0TOOpazkenus. Jlomyctum, 9to S — apoOHO-j1-
HeifHoe Tpeodpa3oBaHie C TEeMHU Ke CBoicTBaMu. Tormaa JpoOHO-JIUHENRHOEe TTPeod-
paszosanne L = S o T~! ocrasnsger menomsuxkubivMu Touxku 1,0 n co. U3 ycirosus
L() = oo camenyer, aro B npejcrasiernn (13.1) xoaddurment ¢ momxen pas-
HaTbCst Hymo. [losromy L momkuo umers Bup L(z) = az + b. Vcnonssys renepsb
yenosust L(0) = 0 u L(1) = 1, upuxoaum K 3akioderuto, 9to L(z) = z. Orcona
cnenyer Toxaectso S(z) = T(z). O

OnPEAENEHUE 13.1. Tlox aneapmonuveckum omuouweruem IeThIPeX Pas3sImd-
HBIX TOYEK 21, 22, 23, 24 B C IOHMMaeTca 06pa3 TOYKH 2| IIPU OTOOPAZKEHHH ee 110
CPEeJICTBOM JIPOOHO-TUHEHHOTO TTpeobpa3oBanus 1, KOTOPOE YIOBAETBOPSIET YCIOBH-
sm T'(22) =1, T(23) =0, T(24) = co. Ilpu 3TOM ucnonb3yercst 0603HAUEHIE

T(Zl) = (Z17 22,23, 24)-

3aMeTnM, UTO eCJIM BCe YeThIPe TOUKHU 21, 22, 23, 24 KOHETHBI, TO

21 — 23 [*2 — %3
(21722,23,24) = .

21— R4 [ 22— 24

BaxkHOCTB aHrapMOHUYECKOTO OTHOIIEHUST 00YCJIOBJIEHA Y2Ke TeM, YTO OHO SIBJISIETCSI
MHBAPUAHTOM IIPU JAPOOHO-TUHEITHOM ITPEOOPA30BAHUN.

TEOPEMA 13.1. ITycmo 21, 23, 23, 24 — “emuvipe padaudnsie mowku 6 C u L € M.
Tozda

(L(21), L(22), L(23), L(z4)) = (21, 22, 23, 24).

JIOKABATEJIBCTBO. Ilycrs T(z) = (z,29,23,24), Te. T € M u T(z) = 1,
T(z3) = 0, T(24) = co. Torma S = T o L~! obmamaer cpoiicteom S(L(z2)) = 1,
S(L(z3)) = 0 u S(L(z4)) = oo. Ilo ompejeneHno aHrapMOHUYECKOTO OTHOIIEHUS
nMeeM

(L(21), L(22), L(23), L(24)) = S(L(21)) = ToL YoL(z1) = T(z1) = (21, 22, 23, 24)

n TeopeMa JIOKa3aHa. O

3AMEYAHUE 13.1. ljist Jit0OBIX pa3IMYHBIX TPEX TOYEK 21, Z2, 23 B Z-IIJIOCKOCTH
U PA3JUIHBIX TPEX TOYEK Wi, Ws,Ws B W-IJIOCKOCTH CYIIECTBYET €JIMHCTBEHHOE
JpobHO-nHeHOe mpeobpazoBanue L, st KOTOPOTo

L(Zl) = wq, L(ZQ) = Wy, L(Zg) = Ws.
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D710 oTOOpaXKeHNe MOXKHO HANWTH, PA3PENInB PABEHCTBO
(w,wy, w2, w3) = (2,21, 22,23)

OTHOCHUTEJIbHO W.

Kpyrosoe cBoiicTBO

IIpu crepeorpaduaeckoil mpoekmu Kaxkaoii oKpyxkHocTu Ha chepe Pumana B
KOMILIEKCHOM 1110cKocTH C COOTBETCTBYET OKDYKHOCTh WM IIpsMasd. llosTomy
oz, okpy»kuoctbio B C B JaibHeiimem Gy1eM IOHIMATH OKPY?KHOCTD MJIH IIPSMYIO.
JIpyruMu cJI0BaMHm, IpsMast — 3TO OKPy2KHOCTL B C mpoxosmas yepes 6eCKOHeIHO
yaasennyio Touky. OKasbIBaeTcs, 9To ceMeiicTBo okpyskHocteil B C mpeobpasyercs
TTOCPEJICTBOM JTPOOHO-TMHEHHBIX TPeo0pa30BaHuii B cedsl.

IIPEATOXKEHUE 13.4. IIpoobpaszom seuecmeennoti ocu npu omobpasicernuy, L :
Cr— C, L € M, asasemcsa oxkpystcnocms 6 C (m. e. okpyscHocmsd Uit NPAMas,).

JIOKABATEJIbCTBO. Ilycrs L onpegensercsa paseacrsom (13.1) ¢ yenosuewm (13.2)
na koadumentor.  Yerosue z € LT1(R) MoxkHO 3ammcaTh B BUJE PaBEHCTBA
Im L(z) = 0 win

az+b az+b B
cz+d e+d

TMocJieiHEE PABEHCTBO MOYKHO MEPENHUCaTh B SKBUBAJEHTHOM BHJIE
(a — ac)|z|* + (ad — be)z + (be — ad)z + (bd — bd) = 0. (13.3)
Ecin a¢ — ac = 0, To ypasrenue (13.3) npuHIMaeT BUJ
Im{(ad — bc)z} = Im{bd},

T. €. OIpeJeJIsieT B KOMILIEKCHON 2-IIJIOCKOCTH MPSMYIO.
Homycrum Tenepb, uro af — ac # 0 Torpa ypasuenue (13.3) MmoxkHO 3anmcarTh B
BHJIE

|2]>? - A2 —AZ+ B =0 nm |z — A = |A* - B,

re
ad — be bd — bd
A= [—— B = ——.
ac — ac ac — ac
3amMeuast TaKxkKe, ITO
ad — be|?
|A|2 - B = % > 0,
|at — @c|?
OPUXOIUM K BBIBOJY O TOM, 9TO ypasHeHue (13.3) ompemessier OKpy?KHOCTb. |

IIPEOJIOXKEHUE 13.5. Pasauunvie wemvipe mouku 21,22, 23,24 AEAHCAM HA 00-
Hnot oxpyorchocmu 6 C 8 mom u moavko mom cayyae, ecau

Im(z1, 22, 23, 24) = 0.
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JOKABATEJLCTBO. Ilycts T — npobHo-1uHeltHOE mpeobpa3oBaHme, yI0BIETBO-
patomee yeaosuam T(zo) = 1, T(z3) = 0, T(z4) = 00, a C— okpyxmuocts B C,
MIPOXOAAIIAS T€pPe3 TOUKHU 22, 23, Z4. B CHIIy IPEIbIIYINEro MpeIoyKeHus Ipoobpa-
30M BeIecTBeHHoi ocu 1pu orobpaxkennn 1’ Gyaer okpyzxuocts B C. Ilockobky
Toukn 1,0 U 0O PACHOJIOXKEHBI HA BEIECTBEHHON OCH, TO 3TUM Ipoobpaszom Oyser
okpy»xkHocTb C. Ho Torja Touka z; Oyjer npuHaexars okpy»kHocTr C B TOM U
TosbKO caydae, ecan T(z1) € R, m.e. T(z1) = (21, 22, 23, 24) BEIIECTBEHHO. O

TEOPEMA 13.2. IIpu dpobro-runetinom npeobpasosaruu oxpyscrocmu 6 C ne-
pexodam 6 okpyoscrocmu 6 C.

JOKABATEJILCTBO. Ilycts L — npousBosibHOE ApOOHO-JIMHENHOE IIpeobpa3oBa-
mue u C — oxpyxuocts B C. Beibepem Ha C Tpu pasudHble TOUKH 21, 22, 23 U IyCTh
C* — OKpY?KHOCTb B W-ILJIOCKOCTH, KOTOpasi MpoxoauT uepe3 Touku L(z1), L(z2),
L(z3). dna mo6oro z € C B cuTy MHBAPDHAHTHOCTH AHTAPMOHMYECKOTO OTHOMICHIS
OTHOCHUTEJIBHO JPOGHO-JIMHERHOTO MPeobpa3oBaHus OyIeT BBHITOJHATHC PABEHCTEO

(L(2), L(21), L(22), L(23)) = (2,21, 22, 23).

U3 ipe il iy ero npejioyKeHus CIeayer, 9To z € C B TOM U TOJBKO TOM ClIydae,

KOTJIa [IpaBasi JacTh MOCJIE[HET0 PABEHCTBa BelecTBeHHa. Anasornuasno, L(z) € C*

B TOM M TOJILKO TOM CJIydae, KOTJla JieBas 9acTh 9TOrO K€ PaBeHCTBA BEIIeCTBEHHA.

Takum 06paszoM, z € C B TOM U TOJIBKO TOM ciy4ae, Korja L(z) € C*, r.e. L(C) =

c*. O
IIpunun cuMMeTpun.

Ecnu ppobuo-nmueiinoe npeobpazosanue (13.1) onpemessgerca BemeCTBEHHBIME
K03 uImeHTaM, TO OHO MEPEBOIUT BEIIECTBEHHYIO OCh Ha celsl, a mapy TOYeK
Z W Z, CHMMETPUYHBIX OTHOCHUTE/ILHO BEIIECTBEHHON OCH, B Iapy TOYEK, KOTO-
pble TakKe OyIyT CHMMETPHUYIHBI OTHOCHTEJIHHO BEINEeCTBEHHOU ocu. Ilockombky
JIpOOHO-TMHEHHbIE TTpeobpa30BaHusT 001aaI0T KPYTOBBIM CBOHCTBOM, TO €CTECTBEH-
HO OXKHUJIATh, 9TO IMaphbl TOYEK, CHUMMETPUYHBIX OTHOCUTEIHHO HEKOTOPOU OKPY2KHO-
cru B C 6yayT IepeBoAnThCs IPOGHO-IHHEHHBIM IPeoOpa30BaHIeM B APl TOUYEK,
CUMMETPUYHBIX OTHOCUTEJIBHO 00pa3a 3Toi OKPYXKHOCTH.

IIPENJIOXKEHUE 13.6. IIycmov z1, 29,23 — mpu padauunve mouky 6 C u C —
oxpyoichocmsy (uau npamas), nporodawasn weped nwux. Tozda mourku z u z* cum-
MEMPUUHDL OMmHocumesvbho C 68 MmoM U MOALKO MOM CAYHAE, ECAU BVINOAHACTICA
COOMHOWEHUE

(2%, 21,29,23) = (2, 21,29, 23). (13.4)

JOKABATEJILCTBO. Ilycts T'— npobHo-uHeitHOE Ipeobpa3oBaHie, KOTOPOE Iie-
PEBOIIUT TOUKH 21, 22,23 B 1,0 n 0o, coorBercrBerHo. Torma yenosue (13.4) sxkBu-
BasienTHO ToMy, uto T'(2*) = T(2), mm 2* = T~1(T(z)). Hostomy yTBepzieHue
OyJer JO0Ka3aHOo, eCIM Mbl IIOKaXKeM, 9T0 paseHcTBo (13.4) Bjeder cuMMETpUIo To-
qek z U z* orrocurenbHO C. BblmennMm B moKa3aTeIbCTBE 9TOTO IBaA CJIydast.

1). Ilycrs C sBisieTcs IPSMOI, T. €. IIPOXOJIUT Yepe3 GECKOHEUHO yIAIeHHY IO TOY-
Ky. Torma orHomenue (21 — 2z2) /(21 — #z3) BemecTBeHHO U ycosue (13.4) mpuanmaer

BHJ,
z2* — 29 Z— 29
2* — 23 z—z3)
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Orciofia citeIyiIoT paBeHCTBa

2* — 29 z— 29 |2* — 29| |z — 29|
arg —— = — ) = )
z* — 23 z— 23 |z* — 23] |z — 23]

KOTOPBIE O3HAYAIOT II0J[00Me TPEYTOJBHUKOB C BEPITUHAMU 2™, 2o, 23 U 2, 22, 23. 11O~
CKOJIbKY 3TH TPEYTOJLHUKH UMEIOT eIle U OOIYI0 CTOPOHY, TO OHU paBHBI. OTcioga
cJIelyeT CAMMETPUIHOCTD 2* M 2 OTHOCHTEIHLHO IpsaMoit C, TPOXOAAIIE Iepe3 TOI-
KN 29 U Z3.

2). ITycts Tenepb C — OKPYKHOCTH € IEHTPOM B TouKe a u pajuyca R. ITockosb-
Ky TOUKH 21, 22, 23 Jiezkar Ha C, To |2, — a| = R mausa k = 1,2,3. Ucnonbsys 310
MHBAPUAHTHOCTH aHIapPMOHMYECKOI'O0 OTHOIIEHUS OTHOCUTEBHO JIPOOHO-JIMHEHHBIX
npeobpasoBanuii, cooTHommenune (13.4) IPUBOIUTCS K CJELYIONEMY BUILY

(2*721322723) = (2721722323) = (235772773)

( R? R? R? R? >

— — — —
zZ—a 1—a 2 —Q 23 —

Hpyrumu ciioBamu,

T() = T (RZ +a).

zZ—a

TTockombky 1" OMHOIUCTHO, TO OTCIOJA CJIEIYET, ITO

2 2
. R . R
zn = —+4a W 2 —-—a = —.
Z—a zZ—a
CrenoBaTenbHo, 71 2 U 2* BBIIOJIHAIOTCS COOTHOIICHHST
arg(z* —a) = arg(z —a), |z* —al|-|z —a| = R

IlepBoe cooTHOIlEHNE O3HAYAET, UTO 2 U 2* JIEXKAT Ha OJHOM JIyde, BBIXOJSAIIEM
u3 TeHTpa a OKpykHOCTH C, a BTOPOE PABEHCTBO ITOKA3BIBAET, UTO IPOU3BEICHIE
PACCTOAHUIT OT IIEHTPa ¢ JI0 TOUEK 2 U 2* PABHO KBaJAPATy pajmyca okpyxuoctH C.
Takum 06pazom, z U z* ABJISIIOTCS CUMMETPUYHBIMU OTHOCUTEIHHO C. |

TEOPEMA 13.3. ITycmv dpobro-aunetinoe npeobpazosarue L omobpastcaem ox-
pyastcnocms C 6 C 6 oxpyotcnocms C' 6 C, m.e. C' = L(C). Toeda waotcdas napa
mouex z u z*, cummempuunsr omuocumenvro C, nepesodumes 6 napy mouex L(z)
u L(2*), cummempuunor omuocumenvho C.

JTOKA3ATEJBCTBO. Ilycrs 21, 29, 23 — TpH pa3iudHble TOYKYN Ha OKPYKHOCTH C.
Torpa L(z1), L(z2), L(z3) pacuosoxkenst na C’. JJomyctuM renepsb, 9To z 1 z* — napa
TOYEK, CHMMETPUIHBIX OTHOCHTEIbHO C. B crily JOKasaHHOrO BBINIE MPE/IOKEHUS
3TO SKBUBAJEHTHO PABEHCTBY

(Z*a 21y %2, 23) = (Zv 21,22, 23)'
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OjiHako, B CUJIy WHBAPUAHTHOCTH AHTAPMOHUYECKOTO OTHOIIEHUSI OTHOCHUTEIHHO
)
JPOOHO-JIMHENHBIX TPe0OPAa30BaHMIL, 9TO PABEHCTBO BJIEUET CJIEIYIONIEE

(L<Z*)’L(Z1),L(Z2)a L<Z3)) = (L<Z)>L(Z1)a L<32)’ L<Z3))a

KOTOPOE 9KBUBAJIEHTHO YCJIOBUIO cuMMerpuanocTy Touek L(z) u L(z*) orHocuTenb-
HO okpyzuocTHu C'. O

IIpexkne 9eM MBI IPUCTYIUM K U3YYEHUIO JAPYTUX IJIEMEHTAPHBIX KOH(POPMHBIX
oToDpazkeHnit, craeaaeM HEKOTOpble obrmue 3amedanus. Kondopmuoe oTobparke-
HUe, aCCOIUIPOBAHHOE € TOJOMOPMHON QyHKIME, JaeT HATJISIHOE TIPEJICTABICHIE
o Hell, mo00HO0 rpaduKy B caydae PYHKIIUN BENIECTBEHHOIO mmepeMenHoro. Kpome
TOro, BO MHOI'Me ODJIACTH MAaTeMaTHKH U €€ IIPHUJIOYKEHHs Teopusl (DYyHKIUH KOM-
IJIEKCHOT'O TIEPEMEHHOI0 BXOJIUT Yepe3 KoH(MOpMHOe oTobpakenue. OHOI U3 Hau-
6oJiee BaXXHBIX MPODJIEM, BO3HUKAMOIIAX [PU TOM, SABJISETCH 33298 OTBICKAHUS
KOH(MOPMHOIO OTOOpa’KEHUsI OJHON 00/1aCTH Ha APYryio. UTOOBI MMETh MPEICTaAB-
JIEHUE O PA3PEIMOCTH STOTO BOIIPOCA B PAMKAX JJIEMEHTAPHBIX (DYHKITHI, HY>KHO
XOPOIIIO 3HATH WX OTOOparkaioue CcBoiicTBa. llocieaHss mesb JTOCTUraeTCs, Kak
[IPABUJIO, BBISICHEHHEM TOT'O, KakK Ipeodpas3yioTcs Te UM WHbIe CeMefCTBAa KPUBBIX.
B kadecTBe umcciemyeMbix ceMelcTB KPUBBIX 9aCTO BHIOMPAIOT OPTOrOHAJIBHYIO CEeT-
Ky TPSMBIX, [MapaJUIEIbHBIX KOOPIUHATHBIM OCSM, WJIH UCIOJIB3YIOTCS IMOJISPHBIE
KOOPJMHATHI U U3yYal0TCs 00pa3bl KOHIIEHTPUYECKUX OKPYZKHOCTEN U JIydeil, BBIXO-
JIAIIAX U3 HAYAJ8 KOOPIIMHAT.

CrenenHasa pyHKIIUA.

ITycts o > 0. B obmactu C\R . MOXKHO BBIZEIUTH PErYIISIPHYIO BETBB JorapudmMa
I PeryJIsipHYIO BeTBb MHOTO3HAMHOMN (byHKImM 2& = e® "%, Brijesenue sTuxX BeTBeil,
1o cymiectsy, coaurcs K onpegesnennio B C\ Ry Bersu arg z. Bymem cuurarsb, uro
BeTBb arg z BbIeseHa. lorma i w = 2% OyayT BBIIOJTHSTHCS PABEHCTBA

lw| = |2|%, argw = «-argz.

Orciofia cpasdy e CJeJlyeT, 9To JYT'H, PACIIOJIOKEHHbBIE HA KOHIIEHTPUIECKUX OKPY K-
HOCTSIX C IIEHTPOM B HavaJie KOOPJMHAT, IEPEBOJISITCS B JYTH TOTO YKe CeMelicTBa, a
JIy4H, BBIXOJSIME U3 HAadaja KOOPJMHAT, B3AUMHO OJHO3HAYHO OTOOPAarKAITCs HA
Takue ke jryan. 1Ipu 3ToM Jiyd, BBIXOALAINNN U3 Hada/Ia KOOPAMHAT MO yIjioM 6 K
[TOJIOYKUTETBHOMY HAITPABJIEHUIO BEIIECTBEHHON OCHU, IEPEBOIUTCS B JIyd, KOTOPBIi
B W-IJIOCKOCTH BBIXOIUT TIOJ YTJIOM (vf.

Takum obpasom, eciim 0 < o < 1, TO creneHHas (PYHKIMS OTHOIUCTHO OTOOpPa-
xkaer obstacte C\R Ha yriioBoit cekrop pacrBopa a-27w. B ciaydae a > 1 crenennas
dyukuus ne sBisierca onnosmcraoil B C\ Ry, Oxnako ona GymeT OIHOIUCTHON B
J06OM YTJIOBOM CeKTOpe pacTBopa 27 /«. 3 pasencrsa

dw d alnz

w

dz dz z

cJleslyer, 9To CTeleHHas (DYHKIWMs OlpeesieT KOHGOPMHOe 0TOOparKeHne BO BCEX
roukax obsactu C\ R,

DKCIIOHEeHITnaJIbHast PyHKITHSI.
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Paccmorpum orobpaxkaromniue cpoiicrBa dyarmun w = €. Ecmm z = x + 1y,
To w = e%e"¥, oTKyma BHIHO, UTO HpAMad z = T + iyg, —00 < & < 00, B3AHMHO
OIHO3HAMHO OTOGparkaeTcd Ha IyT w = e%e™W0, —00 < x < 00, KOTOPBIHl BBIXOIHAT
13 HaYaJIa KOOPAMHAT U 00pa3yeT ¢ IMOJIOKATEIbHBIM HAIIPABJICHAEM BEIeCTBEeHHOM
OCH YTOJI, paBHBIA Y. IIpsMble, MapasulebHbIE MHUMON OCH, OTOOParKaroTCs Ha
OKPY?KHOCTH C IEHTPOM B Hadaje KOOPAWHAT. 1IpH 3TOM KayKJas TOYKa OKPYZK-
HOCTH SIBJIsIeTCsl OeCKOHeYHO-KPaTHOI, TI0CKOILKY (PYHKIUS €° MMeeT IIephoJ 27i.
Besikast gpyrast upsiMasi B 2-IJIOCKOCTH NEPEXOJIUT B JIOrapupMUIECKYIO CIUPAJIb
B w-mockocTr. OB6JaCThIO OJHOIUCTHOCTH SKCIOHEHITMAIBHOM (DYHKIUN ABJISIETCST
BCsIKast TOPU30HTAIbHAS TI0JI0CA, UMEIOIIAs IMUPHUHY, He IIPEBhImaionLyo 2. B gact-
HOCTH, rOpU30HTAJIbHAg 1oJi0ca {z: y; < Imz < yo} npu Yo — y; < 27 ONHOJIUCTHO
orobpazkaercs Ha CeKTop {w: y; < argw < ys}, KOTODPBI B Ciydae Yo — Y3 = 7
ABJIAETCSA TIOJIYIJIOCKOCTBIO. 110CKOJIBKY

d
—e® = e* # 0,
dz
TO OTOOpaXKeHUe, OCYIIECTBJISIEMOe IKCIIOHEHIINAIbHOM (hyHKIHE, KOH(MOPMHO B
KaKJI0I TOYKe.

Pynknusa 2KykoBckoro.

Pannonasnpaas dyHKIwSs

L(, .1 2 +1
w = — z — = —
2 z 2z
na3eiBaeTcs ¢yukiumeit 2KykoBckoro. Ee nHa3zBanme o0yC/IOBJIEHO TeM, UTO ITY
byarnmo 2KyKOBCKUl MPUMEHWIT JJIsi a3POJMHAMUYECKOIO pacdyeTa KpbLIa CaMO-
slera. OHa mMeeT JBa MPOCTHIX IOJI0Cca B Toukax 2z = 0 u z = oo. Ilockosbky

dw 1 1

dz 2 1 22)’

TO oTOOparkeHme, ocymiecTBisgemoe QyHKImeir 2KyKoBCKOro, KOH(MOPMHO BO BCEX
TOYKAX PACIIMPEHHOH KOMILIEKCHOH maockocTr C, 33 MCKIIIOUEHHEM ABYX TOYEK
z = £1. Koudopmuocts B Toukax z = 0 u z = 0O cjeAyeT U3 TOTO, 9TO B ITHUX
TOYKaX (DYHKIINS UMEeT IPOCTHIE TOJTIOCHI.

BBISICHUM Telrephb, KAKUM CBOMCTBOM JIOJI?KHA 0671a1aTh 0bsacts D C C, 4To6b!
dbyuknnsa 2Kykosckoro Oblita B Heit ogHoucTHA. [IyCTh 21, 20 — TPOU3BOJILHbBIE JIBE
touku B C\ {0}. 113 pasencrsa

(re2)- () (- )

BUHO, 9TO D siBjIsieTcsi 00J1aCThIO OMHOJUCTHOCTH hyHKIMN 2KyKOBCKOTO B TOM
U TOJIBKO TOM CJIydae, €CJIU OHa He COJEPXKUT Mapbl TOYEK 21, 22, JJIsT KOTOPBIX
z122 = 1. Ilpocreitimumu TakuMu 00JIACTIMY SABJISIOTCS BHY TDEHHOCTD W BHEITHOCTH
€JIMHUIHOTO KPYTa, & TAKXKe BEPXHsis M HUXKHSISI TTOJIYIIJIOCKOCTH.

151 GoJtee TIOJTHOTO TIPEICTABIIEHNUSI O XapaKTepe 0TOOPAXKEHNs, OCYIIECTBIISEMO-
ro dyukimeii ZKykosckoro, momozknM z = re'’ u w = u+ iv. Jpyrumu cioBamu, B
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Z-IIJIOCKOCTH MBI pacCMaTpuBaceM IIOJIAPHBbIE KOODJAWHATBI, a B W-IIJIOCKOCTH IE€Kap-

TOBBEI. Torma
1 1 1 1\ .
u = —(r+—)cosb, v=—|r——|sinf.
2 r 2 r

U3 5TuX paBeHCTB CJIEJYeT, YTO OKPYXKHOCTH |z| = 7, r # 1, IEPEXOMUT B SJLIHIIC C

MIOJIyOCSAMU
1 n 1 b 1 1

a = — T —_— = —|r - -

2 r)’ 2 r

n dokycamu B Toukax w = +1. [leiicTBuTepHO,

u?  v?

2 e =1

nc?=a?>-b=1(re. (—c,0),(c,0) — dboxycsl ssmca). IIpu 9TOM MOIOKUTETH-

HOMY 00XO0/Iy TOUKOM 2z OKPYZKHOCTH |z| = r npu 7 > 1 cOOTBETCTBYET MOJIOKUTEb-
HBII 00XOJ] 9JUIUIICA TOYKON w, a B caydae 1 < 1 00XOJ[ 3JUIAIICA OCYIIECTBIISIETCS B
[IPOTHBOIOJIOKHOM HAlpaBjeHnd. Kpome Toro, OKpy:KHOCTIM |z| = 7 u |z| = 1/r
COOTBETCTBYET B W-TIJIOCKOCTH OJIMH W TOT K€ JJUIAIC. FJIMHUYHAS OKPY?KHOCTD
|z| = 1 uepexomur B orpesok [—1, 1], Koropsblii 06xoauTCs JBaXK bl K 3roMy oTpes-
KY CTSITHBAIOTCSI JUIUIICHI, KOTOPBIE SBJISAIOTCS 00pa3saMu OKPYYKHOCTel |z| = r npn
r— 1.

ITycre reneps 0 € (0,7/2) dukcuposano, a r Mensiercst ot 0 10 +0o. Torma mis
BCEX W, COOTBETCTBYIOMIMX TOYKAM ITOTO JIyda, OyJeT BBIIOJIHATHLCS PABEHCTBO

U;Q U2 1
cos2f  sin’ 6 ’
T.€. TOYKU W HAXOMAATCA Ha rumepbosie ¢ temu ke dokycamu w = +1. Jlerko

BHJIETH, YTO Koryia r Mensiercs or 0 70 00, TOYKa w JBUYKETCS MO IPaBOl BETBH
rurepboIbl CHU3Y — BBEpX. KcJiM M3MeHUTh 3HAK 6, T.e. B3ATb €ro U3 WHTEpPBa-
aa (—m/2,0), To obpazom sTOro Jyda Oyler Ta Ke BeTBb Iunepbosibl, HO C IIPO-
THBOIOJIOKHBIM 06X01oM. JIydu, BBIXOJAIIME M3 HadaJa KOOPJMHAT IOJ] YTJIOM
0 € (7/2,7) K HOJOKUTEIHHOMY HAIIPABJICHUIO BEIIECTBEHHON OCH, OTOOPAYKAIOTCS
Ha JIeBbIe BETBU IUIepboJI, KOTOpble 00X0siTcsi cHU3y — BBepx. CMeHa 3Haka 0 u
B 9TOM CJIy4ae MPUBOJUT JIUIIb K CMEHE HAIMPABJIEHUsI 00X0/a BETBU THIEPOOJIBL.
Ormernm Takzke, 9T0 v = £ tg 0 - u — ypaBHEHUs ACUMIITOT T'UIIEPOOJIBL.

O6pasom Jsyua, coorBercryiomero § = 0, asisercs Jyd [1,00), KOTOpbIt 06X0-
JIATCST IBaXKJIbl. AHAJIOrHYIHO, 06pa30M JIyda, COOTBETCTBYIONIEro 3HaYeHuo 0 = ,
aBjsiercs jiyd (—oo, —1|, KoTopblil Tak:ke 06xomuTcs ABaxKAbl. s sydeii ¢ Ha-
upasiieaneM = £7/2 obpa3aMu sBJISIeTCH MHUMAS OChb C IPOTHBOIOJIOXKHBIMU
00XOIaMHu.

B cuny xondopmuocTr oToOparkeHus, OCyIecTBasgeMoro dyuknei 2KyKoBCKO-
ro, ceMeiicTBO /UnIICOB (00pPa30B OKPYIKHOCTEl) U ceMeiicTBo Tuiep6os (06pa3os
Jiydeii) 00pa3yioT OPTOrOHAJIBHYIO CETKY B W-ILJIOCKOCTH.

U3 npuBeeHHDBIX BBIIME PACCYKICHUN BUIHO, 9TO (DYyHKIUs A YKOBCKOrO KOH-
dopMHO 0TOOpaXKaeT BHYTPEHHOCTD, & TAKXKEe W BHEITHOCTH, eJJUHUYHONO KpyTra Ha
C\ [~1,1]. Bepxmfag m HWXKHAA MOJYILJIOCKOCTH KOHMOPMHO OTOOPaXKaioTCsa Ha
IJIOCKOCTD € JIByMsl paspesamu 1o Jjydam (—oo, —1] u [1,00).
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Kpyrosoe cBoiicTBO J1poOHO-TUHEIHBIX TPe0OPA30BaAHMIA TTIO3BOISET KOH(POPMHO
0T00pa3uTh J06OH Kpyr (WU IOy IUIOCKOCTD) Ha 00JIACTD, OPPAHUYEHHYIO OKPY K-
nocteio B C. OKkasbIBaercs, 9TO JAPOGHO-IHHEHHBIME MPEOGPA30BAHMAME U UCIED-
MIBIBAIOTCS BCE KOH(MOPMHBIE OTOOParKeHusl OJHOW KPYroBOil 001aCTH Ha JAPYTYIO.

TEOPEMA 13.4. Cosokynnocmsv ecex KOHPOPMHBIT (2040MOPPHOIT U 00HOAUCTL-
noux) omobpasicenuds f edunuunozo kpyea D na cebs onucwisaromesn dopmyaot

J(z) = e

i0 zZ—aQ

—_— 13.5
1—az’ (13.5)
2dea €D, 0 €R.

JTOKABATEJIbCTBO. BrisicHiuMm BHadaJie BUI JIPOOHO-JTHHEHHOTO IpeobpasoBa-
Hust L, Koropoe orobpaxaer D Ha cebst, T.e. L(D) = D. IIpu srom oTobparkeHnn
eJIMHUYIHAsT OKPYKHOCTh T jto/KHa mepeiitu B cebs. Ilycts a € D — rouka, KoTo-
pag nepexout B Hauaso koopauuat L(a) = 0. B cuty npuHiumna cuMMeTpun To9Ka
a* = 1/a nepeiiger B 6eCKOHEYHO YIAJEHHYIO TOUKY. Takum o0pasoM, Olpeesiu-
JINCHh HYJIW YUCTATEIS W 3HAMeHATesT ApOOHO-THHEHHOTO mpeobpa3oBanusa L, a ¢
HUAM U BUJT OTODparKeHust

z—a z—a
z—1/a 1T

L(z) = A

ITockombky npu z € T
z—a z—al _ 4

1—az zZ—a ’

10 |5 = 1 mmm 2 = €, § € R. Kpome Toro, Besikoe orobpazkenne sua (13.5) ocy-
ecTBIsIeT KondopMmuoe oTobpakerue D Ha ceds1, TOCKOIbKY SBJISIETCS APOOHO-JIH-
HEHHBIM TpeoOpPa30BaHKEM, KOTOPOEe MIEPEBOJIUT €IUHUYHYIO OKPYKHOCThH Ha, cebs,
a TouKy @ u3 D 1mepeBoJUT B HAYAJIO KOOD/MHAT.

Homyctum teneps, uro f: D — D — npousBosibHOe KoHpOPMHOE 0TOOpazkeHue D
ua cebs, u nycerb f(0) = a, a € D. Pacemorpum npobHo-nuHeliHOe Ipeobpa3oBanue

z—a
L(z) = 1—az’
KoTOopoe oTobparkaer D Ha cebsT U MEPEBOAUT TOUYKY G B HAYAJIO KOOpAWHAT. Torma
w(z) = Lo f(z) Takxke komdopmuo orobpazkaer D ma cebs n p(0) = 0. ITo semme
ITsapria
le(2)] < [2]

1

qutst Becex z € D. C apyroit CTOPOHBI, ¢~ TaKXKe yJIOBJIETBOPSIET YCJIOBHUSM JIEMMbI

Isapria u moromy
o™ (w)] < |w|
st Beex w € D. Tlosarast B 9ToM HepaBeHCTBE W = (z), TOJIyIaeM

2| < le(2)],

YTO BMECTE C HPEIBILAYIIUM HEPABEHCTBOM IIPUBOAUT K TOXKIECTBY |p(2)] = |z|. B
cuy siemmbl [IIBapua Torga ¢(z) = sz, rae || = 1. Caenosaresbho,

Lo f(z) = »z u f(z) = L7 (x2),

T.e. [ sBJIsIeTCS APOOHO-JIMHEHHBIM IIPEOOPA30BAHUEM. a
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AHaIoru4Ho MOXKHO HaiiT OO BrI KOH(DOPMHOro 0TOOparKeHus BepxHeil 1mo-
JIYTJIOCKOCTH Ha eIMHIYIHbIN KpyT. CHOBa MU OyayT JUIIb JPOOHO-TMHEAHBIE TTpe-
obpazoBanus. Ilycrs w = L(z) — npobHo-suneiiHoe npeobpasoBanme, 0ToOpazkaro-
1Iee BEPXHIOIO MOJIyILIocKocTh Im 2z > 0 na eauunynbiii kpyr |w| < 1. Ilycrs A € C,
Im A > 0, — rouka, KOTOpas epexoauT B Hadaao koopaunart, T.e. L(A) = 0. Torza,
nockosibKy L(R) = T, To cumMeTprdHas Touka A J0/DKHa TlepeiiTn B 6eCKOHeTHO
yranerayo Touky. CienoBarebHo, L JI0OJKHA UMETH BHT,

z— A

z— A
ITockonbky |z — A| = |z — A| upu z € R, To ycjioBEE COOTBETCTBUS BEIIECTBEHHOM
OCH U eJJMHUYHON OKPY?KHOCTU NPUBOJIUT K paBeHCTBY |»| = 1. Takum obpasom,

o0t BT KOH(POPMHOI'O OTOOPaKeHMs BEPXHEN IOJIYIIOCKOCTH Ha €IMHUYIHBIN
KpYyT OIpeeisercs: (pOpMyJsIoi

L(z) = ewg,
z—A

rmefd e RulmA > 0.

B reomerpuuecku OpHEHTHPOBAHHOI YaCTU TEOPUU AHAJUTUYIECKUX (DYHKIIUI
pobJieMa KOH(pOPMHOI0 0TOOparKeHUsI UI'PAeT JOMUHUPYIOILYIO POJib. Teopembl
CyIIECTBOBAHUS M €MHCTBEHHOCTH MTO3BOJIAIOT OIPEIE/INTh AHAJIUTUIECKYIO0 PyHK-
[UIO C BAXKHBIMU CBOWCTBAMU, MUHYS €€ aHAJUTUIECKYIO 3AITUCD.

B 1851 r. Puman o0bsBui 0 dyHIaMEHTAIBHON TeOpeMe, COTJIACHO KOTOPOi
KayKJIYI0 OJIHOCBSA3HYIO OOJIACTH, OTJIMIHYIO OT BCEHl IIOCKOCTU, MOXKHO KOH(DOPM-
HO 0TOOpa3nuTh Ha eaIuHUIHBIA Kpyr. OIHAKO €ro J0Ka3aTelbCTBO OKA3ajoCh He
JINIIIEHHBIM HEJIOCTATKOB, Ha KOTOpBIe obparnai BHEMaHue Beiteprrpacc. Okoiio
[TOJIOBUHBI BEKa ITOHAI00MIIOCH JIJIsi OTBICKAHUSI CTPOIOr'0 JIOKA3ATEIbCTBA ITOM Teo-
pembl. OpHUM U3 IepBBIX ero noJryuni Kebe. Hurke Mbl IpuBejieM J10Ka3aTe/IbCTBO
Teopembl Pumana, 6im3Koe K mpejjioxkeHaHomy Kebe.

B cuny teopembr JluyBuiuisi He cymiecTByeT KOH(MOPMHOIO OTOOpaKeHWs BCeii
IJIOCKOCTU HA €IUHUYHBIA KPYT.

TEOPEMA 13.5 (PUMAHA). ITycmv D — odnoceasnaa 06aacmv 6 Komnaekcnol
naockocmu C u D # C. Jlonycmum maxorce, wmo zg — mouka obaacmu D. Tozda
cywecmeyem eQuHCMEEHHAS 20A0MOPPHaAA U 00noaucmHas 6 D dynxyus f, xomo-
pas omobpasicaem D na edunuvnnil kpye D u ydosaemeopsaem yeaosusam f(zp) = 0,
f'(z0) > 0.

JIOKABATEJIHCTBO. [lokaxkeM BHavaJje eIUHCTBEHHOCTL. JlomycTuMm, 4TO JBe
dyukuun fi u fo ynoBieTBopsIoT ycaoBusaM TeopeMbl. Torga dyuknusa ¢ = o(w) =
f2 o fi H(w) Gymer xondbopmuo orobpaxkars emumirdEbii Kpyr D ma cebs u o(0) =
0, ¢©'(0) > 0. Kak ciemyer uz upepiyineii TeopeMbl, © JIOJIXKHA OLIPeIeJIaThCs
dopwmyitoit

g w—a
plw) = " ——.
Onnako, nockosbky ©(0) = 0, To a = 0, a ycaosue ¢’ (0) > 0 OPUBOAUT K TOXKIECTBY
p(w) = w. Ho Torna, noxcrasnsas w = f1(z) B paBeHCTBO

fao i (w)

w,
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nosygdaeM fa(z) = f1(z) 1 eqUHCTBEHHOCTL OTOOPAYKEHHUST TOKA3ZAHA.

s nokasaTebCTBa CyIIecTBOBaHUs oToOpazkatomeil pyHkIun [ BBEIEM B pac-
cMoOTpeHue Kjiaace F OJHOJUCTHBIX B objactu D GyHKIWA ¢, KOTOPBIE YIOBJIETBO-
psifor yesosusam: g(zg) = 0, ¢'(z0) > 0 u |g(2)] < 1 upu z € D, 1,e. g(D) C D.
TTokazkem BHAUAIE HEIYCTOTY BBeIeHHOTO Kitacca dynknuit. [1o yciaoBusim Teopembl
D # C. Tosromy naiigercs a € C\ D. B cuy toro, uro D sBisiercss 0HOCBS3-
HOIt 00JIaCThIO U 2 — a He obparnaercsa B HyJb B DD, MoxKHO B obytactu D BBIIEIATH
peryisipable BetBu dbyHKuuii In(z — a) n

Q(z) =vVz—a= 2 In(z—a)

HortycTtuM, 910 JUTst TAPBL TOYEK 21 U 2z U3 00siacTu D BBIMOJHSETCS OIHO U3 Pa-
BEHCTB

Q(z1) = Q(z2) wm  Q(21) = —Q(z2).

Tora mocie BO3BEJACHUS B KBaIpaT O0EMX YacTeil pABEHCTBA IOJYUYAEM 2] = 2.
Oro o3Havaer, uro Q) omuosmctHa B D u Q(D) He COAEPKUT mapbl TOYEK, CUM-
METPHUYHBLIX OTHOCUTELHO Havda/1a KOOPJAUHAT. B CHIly TIPUHIMIIA OTKPBLITOCTH TOY-
Ka wy = @Q(z9) npunamnexkur objgacru Q(D) BMecTe ¢ HEKOTOPOI OKPECTHOCTHIO
O, (wp). Ho rorma, B cuiy ormedeHHoro Beliie ceoiicrsa obnactu Q(D), cummer-
puunag okpecraoctb O, (—wp) Jo/KHA UMeTh 1rycroe nepecedenue ¢ Q(D). Cue-
poBaresbho, |Q(z) + wo| > r miug Beex z € D, a dyukius

r

wo + Q(2)

SIBJISIETCS OJ{HOJICTHON B obsactu D u |h(z)| < 1 npu z € D. Boinosass 1onoJHn-
TeJIbHO ApOOHO-THHENHOE Mpeodpa3oBaHue, MoIyIaeM (DYHKITHIO

h(z) =

_ W(z0) h(z) —h(z)
W (20)| 1 — h(z0)h(2)’

9(2)

KOTOpasl NpHHauIekuT ceMmeiicrey F, T.e. ¢g(D) C D, g(z) = 0 u ¢'(20) =
|/ (20)]/(1 — |h(20)|?) > 0. Takum ob6pazom HermycToTa Kiacca JF joKa3aHa.
IIycts Temepn

a = sup{g'(z0): g € F}.

MpbI moKa He HMCKJII0YaeM BO3MOXKHOCTH TOTO, 9TO0 o« = +o0o. U3 omnpenesenus
CymnpeMyMa CJIeJyeT CyIecTBOBaHWEe Takoi mocsemosarenbHocT {f,} C F, uro
f1(z0) = a npu n — oo. ITockosbKy cemeiicTBO JF pABHOMEPHO OIPAHUYEHO B 00-
aacta D, To B Cruly IPUHIUIA KOMIIAKTHOCTH U3 HOCJe0BaTeIbHOCTH { fp, } MOXKHO
BBLIEJIUTD HOANIOCIEI0BATEIBHOCTD [y, , KOTOPasd CXOIUTCS JIOKAJbHO PABHOMEPHO
B obnactu D. U3 teopembr 12.1 BettepimTpacca ciemyer, 9To mpeeabHas QyHKIUT
f monmmnocienoBareabHOCTH fp, ABJIAeTCd rojgoMopduoit B D u

f'(z0) = kli_?;ofék(zo) = a.

Orciofia, B 9aCTHOCTH, CJIEJYeT KOHEYHOCTh «. Ilo ciemcrBuio 12.2 u3 Teopembl
T'ypBuna nmeem Tak»kKe OZHOJUCTHOCTDH IpesesbHol dyHkmuu f. Takum obpazom
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f mpuHaIEKUT ceMelicTBY JF U SIBJISIETCS PEIeHNeM ITOCTABJIEHHON BBIIIE SKCTPe-
MaJIbHOU 3aJa4u.

ITokazkem Temeps, 9To mosrydeHHAs DYHKIU f U sABJIA€TCS KOH(MOPMHBIM OTOO-
pakenumem obmactu D Ha emwHuuHbl Kpyr D). [lomycTmMm mpoTWBHOE, T.€. €TO
f(D) # D. Torma naitnerca Touka w* € D\ f(D). B oamocsssmoit obmactu D
BBIJIEJTIM PETYJISIPHYIO BETBb

f(z) —w*
1—wf(z)’

bukcupys mexoropoe 3madenne H(zg) = ¢* € {(—w*)'/?}. Kak u B cryuae ¢ bymk-
mueit Q(z), jerko nposepsiercs ogHonucTHocTh pyukuuu H(z). Joburbes ycnoBus
HOPMUPOBKH MOKHO C TIOMOIIBIO JOTIOJHUTEIBHOTO JIPOGHO-TMHEHHOTO TIpeobpas3o-
BaHUs, Iepexos K PyHKINN

W) H)-C
PO = ol —cH)

Oyukius F' npuHa IeXuT ceMeiicTBy F U

H/
- £

Huddepenriupyst paBeHCTBO

" 11oJiarasd 2 = ZQ, IIOJIy‘{aeM

20"H'(20) = ol - [w*[?).
CrenoBaresibHO,
I I e DA S (s
TGN T 2l YT 20

[Mockomeky |¢*] < 1, To 1+ |¢*[? > 2|¢*|, m MBI IOy HaeM TPOTHBOPEYHe OIpe ieTe-

F'(20)

HUIO (. O

Konudopmuoe orobpakeHne oCyIecTBIsieT B3aNMHO OJTHOZHAYHOE COOTBETCTBHE
obJjiacTeif, T.e. OTKPBITBIX MHOXKECTB. BoIpoc 0 TOM, Ipu KaKUX YCJIOBUSX KOH-
dopmHOEe 0TOOpaXKeHne MOXKHO IPOJO/KUTD Ha IpaHully obsactu, Ob11 pemen Ka-
pareomopu. Cdopmynupyem 6e3 J0Ka3aTEIbCTBA OIUH U3 €0 PE3YIbTATOB, KOTO-
PBIl 4ACTO HA3BIBAIOT NPUHUUN COOMBEMCMEUS 2PAHUL,

TeoOPEMA 13.6 (KAPATEOZOPHU). [Tycmov obaacmu D u D* oepanuseros stcop-
darnosvimu Kpusvimu ¥ u Y . Tozda konpopmrnoe omobparcenue f obaacmu D wa
obaacms D* mooicno npodoasicumsd do 20meomopdrozo (63aumno 00HOZHAHHO20 U
HENPEPBIGHO20 KAK NPAMO20, MK U 00pAMH020) 0MOBPANCEHUA 3AMKHYMBIT 00Aa-
cmeti.

SameTnM, 9TO B CHILy TeopeMbl PuMaHa 7715 JII0OBIX JBYX OJJHOCBSI3HBIX 00JIACTElH,
OTJIMYIHBIX OT BCEeHl KOMILIEKCHOHN IJIOCKOCTH, CYIIEeCTBYeT KOH(POPMHOE OTOOpazKe-
Hue OJHON 00JTacTh Ha JAPYTYIO.



98 B.B. I'OPSIIHOB, E.C. IIOJIOBUHKIWH

§ 14. AHajuTHYeCKOe IIPOJIO0JI2KEHUE

CorytacHo TeopeMe €MHCTBEHHOCTH TrojioMopdHast OYHKINS OHO3HAYTHO OIIpe-
JIeJIIeTCs €€ 3HAYEHUSIMA B CKOJIb YTOJHO MAJIOM OKPECTHOCTH KAKOH-I00 OJTHOM
touku. Bo Bpemena HeroTona cunranocsk, 9To Bce DYHKIMM TOJIBKO TaKWe, a TPYI-
HOCTH BUJIEJIA JIWIb B BBIYUCJCHUN 3HAYCHWI TaM, TJe UCXOomHas (opMmysia ee He
OTIpEJIeIsIa, T.€. B AHAJUTUICCKOM TpojosiKeHun. (OCHOBHAs JIOTHYECKAs TPY/I-
HOCTb, CBSI3aHHAS C aHAJTUTUIECKUM MIPOJIOJIKEHUEM, COCTOUT B €r0 HEOTHOZHATHO-
CTH.

Jlo sTOr0 MOMEHTa MBI 101, (DYHKIMENH TOHNMAJIN KJIACCUIECKOe MMOHSITHE, KOTIa
KazKJION TOUYKe 0DJIACTH OIPEJIEJICHIs CTABUIOCh B COOTBETCTBUE TOJBKO OJIHO KOM-
rekcHoe gucyio. C Ipyroit CTOpOHBI, IPU U3y YeHUN JorapudMa U KOPHE MbI CTaJI-
KHABAJIUCh C TPYAHOCTHIO MX OIPEIEJIeHUs, HO IIPEOI0JICBAIN 3Ty TPYIHOCTH BBIIE-
JlenneM BeTBeit. B srom maparpade Mbl paccMOTPUM JIPYTYIO KOHIIEIITHIO, KOTOPas
pacmpsieT ToHATHe (DYHKIMH U TaKXKe HaIpaBJeHa Ha IPEOJI0JIEHUE TPYIHOCTENH,
CBSI3AHHBIX C MHOTO3HAYHOCTBIO JiorapudMa U KOPHEH.

CreneHHbIE PSA/IbI.

BeiteprTpace B IIOCTPOEHUM TEOPUM AHATUTUIECKAX (DYHKIUN CHCTEMATHIECKA
HCIIONIb30BaJ CTeneHnble psapl. CreneHHoM psis Y~ ¢y (z — 29)" onpezensier ro-
aomopduyo dyrknuo f B HEKoTopoM Kpyre Og, (20), PaIIyc KOTOPOro MOXKHO BbI-
qucsuTh 110 Koadduimentam psiga nocpeacrsoM dhopmyis (3.2) Komm—A namapa.
IIycts 21 € Opy(20) 1 > gbn(z — 21)" — pasnoxenue B psy Teitnopa v1oil xe
byakuuu f. Pammyc cxomumoctu R; 3TOro psifia He MEHbIIE PACCTOSHUS OT 21 JI0
rpanunsl kpyra Op, (20), HO MOXKeT oka3aThcst Gouibie. Bo BTopoM ciaydae cymMmMa
paga Y by (z—21)" npeacrasmusier coGoit romomopduyio dbynxmmo f1 B Og, (21),
KoTopast cosiajaer ¢ f Ha nepecedennu kpyros Og,(z9) N O, (21). Takum obpa-
30M MBI IIOJIy9aeM aHajnTudeckoe npogoskenue byukunu f #a Op,(z0) UOR, (#1).
Unest BeliepmTpacca 3ak/I09aiachk B IOBTOPEHUN TAKOTO ITIPOIECCA MTPOJIOJIZKEHUST
GYHKIMA U 10/ aHATUTUYIECKON (DYHKIMEH OH MOHMMAJ COBOKYIIHOCTH BCEX IIPO-
Jno/KeHuit HadaabHoil dynkiuu f. CTeneHHble pAbl U3 3TOH COBOKYIIHOCTH BCEX
POJIOJIZKEHUI PACCMATPUBAJINCH KaK Pasaudable hopMbl OJHON U TOil 2Ke DyHKIUH.

Teopema 3.1 maer pajuyc CXOAUMOCTH CTEIIEHHOIO DA, HO HE JIAeT HUKAKOM
nHOOPMAIN O €r0 CXOAUMOCTU B TPAHUTHBIX TOYKAX KPyTa CXoauMocTh. MorKHO
OBLIO OBI TPEJIIONIOKATD, ITO CXOAMMOCTD PSAJIa B TPAHUTHON TOYKE KaK TO CBSA3a-
HA& C BO3MOXKHOCTBIO AHAJUTUIECKOTO MPOJOJIKEHNAST €70 CYMMBI M€Pe3 3Ty TOUKY
3a mpeJiesibl Kpyra cxogumoctd. OJHAKO 9TO He Tak, B UeM MOXKHO yOemmuThes,
PACCMOTPEB CJIEIYIONIAE JBA IPAMEDA.

®ynknus f(z) =1/(1 — z) romomopdua 8 C\ {1}, HO B eIMHAYHOM KpyTe TIpe-
craBiisier COOOH CyMMy CTEIeHHOIO psiia » .~ 2", KOTOPBI PACXOAUTCS B KAK 10
TOYKe eJIMHUYIHON OKpy2KHOCcTH. C Jpyroil cTOpoHbI, cyMMa ¢(z) CTEIEeHHOIO Psijia
>0 | 2™/n? He MOXKeT GBITb HPOJOJIKEHA AHAIMTUYECKU U3 €IUHUYHOIO KPyTra B
00J1aCTD, COMEPKAIILYTIO TOUKY 2 = 1, MOCKOJIBbKY

oo

" _ n+1n
g"(z) _;n+2z

CTPEMUTCH K 0O, KOTJIa Z — 1 BJIOJIb BEIECTBEHHOT'O PaJIAyCa.
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OnpPEAEJEHUE 14.1. Ilycrs S(z) —cymma cTeneHHOro psiia

o0
> en” (14.1)
n=0

¢ TOJIOXKUTETBHBIM paauycoM cxogumoctu R. Bymem roBoputh, 9TO TOUKA z) HA
OKpyKHOCTH |z| = R sBisiercs pez2yaapnol TOUYKON crenenHoro psana (14.1), ec-
au S(z) aHAJUTUYECKH [IPOJIOJIKAETCS. B HEKOTOPYIO OKPECTHOCTH 9TON To4YKu. B
OPOTUBHOM ciiydae Gy/ieM Ha3bIBaTh zo 0co00( TOUKOM crenenHoro psa (14.1).

Creytomuit pe3ysbTaT U3BecTeH Kak Teopema Kormun— A namapa.

TEOPEMA 14.1. ITyemw cmenennot pad (14.1) umeem noaosicumenvhoni paduyc
cxodumocmu R. Tozda na oxpyosrcnocmu |z| = R umeemca xomsa 6o, 0odna ocobas
movxa.

JOKABATEJILCTBO. omyctum mpoTwBHOE, T.€. I KaXKA0i TOYku ( € 7R,
vr = 00g(0), nainercst xkpyr U¢ ¢ menTpoM B Totuke { u paguycom R¢ > 0 Takoii,
ur0 cymma S(z) psana (14.1) ananurudecku nponomxkaercs B Us UOR(0). Tlockoms-
Ky cemeiicTBo KpyroB U¢, ¢ € YR, 00pasyeT OTKPBHITOE IOKPBLITHE KOMIIAKTHOTO
MHOKECTBA, YR, TO M3 HETO B CUJIy JieMMbl [eitHe— Bopesisi MOXXHO BBIJIEUTH KO-
HeuHoe nommokpsitue U, ..., U, . Ho Torma S(z) aHAIMTHYECKE IPOIO/IKACTCA B
001acTb

D =0rO0)J | U U
k=1

OTo NposoJKEeHHe KOPPEKTHO OIIPeJIe/IeHo, MOCKOJIBKY B citydae U, NUs # O
TaKKe UMEeeM

Ue, NU; N Ogr(0) £ @

7 B IOCJIeIHEM TepecedeHnn TpeX Kpyros npogpoixkenns B Ue, n U, coBmamaior c
S(z), a 0 Teopeme eIMHCTBEHHOCTU OHHU COBIIAJIAIOT U BO BCeil 00JIacTH OIpeje-
senus. B pesysibrare Mbl moiydaeM, uaro S(z) siBisercs rojgomopdHoil dyHKImei
B obsactu D, KOTOpasi COMEPXKUT KPyr OoJibiiero pajuyca, yem R. Ho sto mpo-
TUBOPEUAT TOMY, UTO R — pajuyc cxogaumoctu crenenHoro psiaa (14.1) u reopema
JIOKa3aHa. O

ONPEAENEHUE 14.2. Ecom psin (14.1) nMeeT MOIOKATETBHBIN PAJMYC CXOIAMO-
¢t R u KaxK7iast TOUKa OKPYKHOCTH |z| = R siBisiercst 0coBoii, TO 9Ta OKPYKHOCTH
HA3BIBAETCSL ecmecmsernoll epanuyed cyMMbl psiia S(z).

IIpumepamu CTEIEHHBIX PSAJIOB, JIJIS KOTOPBIX TPAHUIA KPYTa CXOJUMOCTH SIBJIsI-
€TCsl €eCTECTBEHHO! I'DAHUIIEN, MOTYT CJIy?KUTh PSJIbI

oo oo
. n
E A E 22",
n=0 n=0

B oboux mpumepax Bce TOUKH eIUHUIHON OKPYKHOCTH SIBJISIIOTCS OCOOBIMU JIJIST UX
CYMMBI.

ABHajinTuyeckoe IIpoaoJiz2keHrie BA0JIb IIyTHU.

VrouHuM BHaYAJE TEPMHUHOJIOTUIO.
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ONIPEAEJIEHUE 14.3. QYHKUUOHANLHBIM IAEMEHMOM WA, KOPOIE, IAEMEHMOM
6yaem nHasbiBarh mapy (f,U) rme U — nekoropsiit kpyr, a f —rosomopduas B U
byHKITH.

Hpa ssnementa (f,U) u (g,V) aBagiorcs nenocpedcmeennvim aGHAAUMUNECKUM
npodossicenuem npyr npyra, eciu UNV # @ u f(z) = g(z) upu z € UNV.
Bwmecre f u g onpenensitor rogoMopdHyo QYHKINIO B 00bequHernn Kpyros U U V.
ITosTOMY TaKzKe TOBOPAT, UTO ¢ ABJISETCS aHATUTHIECKIM IPOIoJKeHneM (pyHKIUH
f Bxpyr V. B cuity TeopeMbl €IJMHCTBEHHOCTH JIJIsT AaHAJIUTUICCKAX (PYHKIMI TaKoe
POJIOJIZKEHUE €JUHCTBEHHO, €CJIM OHO CYIIECTBYET.

Homnycrum renepnb, aro (f1,U),. .., (fn,Un) — I€HOYKa 3JIEMEHTOB, B KOTOPOii
(fi, Ug) 1 (fr—1,Ug—1) ABISIOTCA HENOCPEICTBEHHBIM AHAJUTUICCKUM [IPOIOJIZKE-
HUeM Ipyr apyra upu Bcex k = 2,...,n B srom ciaydae Oymem roBopurh, 94TO

(fn,Up) aBisiercs aHajauTUIecKuM 1pogoszkerneM sementa (f1, Ur) BroJb nemnod-
KU 3JICMEHTOB.

Cpa3y 2Ke 0TMeTUM OJIHO BazKHoe 06cTosaTesbeTBo. Ecou (fy,, Uy, ) aBisercd ana-
JIUTUIECKUM TPOOJIKeHneM 3ieMenTa (f1, U1) BIOJIb HEKOTOPO#i TETOIKN SJIeMEH-
roB u Uy NU, # &, To BoBCE He obs3aresnbHO, uTobbl (f1,Ur) u (fn,U,) saBIS-
JIICHh HeIOCPeJ/ICTBEHHBIM aHAJIATHYECKUM IPOJIOJIKeHneM ApyT apyra. Hampuwmep,
pacemorpuM Kpyru Uy, k = 0,1,2, eqMHUYHOrO pajmyca ¢ HEHTPaMH B TOYKaX
ap = e'?7/3  a B kauecTBe GyHKIMI fi, BEIGEPEM pETYIISIPHBIC BETBI MHOIO3HAYHOI
bynxmm {y/z} B atux kpyrax ¢ yeropusmu fi(ay) = e*7/3. Torma, Kax serko
ybemurbes, mapet asaementos (fo, Uo), (f1,Ur) u (f1,U1), (f2,Usz) aBisiorcs nero-
CPEJICTBEHHBIMU aHAJIMTUIECKUMU IPOJIOJIZKEHUAME IAPYT Apyra, Ho fo(2) # fa(2) B
nepecedennn Uy N Us.

C apyroii croponsl, eciu ( fs, Us) siBJisleTcsl aHAJIUTHIECKUM [IPOJIOJIZKEHUEM JIe-
menTa (f1,U1) Broas uenouku suementos (f1,Ur), (f2, Us), (f3,Us) u

UlﬁUgﬂUg,;é@,

1o (f1,U1), (f3,Us) HOJKHBI OBITH HELOCPEICTBEHHBIM AHAIUTUIECKUM POIOJIZKE-
HUEM JIpYT JPYyra B CUJIY T€OPEMBI €JMHCTBEHHOCTH.

B srom naparpade HaMm He HY:KHO TpebOBaHHUEe IVIAJIKOCTU KPUBBIX (MM [yTeil).
Kpowme Toro, B KauecTBe TpoMeKyTKa U3MEHEHUS TTapaMeTpa s ya00CcTBa Oyaem
6path orpesok [0,1].

ONnPEAEJNEHUE 14.4. Ilycrs v —nyrh ¢ napamerpusanumeii z = z(t), 0 <t < 1.
Ecmu cymecrByer Takoe pasbuenme 0 = tg < t; < ... < t, = 1 u Takasa 1enoy-
ka asteMeHToB (f1,U1), ..., (fn, Un), 910 (f, Uk), (ft1, Ug41) sIBISIFOTCST HETTOCDE -
CTBEHHBIM aHAJIUTUYCCKUM IIPOJOJIKeHIEM JAPYT ApyTa Jida Bcex k=1,...,n—1u
z(t) € Up upu t € [tg_1,tx] mst Bcex k = 1,...,n, To Gynem ropoputs, 410 (fn, Uy)
SIBJISIETCS AHAJIATHIECKAM TIPOJIOJKeRneM dytementa ( f1, U1) BIoab myTn .

TEOPEMA 14.2. IIyemw (f,U) — ssnemenm u v —nymov ¢ Ha4aavholi mowkot
20 € U u xoneunot moukot z1. Jonycmum, wmo (f1,U1),..., (fn,Un) u (g1,V1),
v oy (Gm, Vin) — dee uyenouru saemenmos, ocyuecmeAAIOUWUT GHANUMUKECKOE PO~
donsicerue anemernma (f,U) edoav nymu v. Tozda (frn,Upn) t (gm, Vi) Aessomea
HENOCPEICMBEHHVIM GHAAUMUYECKUM NPOJosHCERUEM IpYe dpyea.
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JIOKA3ATEJBLCTBO. Ilycts v: z = 2(t), 0 < ¢t < 1, u nenouxke (f1,U1), ...,
(fn,Uyn) coorsercrByer pasbuenne 0 =ty < t1 < ... < t, = 1, a nenouke (g1, V1),
-+ (gm, Vin) coorBercrByer pasbuenue 0 = sp < 1 < ... < 8§, = 1. Ilo ycaosuio
f1(z) = f(2) = g1(2) BU = Uy = V] u rouka 2(1) = 2| NpUHAIJIEKUT IIEPECEUCHUIO
U, N'V,,. Teopema Oyzer moKa3aHa, €Ciu IMOKA3aThb, 9TO B CJIydae, KOTJA OTPE3KU
[ti—1,ti] m [sj_1, ;] UMeloT HemycToe mepecedenue, saeMentst (f;, U;) u (g5, V;) as-
JIAIOTCA HEMOCPEJICTBEHHBIM aHAJTUTHYICCKAM MTPOJOIKEHUEM JIPYT APyTa.

JlomycTuM TPOTUEHOE M MyCTh Napa WHIEKCOB (1, j) IMeeT MUHUMAJBHYIO CYMMY
i+ j cpelm TeX, KOTOpBIE YIOBIETBOPSIOT YCJIOBHM: [t;—1,t;] N [s;_1,8;] # @ n
(fi,Ui), (95, V) He SIBASIIOTCS HEIOCPEACTBEHHBIM AHAJIUTHIECKUM IIPOTOIZKEHHEM
apyr apyra. Ilycrs pist onpenenentocra sj_q < t;—1. Torma ¢ > 2 (B mporuBHOM
ciaydae t;_1 = ;1 = 0) u s; > t;_1. CienosaressHo,

Z(tifl) elU,_1NnU;N V}

Ho rorma [s;—1,s;] N [ti—2,t;—1] # @ U B CHIy CBOHCTBA MUHUMAJIBLHOCTH CYMMbI
i+ j snementsl (f;—1,U;—1), (g;, V) ABISIIOTCS HEMOCPEICTBEHHBIM aHAJNTIIECKIM
npogoskennem apyr apyra. C apyroit croponsl, (fi—1,U;—1) u (fi, U;) sBastorcs
HeIIOCPeICTBEHHBIM AHAJUTUIECKUM IIPOJIOJKEHAEM JPYT JAPyTa 110 OIpe e IeHIIO
AHAJIUTUIECKOTO TIPOJIOJIZKEHHs] BJIOJIb IIyTH. Y YATHIBAS TAKXKE, ITO

Ui_lﬁUiﬂVj 75 g,

IPUXOANM K 3ak/modenuio, 410 (f;, U;) u (g;, V;) ABAAIOTCS HEOCPEACTBEHHBIM aHa-
JINTUIECKAM TIPOJIOJIZKEHUEM APYT Apyra. [losydeHHOe mpoTUBOpeune JTO0Ka3blBaeT
TeopeMy. O

JlokazaHHast TeopemMa MOKA3BIBAELT, YTO AHAJUTUIECKOE MPOIOJIKEHUE dJIEMEHTa
(f,U) BROJIB IyTH ¥ IPUBOJUT K €JMHCTBEHHON (DYHKIMH, rooMOpdHOi B OKpecT-
HOCTH KOHIIEBO# Toukn myTH 7. llosromy Gynem obosHauaTs f, 9Ty dyHKIUIO.

ONPEJAEJEHUE 14.5. Iycrs D — obmactb u vo: 2 = o(t), v1: 2 = p1(t), 0 <
t < 1,—nBa nytu B D ¢ obummu kKoumamu ¢o(0) = ¢1(0) = 2o, po(l) = ¢1(1) = 21.
Byzmem roBoputb, WTO Y9 U Y1 2omomonnv, B D, eCam CymecTByeT HENpepbIBHOE
oTOoDpazKeHme

®: [0,1]x[0,1] — D

rakoe, uro P(0,t) = @o(t), ®(1,t) = p1(t) aust Beex t € [0,1] u P(s,0) = 2o,
®(s,1) = z g Beex s € [0,1]. B srom ciyuae ¢ naseiBaercs 2omomonued myTei
Yo B V1.

ToMOTOHIO MOXKHO DACCMATPUBATH KaK HEIPEPBIBHYIO 1ehOPMAIIUIO KPUBOH Yo B

KpuBYIO ¥1 B obstactu D. ToMOTOINST OCYIIECTBIIAET 3Ty AePOPMAIIAIO TIOCPEICTBOM
KPUBBIX Vs: 2z = D(s,t), 0 <t < 1.

TEOPEMA 14.3. Jlobwvie dsa nymu ¢ 06uuMy KOHUEBDLMU MOYKAMU 6 00HOCEA3-
HOT 06AGCTIU 20MOTMONHDL.

JIOKABATEJIBCTBO. Ilycrb vo: 2 = @o(t), v1: 2 = p1(t), 0 <t < 1,— aBa uwyTu
B D ¢ obmumu kornesbiMu ToUkaMu @o(0) = ¢1(0) = 2o 1 wo(1) = ¢1(1) = 2.
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Hormyctum BHavaste, aro D — BhIMyKIas 001acTh. Torma romoronust ¢ MoxkeT ObITH
orpejiesieHa PaBEHCTBOM

D(s,t) = (1= s)po(t) + ser(t).

B ciygae mpousBoabHON ogHOCBA3HOM obacTn [ MOXKHO TOCPEICTBOM KOH(pOPM-
HOrO OoTOOpaykeHusi f, KOTOpoOe CyIIecTByeT B cuiry Teopembl 13.5 Pumana, orobpa-
surb D nHa eaunmunblii kpyr . O6passt f(v9) u f(71) MOXKHO TOMOTONUPOBATD,
nockosbKy D) siBsisieTcst BRIMyKJION o6aacTeio. 3areMm romoromuio myreit f(yo) u
f(71) nepesectu ob6paTHBIM O0TOGpazKenueM f~1 B romoTommio Yo u 1. O

TEOPEMA 14.4. Ilycmv D — obaacmov 6 C u 7y, y1 — nymu ¢ obwumu KoHua-
MU Zo U 21, 2omomonnuie 6 D. Jlonycmum maxorce, wmo aaemenm (f,U), U C D,
zo € U, anaaumunecku npodoasicaemcesa 6doav Kaocdozo nymu vs, 0 < s < 1, xomo-
poie onpedeasem zomomonus. Toeda pesysvmamuvr npodoasicerus anemenma (f,U)
8doav nymeti yo uy1 cosnadarom, m.e. fy,(2) = fy,(2) 6 nexomopot oxpecmmocmu
MoKy 27 .

JIOKA3BATEJIBCTBO. Ilycrs ®: [0,1] x [0,1] — D —romoronus nyreii o u ;.
Kak u Bome, yepes 75, 0 < s < 1, Oymem 0003HAYATH IYTh C I1apaMeTpu3aruei
z = ®(s,t), 0 < ¢t < 1. IlokaxeM, uro i Kazxkaoro so € [0, 1] maitmercsa Taxkoe
§ > 0, aro npu Beex s € [0, 1], yOBIETBOPSIONMX HEPABEHCTBY |s — So| < d, aHa-
JUTHIECKHE TIPooJKeHnst aemenTa (f, U) BIOJb IyTell s COBIAJIAIOT ¢ AHAJIUTU-
YECKIM IPOJIOJIZKEHHEM BJIOJNb Vs, T.€. fy (2) = Frey (z) B HEKOTOPOI OKPECTHOCTH
TOYKH 27.

Houycrum, uro (f1,U1),. .., (fn,Un) — 1€II0YKa 3JIEMEHTOB, OCYIIECTBIIAIONIAS
anagnTrdeckoe upoposnkenue (f,U) Baons mytu vs,, T.e. Uy = U, fi(z) = f(2)
npu z € U n 21 € U,. Ilyctb Takxke 0 = tg < t; < ... < t, = 1 —pa3buenue
orpeska [0, 1], mpu KoTopom

Qr = {z = ®(s0,t): tp—1 <t <t}

comepxkurca B Kpyre Ug, k = 1,...,n. Iockonbky Qk, k = 1,...,n, gaBiasiorcs
KOMITAKTHBIMYA MHOXKECTBAMU, TO

min dist(Qg,dUx) = ¢ > 0.

1<k<n
B cuny nenpepoisaoctn dbyukiun ¢ naiinercs rakoe § > 0, 9To
|©(s,t) — P(s0,2)] < €

npu Beex t € [0,1] m |s — sg| < 6. B wactmOCTH, most Beex kK = 1,...,n u s,
|s — so| < ¢, Gymer BimosHsATLCA ycaosue P(s,t) € Uy upu t € [tg—1,tx]. D10
O3HauAaeT, 9To nenoyka 3aementos (f1,U1), ..., (fn, Us) ocyliecTBISCT aHAINTHYE-
ckoe mipostozkenne (f,U) u Baoms mytn s, T.e. fy (2) = f,, (2) npn 2z € U, n
|s — so| < 0.

IIyctn Temepn

Gi1 = {s€[0,1]: f,,(2) = fy,(2) B HEKOTOPOIl OKPECTHOCTH TOUKHU 21 },
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a Gy = [0,1] \ G;. Tlo nokasanHomy, eciu 51 € Gy, To Haiinercs 6; > 0 Takoe,
gro s € Gy upu |s — s1| < §1. AHajormuso, eciu sy € G, To Haljercs 6y > 0
Takoe, 4ro § € Gy upu |s — s2| < d2. B cuiry cmsisHOoCcTH OTpeska [0, 1] oaHO u3
MHOKecTB (G mwin Gy JTO/KHO ObITh mycThiM. llockosbky 0 € G1, o G = @ u
i (2) = fy,(2) B HEKOTOPOI OKPECTHOCTH TOUKH 2. O

Bynem rosoputsb, uro msa smementa (fi,Ur) u (f2,Usz) sxeusasenmmnl, ecrm
OJIMH U3 JAPYTOrO IOJIyYAeTCs AHAJIUTHYECKUM IPOJIOJIZKeHUeM (BZOJIb HEKOTOPOIo
nytu). OdYeBUIHO, YTO TAKOE OIpPEJeJeHNe SKBUBAJIEHTHOCTU HABJSETCs pedilek-
CHUBHBIM, CHMMETPUIHBIM U TpaH3UTHBHBIM. Kitacc sxkBuBasienTHOCTH F 3/1€eMEHTOB
OyJleM Ha3bIBaTh NoAnol anaaumuveckol gynkyued. Jlioboii smement (f,U) nz F
OIIPEJIE/ISIET BECh KJIACC KBUBAJIEHTHOCTU IOCPEJICTBOM AHAJIUTUYIECKOTO TPOIOT-
JKEHUSI.

HomyctuMm Ternepb, 9To [ — HEKOTOpas 001aCTh U B Heil OlpeieseHa ToJIoMOpd-
Hast dynkiust f. Ecam kpyr U conepxkurest 8 D, To npogoskenust saementa (f,U)
BJIOJIb JIFOOOTO Iy TH 7y B D IpuBOAMT K TOii ke pynkiuu f. B arom cirydae MokHO
cKa3aTh, uTo 3aeMeHT (f, U) Bblmensier B D BETBb HOJHON aHATUTAIECKON BDyHKINN

F.

TEOPEMA 14.5. ITycmv D — odnoceasnan obaacms u (f,U) — anemenm, xomo-
PO GHAAUMUYECKU, NPOQOAHCAEMCSH 800Ab A100020 nymu 6 obaacmu D. Tozda cy-
wecmeyem eQuUHCMBERHAA 20A0MOpPHas 6 D dyrnryus, xomopas cosnadaem ¢ f 6

U.

JOKABATEJLCTBO. Ilycts 2y —mentp kpyra U u v, —uyts B D ¢ HaYaI0M B
TOUKe 2o B KOHIOM B z € D. Uepes g(z) obosmatmm nponoskenue f,_(z) smeMeHTa
(f,U) Boonb uyru 7y,. U3 upeapiyineii TeopeMbl cieiyer, 4ro g(z) He 3aBUCUT OT
BBIOOpA Iy TH Y,. Takum 06pa3om, pyHKIMS g KOPPEKTHO OIpe/iesieHa, ToJIOMOpGdHA
BDug(z)=f(z) upu z € U. ]

3AMEYAHUE 14.1. Dra Teopema (a TakzKe HPeABLAYINAsi) HA3BIBAETCS Meope-
Mot 0 monodpomuu. Ee comeprkanue MOXKHO CHOPMYJIPOBATH TAKIKE CJIEILYOIIIM
obpaszom. IlonHast ananuTHuecKast PyHKIUSI, KOTOpas JOIMYCKAeT aHAJATHYIECKOE
IPOJIOJIZKEHUE BJIOJIb JIIOOOr0 IyTH B OJHOCBA3HOH obsactu D, onpenenser B D
BETBb, BBLIEISEMYIO HEKOTOPBIM 3JIEMEHTOM.

Jist oJTHOM AHAJIUTUYECKONH (DYHKIMA BO3HUKAET HOBBIM TUIl M30JIMPOBAHHBIX
0COOBIX TOYEK TIO0 CPABHEHUIO C TeMH, KOTOPbIE ObLIN U3YYEHBI JJIs OJHO3HAYHBIX
dbyuknwmii, T.e. BerBeit. Touka a HA3BIBAETCH M30JUPOBAHHON 0CODOI TOYKOM MOJI-
HOIT aHaUTHYeCcKOl byHKIME [, eciu CyIecTByeT MpoKoJIoTast OKPECTHOCTh @r(a)
u snementr (f,U), U C @r(a), 970 (DYHKIUH, KOTOPBIH TPOJOJIZKAETCS BJIOJIb JIIO-
6oro myTHu B @T(a). ITycts 0 < o < r U 7y, — OKPY?KHOCTb C IIEHTPOM B TOYKE d.
HomycTum Takxe, 910 29 € 7, U. Torma npu npomoizKeHnl Ha4aJIbHOI'O 9JIEMEHTa,
BJIOJIB IIYTH 7Y, TIOCTIE €e 00X0/1a MOXKEM B PE3yJIbTaTe IOJIyUYNTh TOT »Ke JeMEHT. B
9TOM CJIydae TOUKa ¢ HA3BIBAETCS 0c000U movwkol 00Ho31awH020 Tapaxmepa. Ecim
00XO0JT, 7Y, IPUBOJIUT K JIEMEHTY, OTJIIMIHOMY OT HCXOHOTO, TO @ HA3BIBACTCH MO4KOT
semesenus. B IepBoM Cirydae MOMKHO MOKA3aTh, 4TO B OKpecTHOCTH O, (a) BbLIe/Is-
ercs BerBb pyuknuu F. Bo Bropom cityuae Bo3moxkub! aBa Bapuanta. CyrmecTByer
IeJIOE THCJIO N 2> 2 TAKOE, ITO N-KPATHBINA 00XOI 7Y, B OJHOM HAIIPABJIEHUU IPUBOJHAT
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K MCXOJHOMY 3JIeMeHTy. Torma TOYKa a HA3bIBAETCS TOYKON BETBJICHUS KOMEUH020
nopsdka, a HaMMEHBIIEE U3 YHUCEJ 7, ODJIAJAIONIUX ITUM CBOWCTBOM, HA3BIBAETCS
nopsadkom eemenenus. Ecau xKe 00XOIbl B OJHOM HAIIPABJIEHUM MPUBOIST KayK-
JBIl pa3 K HOBBIM dJIEMEHTaM, TO ¢ HA3bIBAETCS TOYKON BETBJICHUS OECKOHEUHO20
nopAdKa WA A02aPUPMUECKOT TOIKON BETBJICHUS.

IMTpuanun cumverpun Pumana— IIBapia.

PaCClVIOTpI/Il\l Ternepb CHeI.[Ha.HbeIfI cnyqaﬁ AHAJIUTUYIECKOT'O IIPOJOJIZKEHUA, KO-
ria obsractu D1 u Dy He mepeceKaroTcst, & UMEIOT OOINuii y9acToK rpaHurbl. [Ipes-
BapUTEJIbHO YCTAHOBUM OJUH DPE3YJIbTaT, KOTOPBII MHOTJA HA3bIBAIOT ,, TeOpeMa O
CTUpaHu! pa3pe3a’ .

JIEMMA 14.1. ITyecmwv obaacms D u npamas L maxue, wmo DNL =1 # .
Honyemum maxorce, wmo dynkuyus f nenpepwena 6 D u 2onomoppna na D\ I.
Tozda f asasemes 2oromopdroti u 6o eceti obaacmu D.

JIOKABATEJBLCTBO. IlockobKYy CBOWCTBO TOJIOMOP(MHOCTH SBJISIETCS] JIOKAJIh-
HBIM, TO JJIsI JIOKA3ATEeJhCTBA JIEMMBbI JOCTATOYHO YCTAHOBUTH TOJOMOPQHOCTDL f
B TOYKAX MHOXKECTBa [, KOTOPOE MPEJCTABIAeT OO0 CHCTEMY HelepeCceKarommux-
cg maTepBasioB Ha mpamoit L. Ilycts a — npousBosbHas Touka mMHOXKecTBa I 1
O,(a) C D. Ilo upennonoxenuio [ uenpepsisHa B O,.(a). ITosromy B cuiy Teope-
Mbl Mopepa rojiomopdHocTh f OyIer JoKasaHa, eCjii yCTaHOBUTH PABEHCTBO HYJIIO
MHTErpajoB oT GyHKIuUA f 110 TpaHUIE KarKJIOT0 TPEYrOJbHUKA, PACIOJIOKEHHOTO
B O,(a). 3amernm, uro npsmas L nepecekaer kpyr O,(a) 1o nuamerpy u JeauT
ero ma jpa mosykpyra UT u U~.

[Tycts Terreps A — TpeyroibHUK, KOTOPBII BMECTE ¢ 3aMbIKAHIEM COJIEPXKUTCS B
O,(a). Ecim A nonnoctsio conepxkurcs B U man U™, T0 paBeHCTBO

8{ f(z)dz =0

cienyer u3 Teopembl Komm. Ilyers AT = ANUT u A~ = ANU~. Torna

/f(z)dz: /f(z)dz+ / f(z)dz.
8A

AT oA~

OpHako, MHTErpAJIBl B PABOil YacTH PABEHCTBA PAaBHBI HYJIIO 110 Teopeme Kormm n
JIeMMa JIOKa3aHa. o

Cueyromuil pe3ysibraT U3BeCTeH Kak npunyun cummempuu, Pumarna— Illsapua.

TEOPEMA 14.6. ITycmv D — obaacmbv, cCumMmempuuHas 0MmHOCUMeENbHO BEULECTT-
sennoti ocu, w D¥ ={z € D: Imz >0}, D ={2€ D: Imz<0}, [ =DNR.
Ilonycmum, wmo f aeasemca nenpepuienoti na DT U I, zonomoppnoti 6 DT u npu-
HuMmaem eewecmeennovie 3Hawenua va I. Tozda onwa umeem amnasumuueckoe npo-
dosotcerue 60 6cro obaacmo D, 2de ydosaemeopaem cOOMHOWEHUIO CUMMEMPUU

f(z) = f(3).
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JOKABATEJLCTBO. Oupenenum B objactu D dyHKimio F mocpeiIcTBoM pa-

BEHCTB
f(z), ecrm ze€ DTUI,

F(z) = ¢ _——
fZ), ecmm zeD.

Teopema OyeT joKasaHa, €CJaU Mbl YCTAHOBUM TOJIOMOPGMHOCTD hyHKIuu F' B 00-
nactu D. Tomomopdnocts F' B DT ciieryer U3 ee OIpeaeIeHus U IPeIOI0KeHI
reopembl. Ilycrs zg € D™ u r > 0 Takoe, uro O,(z9) C D~. Torma B O,(20)

dbyukuust F' onpenensiercs mo HuxkHER (opmyse u

limwz limM: 1jm<f(z)_f(0))_f/(20).

Z—20 z — ZO Z—20 z — ZO Z—20

Takum o6paszom, F rosomopdua 8 D\ I.

Ilokaxkem, uro F' menpepoiBaa B D. [t 3TOr0 ocTaeTcsd TPOBEPUTDH HEIIPEPHIB-
HoCTb B Toukax Ha I. Ilycth 29 € I m e > 0. B cuny menpepoisroctu f ma DT U T
Haiinercs takoe § > 0, aro | f(z) — f(xo)| < € npu z € Os(xo) N[DF UI]. Ho Torma
s 2z € Os(zg) N D~ 6ynem mmers z € Os(x9) N DT m B cuity BemecTBenHOCTH
suavenus f(zo) moaydaem

[F(z) = f(@o)| = [f(2) — f(@o)| = |f(Z) — f(m0)| < e
TTockombky g € I u € > 0 BbIOMpAINCh TPOU3BOJIBLHO, TO HENPEPLIBHOCTL F' Ha I,
a, cjaenoBaTesbHO, U B D mokasaHa. Y TBepKeHne o rojomopduoctu F' B obiactu
D crmenyer u3 JeMMBbI. O

JlokazamHasi TeopeMa MUMeeT OYeBUIIHBbIE O0ODIIEHNS B CBA3U C TE€M, UTO JIIOObIE
nse okpyzxuoctu O u Cy B PACHIMPEHHON KOMILTEKCHO# mockocT C MOZKHO 0TOO-
pasuTh APYT Ha JPYra ¢ IMOMOIILIO JIPOOHO-MHEHOTO TTpeobpaszoBanus. O6aacTb
D MOKHO BBIOMDATH CHMMETPHIHOM OTHOCHUTEIHLHO OKpykHOCTH (1, a B KadecTBe
I rorma 6yzer BoicTynarh nepecederre Cy N D. Eciou dyuknus [ rosomopdHa B
yactu DT obiactu D, KoTopas pacHoioxKena BHYyTpU Kpyra, orpammdennoro Cf,
HenpepbiBHa Ha DT U T u npuanmaer suadenus f(z) € Ca, Korja z € I, To ee MOX-
HO IPOJIOJIZKUTH aHAJUTHYIECKH BO BCIO objiacts D. Ilpu aTom mapel Touek z1, 29,
CUMMETPUYHBIX oTHOCUTEabHO C7, OyIayT nepexoqurb B napbl Todek f(z1), f(z2)
cuMMeTpUIHbIX oTHOCUTENbHO Co. [Ipuamun cuvmverpun Pumana— [MIBapia gacto
UCIIOJIB3YETCS I TOCTPOEHUST KOHMOPMHBIX OTODDaXKEeHMUIA.

§ 15. Mepomopdubie QyHKIUN

B komnre naparpada 5 Mbl paccMOTpesIn HEKOTOPhIE CBONCTBA IEIbIX (DYHKIIHIA,
T. €. TaKUX, KOTOPbIe TOJIOMOPMHBI BO Beeil KommieKcHo# mrockoctu C.

OnPEAEJNEHUE 15.1. @Oyuxkmusa f: C — C HazweBaercss MepoMopHOIiL, ecu
ona rojomopdra B C, 3a uCKII0YeHNeM, ObITh MOXKET, U30JIMPOBAHHBIX OCOOBIX TO-
YCK, ABJJIAIONIUXCA ITOJIIOCaAMM.

SamMeTrnmM, 9TO IejIble (PYHKIIUUA COCTABJISIOT MOIKJIACC KJIACCa MEPOMOP(MHBIX
dbyurnmit. JIpyroit BayKHBIN MOIKJIACC MEPOMOPMHBIX (DYHKIWI 00pa3yioT parmo-
Hayibable GyHKIMH. OTMETHM HEKOTOPBIE BayKHBIE CBOWCTBA PAIMOHAILHBIX (DYHK-
banzeze
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IMycts P(2) = amz™ + ... + ag, am # 0,—nmonmsOM crenenn m u Q(z) =
bpz™ + ...+ bo, by, # 0, —nosmHOM crenenn n. Jomyctum Takxke, aro P(z) n Q(z)
HE UMEIOT OOIINX MHOXKUTEJIEH, & CIeI0BaTeIbHO, 0bmux Hy/eil. Torma Haubosbiiee
u3 duces m u n OyjueM Ha3bIBaTh nopadkom panuoHabnoil Gyaknuu P(z)/Q(z).
Hysnu nosmuoma P(z) asisitores myssvu u dyukinuu R(2z) ¢ TeMu 2Ke KpaTHOCTIMU,
a HyJsu nojmaoMa () upezcrasiaT coboii nosmockl dyukimu R(z) Takxke ¢ remu
’Ke KpaTHOCTAMHU. KpoMe Toro, u3 mpecTaBiIeHus

ﬁam—i-am_l/z—l—...—i—ao/zm
2" byt bu_1/z4+ ...+ by/2"

R(z) = = 2" "Ry (2),
rae Ri(z) = am /b, # 0 pu z — 00, BUIHO, UTO z = 0O SIBJISIETCS HYJIEM (DyHKIUH
R xpatHoctu n — m, eciu m < n. B ciaydae m > n B Touke z = o0 byHKIUA R
umeeT 1oJioc Kparuoctu m —n. Ciiydail m = n COOTBETCTBYET yCTPAHUMON 0c0o0Oi
TOUKE B 2 = OO M 39Ta TOYKa He sABjsercd HyiaeM dynkmum R. Takum obpasom,
paruonaibHas GYHKIHS UMeeT OJIMHAKOBOE YHCJIO HyJeil u mosmocos B C ¢ yuérom
X KPATHOCTH. DTO YUCJIO COBIAMAET C MOPSAIKOM PAIMOHAIBHON (DYHKIAN.
ITycth Temeph A — MPOM3BOBHOE KOMILJIEKCHOE YUCJIO. TOorja pammoHadbHAs
bynkmma R(z) — A nmeer To e umcno nomocos B C (oHu mpocTo coBmaiaor),
gro u R(z). CienoBaTesbHO, MOPAIKU TUX PAIMOHAJIBHBIX (DYHKIMI COBIAIAIOT
u bynxmusa R(z) — A nveer B C posno k HyJteit ¢ y9éToM UX KpaTHOCTH, rje k —
HOPSJIOK pannoHadbHol dbyHkuunu R(z). Jdpyrumu cioBamu, Besikasi pAIOHAIbHAS
dbynxnusa R(z) nopsaaka k nuveer B C posro k myseit u k 0JII0COB, a TaK¥Ke KarKI0€
ypasuenue R(z) = A umeer B Tounoctu k KopHeii.

15.1. Teopema Mutrrar—Jleddaepa. Bosppamasich K o0IieMy Kaaccy Mepo-
MopdHBIX GYHKIHUIA, 3aMeTHM, 9TO B KaxKI0M Kpyre |z| < R mepomopdHast GyHK-
IUsT MOYKET UMETD JIMIITH KOHEYHOE YUCJIO MOJIOCOB. B IIPOTUBHOM CIIy4ae HAILIACH
OBl ITpeJiesibHAast TOYKA MMOJII0COB. HakarmimBaThest TOIOCH MEPOMOPMHON (hyHKIIN
MOTYT JIUIIb K GECKOHEYHO yhaaaéuuoit touke. Jlomycrum Tenepsb, aro f u g — jiBe
MepoMopdHble DYHKIMHA, UMEIOIIHe OJHA U T€ K€ TOJIOCHl ¢ OJUHAKOBBIMU TJIAB-
HBIMU YaCTSIMU PA3JIOYKEeHUi B psibl JIopaHa B OKpECTHOCTSIX 9TUX TOJIOCOB. Toria
pasnoctb f(z) — g(z) Byzer nenoit dyukipeii. 1o HabIIOJEHNE IPUBOIAUT K CJie-
JyiorieMy BbIBoLy. O6muit Bujy MepoMopdHOit (DYHKIUH ¢ 33 JAHHBIMA TJIABHBIMA
YACTAMU TIPEJCTABJIACT COOON CyMMY IIPOU3BOJILHON 1eJI0 (DYyHKIUU U HEKOTOPO
MepoMOPGHOR DYyHKINUN ¢ 3aJaHHBIMA TJIABHBIMHA YacTaMu. Halpumep, COBOKYyI-
HOCTH MEPOMOPMHBIX (DYHKIUHN, UMEIOITIX IIPOCTHIE TIOJIIOCH! C BBIYETOM 1 B KayK 100
TOYKE z = N, N € Z, onucbiBaeTcst (hOpMyJIOi

f(z) = wetgmz + h(2),

rme h — menast pyHKIHAS.

SamMeTnM, UTO TJIABHAS YaCTb MePOMODPMHOI DYHKIMH B IMOJIOCE Z = a, G €
C, nmeer Bun P(1/(z — a)), rue P(z) — HOJHHOM C HyJIEBBIM CBOOOHBIM WJIEHOM,
r.e. P(0) = 0. Bonpoc nocrpoenusi MepoMopdHOii (hyHKIUN ¢ KOHEYHBIM YHCIIOM
MIOJTIOCOB @1, . . . , Gy, B KOTOPBIX (DYHKIMs MMeJIa Obl TJIaBHBIE YacTh

1 1
P ) ().
z—ay zZ—ay
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Jerko pemaercs. Cymma

xn (=)

[IpeJicTaBjsieT coboit MepOMop(bHon dyHKIMIO ¢ TpedyeMbiMu cBoiicrBamu. Cym-
MUPYsl €e C IPOU3BOJILHO IeJIoi (pyHKIMEl, moydaeM OOINUii BUJ PEIleHusl 0~
CTaBJICHHON 3a/1a4u.

Croxnee oOCTOUT 1710 B ciydae OECKOHEYHOIO HHCJIa HOJIIOCOB. B paccMoT-
PEHHOM BBIIIIE ITpIMEpPe MEPOMOPMHBIX PYHKINI ¢ MPOCTHIMU TOTIOCAMA B TOUKAX
z=mn, n € Z, paj n3 IJIaBHBIX JaCTeil

oo

1
Z z—n

n=—oo

HE CXOIUTCSA HU B ONHON TOYKE KOMILJIEKCHOM IIJIOCKOCTH. DTO O3HAYAET, UTO MBI
JIOJIZKHBI TTPe0dpa30BaTh Pl U3 TVIABHBIX JacTell TaK, 9TOOBI OH CTAJI CXOIATIIAMCS.

ONPEJAEJNEHUE 15.2. Psan u3z mepomopdHubix dyHKIMA OyaeM Ha3bIBATbH CXO-
JSAIMAMCS JIOKAJBHO PABHOMEPHO, €CJIM IS JIF0OOr0 KOMIIAKTHOTO MHOXKecTBa K|
K C C, sumb KOHEYHOE YHCJIO WIEHOB Dsjia MMeeT Morockl Ha K, a mocse mx
yIaJeHUsT OCTATOK Psifia CXOAUTCS paBHOMEPHO Ha K.

Cnenyrommuit pe3ysabrar u3BecTeH Kak Teopema Murrtar— Jleddiepa.

TEOPEMA 15.1. Iycmov {ar}32, — nocaedosamensvrocms pasauunsis moyek, He
umerwas 1y 00nol npedeavnot mowku 6 C, a {Py(2)}72, — nocaedosamenvrocmo
NOAUHOMOE 0e3 c680600HbIT waenos. Tozda cywecmeyem Mmepomopdras GyYHKUUS.
f(2), komopasa umeem zaasnwve wacmu Pp(1/(z — ag)) 6 mowkax a, k =1,2,..., u
He umeem dpyeux ocobuxr movex 6 C.

JTOKA3ATEJBCTBO. 3aHyMepyeM TOUKH OCJIEI0BATEILHOCTH TIOJIOCOB TaK, ITO-
OBl BBITOTHSJINCH HEPABEHCTBA

lar| < |az| < as]

HomycruMm BHa"ase, 910 a1 # 0, 1 BeIGepeM MoJIoKUTeIbHbIe Yucia ok, k = 1,2, ...,
o0

TaK, YTO0BI CXOMMJICHA psift » p— . IlockosbKy ruaBHasi dactb Pr(1/(z — ax))

apjigercs rojomopdnoit dynkmueit B kpyre O)q,|(0), To ee pan Teitropa

Pk (Z—ak) Z (k) n

cxomures B O, (0) m cxoauress abCOMIOTHO M paBHOMEPHO B Kpyre [z| < |ax|/2.
IIycTs

ng
k) n
Qr(z) = E c; )2
n=0
— €ero 4acTUYHasl CyMMa, TJIe HOMED 7 BBIOpaH Tak, 4To

1
max |Py <> - Qr(2)| < ay.
|ak| Z — ag
o] < Ll
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Paccvorpum Temeps psin

g‘; [Pk (zlak> - Qk(z)] : (15.1)

Qukcupyem R > 0 u pa3odbeM 3TOT PsJl HA J[BE YACTH

£ () o] E () e

k: lar|<2R k: lax|>2R

BaMeTnM, 4TO JjIs BCeX HOMEpPOB k, Y/IOBJIETBOPSIONUX yCIOBHIO |ay| > 2R, dbynk-
i Py (1/(z — a)) ronomopdust 8 Oz (0) u

(L) a0

nockosbKy R < |ag|/2. CremoBaresibHO, OCTATOK DPsijfia CXOJUTCS PABHOMEPHO M
abcouroTHO B Kpyre |z| < R, a notoMy npejcrapisier coboii roomopduyo B O (0)
dyukuuio. Koneunas cymma spisiercsa panuonaabuoit dyuknueit u B kpyre Or(0)
nMeeT TpebyeMble TIOTIOCa C 33 JAHHBIMA TJIABHBIMU YACTSMU.

IMockonbKy R BBIOMpAIOCh POU3BOJILHBIM 06pa3oM, T0 psij (15.1) cxomures Jio-
KaJbHO paBHOMepHO. Ero cymma nmeer Tpebyemoe noseenue B C, 3a nckmodenuem
BO3MOKHO JIUIIb B Ha4Yaje KoopjauHar. J[o6aBisst K 9TOi cymMMe [VIABHYIO YaCTh B
z = 0, monydaeM TpebyeMyio MepOMOPGHYIO (DYHKITHIO. a

max

< Ok,
|z|<R

B KauecTBe MepBoro mpuMepa paccMoTpuM MepoMopdyio dbymkimo 72/ sin? 7z,
KOTOpas MMEET JIBOHHBIE IOJIIOCH B TOYKAX 2 = N, n € Z. [J1aBHoli 9acThio pasJio-
»enust B psiJ| JlopaHa B OKpecTHOCTH ToukH z = n spjsercs 1/(z —n)?. Tockombky
pan Yo 1/(z—n)? cxomuTcs JIOKATBHO PABHOMEPHO, TO

2 e 1

#: Z m‘h@(z),

sin® 7z
n=-—oo

rje g — nenast Gysknums. [Tokaxkem, aro g(z) = 0.
Ipexx/ie Beero 3ameruM, aro byHKIms 72/ sin 72 1 cyMMa psia

o0

1
n:z_:oo (z —n)?

ABJISIOTCA liepuoandeckumu ¢ nepuogom 1. ITosromy dyukius g(z) Takzke g0iKHA
AMeTh TOT 2Ke epuoz. Ecau z = x + 1y, TO

|sin7z|? = ch? 7y — cos® 7z
u, ciejoBatenbho, 72/ sin? mz — 0 npu |y| — oo pasmomepno mo x € [0,1]. Drum
JKe CBOMCTBOM 00jIa/maeT u cyMMa psga. JlefictBurebHo,

1
IR S y?
|z +iy —n|2 1

Y2+ (n—1)2

mpun =0,0<z <1, [y > 1,

mpun #0,0< < 1, |yl > 1,
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OTKY/1a BUJIHO, YTO

oo

1
Z — — 0 upu ly| — oo,
(2 =n)

n=—oo
pasHOMepHO 110 & € [0,1]. B cuity nepuoguanocT HYHKIMA ¢ TOJyYaeM ee orpa-
HUYEHHOCTh BO BCeil KOMILIEKCHOH miockocTu. Ilo Teopeme 6.1 Jluysms g(z) =
const, HO MOCKONIBKY ¢(z) — 0 mpu z — 00, 10 g(2) = 0. B pesynbrare npuxoauM K

PaBEHCTBY
2 oo

m 1
sin?rz nzz (z —n)?

Tz
—o00

Bepnemcst Terreps k MepoMopdHO# DYHKIMY ¢ TTPOCTHIMA [TOJTIOCAMU U BEIYETAMU
1 B mesibix Toukax. Ee riraBHbIE 9acTu mpeacTaBisaioT co0oit hyHKINN

= ———-=-=- (Jz2| <n,n#0,n€Z).

zZ—n n n

JlobaBiieHre TIOCTOSHHOIO CJIAraeMoro 1/m NPUBOJUT K JIOKAJILHO PABHOMEDHO CXO-
JAIEMYCsl PSATy U IIOTOMY KOPPEKTHO OIpeesieHa MepoMopdHas pyHKIus

1 1 1 1 z 1~ 22
) = z+g;0<z—n+n> B ;+T§n(z—n) N ;—'_T;zz—nf

ITo Teopeme 12.1 Beiteprrpacca 3TOT psi, MOXKHO IOWIEHHO AudHepeHinpoBaTh,
9TO IPUBOJUT K PABEHCTBY

d
f(z) = _zi?_ E 7(2_171)2 = £(7rctg7rz).
n#0

CirenoBare/ibHO,
f(z) —mctgmz = const.

O,HHaKO CJIeBa CTOUT HeYeTHad (byHKLLI/IH 1 KOHCTaHTa JO0JI2KHa PaBHATHCA HYJIIO.
Takum obpazom

oo

1 1 1 1 z 1 2z
t = - — = — e _—
T z+§(z—n+n) er;n(z—n) z+zz2—n2

n=1

s mepomopdHbIX QyHKIHI mMeeT MecTo aHagor teopembl [lukapa: ,,Mepo-
MopdHast DYHKIMS, OTINIHAS OT MOCTOSHHON, TPUHUMAET BCE KOMILJIEKCHBIE 3HATE-
HUs, 33 UCKJIIOUEHNEeM, OBITh MOXKET, ABYyX" . 3amMeTuM, 910 MYHKIUS tg 2 ABIISIETCS
MepoMOopdHOH 1 He TPUHUMAET 3HATEHUH +i.

15.2. Beckoneunbie mnpou3Benenusi. llegbie QyHKIMU 00pa3yOT MOIMHO-
JKECTBO B KJiacce Bcex MepoMopdHbIX dyHKmwmit. Femm nenas dyukius g #He 06-
pamaercs B Hyjib, 70 B C BblIessiercs: peryispHas Bersb h(z) = lng(z), koropas
TakxkKe sBjsiercd neiaoit dynknueii. IIpu srom g(z) = eM*) . O6parmo, ms mo6oit
uesoil byskuuu h paBercrso g(z) = e"(?) onpenensier neyo dyHKIHIO, KOTOpAs
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He obpamaercs B Hyib B C. Ecsn reneps y aByx neasix dbyHKIuii gy 1 gz COB-
najaT Hymm (¢ y9eToM MX KPATHOCTEH), To oTHOIIeHuE go(2)/g1(2z) Oyaer nemoit
dbynkmmeit, me mmeromeii B C mymeit. CrenoBarensno, ga(z) = g1(z)e®), toe h—
nenas Gyaknus. Ilocrpoenne mesoii GbyHKIMU ¢ 33/ JaHHBIME HYJISIMU €CTECTBEHHO
OCYIIECTBUTD B BUJIE IIPOU3BE/ICHNUL.

OnPEAEJEHUE 15.3. Iycrs {a,} — mociaenoBare lbHOCTh KOMILIEKCHBIX THCEIL.
Bynem roBopurh, uTO Ipon3Benenme

ﬁ 1+ay) (15.2)

CXOIUTCH, €CIN CYLIECTBYET MpPEeesl MOCIeI0BATEILHOCTH YACTUUHBIX [IPOU3BEIE-
muit [[}_,(1 + ax). Byzem raxske ropopmrs uro npomssexenme (15.2) cxomures
abCOITIOTHO, €CIIH CXOUTCS PAL, Y |ay].

IIPEJJIOXKEHUE 15.1. Ecau pad Y., |an| cxodumesa, mo npoussedenue (15.2)
cxodumca. Kpome mozo, abcosommno crodaweeca npoudsedenue cro0umes K Hyao
6 TOM U TNOABKO MOM CAYHAE, ECAU Toms 6ot 00un ud muoorcumened (1+ay,) pasen
HYA10.

JIOKABATEJIBCTBO. [omycTum, 4To psif » ., |ap| CXOAUTCS, U IyCTh

P, = (14 ag)

=

k=1

— yacTUYHOE Tpou3Beenue. HeobXoamMoe yeIoBUe CXOAUMOCTH PAla BJAeYeT d, —
0 mpu n — co. Ilostomy maiinercs rakoit Homep N, uro |a,| < 1/2mpun > N. B
eJIMHUYHOM Kpyre |z| < 1 onpezesnena rosomopdHas byHKIHUSs

n—1

In(1+2) =

et
T
3

u gy k > N oupenesiennl 3uadenus In(1l + ay). Hauee, nyia n > N gacTudHbie
[IPOU3BEIEHNS MOXKHO IIPEJICTABUTh B BUIE

P, = Py H (1—|—a;€) = PNCS"
k=N+1

rae S, = Y r_ny1 (1 + ax). Hemocpencrsenno us pazmoxkenns In(1 4 z) B cre-
NEHHO}i psijl BUJIHO, 9TO

(14 2) = > (_171 _ Z 2 = 'z‘z < 20|

n=1 = ‘ |

upu |z|] < 1/2. Crenosarenbho, upu k > N BBIIOJHAIOTCS HEPABEHCTBA

[In(1 + ag)| < 2|akl,
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Y9TO BJIEYET CYIIEeCTBOBaHUE IIpeaesia

S = lim S5, = Z In(1 + ay).

n—oo
n=N+1
B cuny menpepsiBHOCTH DYHKIUN € IPUXOIUM K PABEHCTBY
; s
lim P, = Pye”,
n—oo

U3 KOTOPOI'O cjejiyeT J0Ka3blBaeMoe YTBEPIKICHUe. o

ITPEAIOXKEHME 15.2. Tycmo {pn} — nocaedosamenvrocms 2040mopPHvie 6 06-
aacmu D dynruut u wucaosan nocaedosamesvrnocms {a,} maxue, wmo o, > 0,
Yool ian <0 ulpn(z) — 1| < an dan ecexn =1,2,... uz € D. Tozda umerom
MECTNO CALOYOULUE YMBEPHCICHUS.

(i) Ipoussedenue [[7—, ¢n(z) cxodumes pasromepro 6 D x nexomopoti 2on0-

mopdroti Pyrkyuyu @(z2).
(ii) Ecau n(z) 0 npuecex z€ D un=1,2,..., mow(z) 20 6 D u

P'(2)
e

o(2)

z

A
Pn (Z

JIOKA3ATEJILCTBO. [ljist moKa3aTe bCTBa (1) 3aMeTHM, 9TO IPU KaxKJoM z € D
MBI MOKEM [IPUMEHNTD [IPEJIBILYIIee IPeJJIOYKEHNe, IOJI0KUB ¢, (2) = 1+ay(2), e

lan(2)] < . TTockosbKy mociie/iHee HEPABEHCTBO BBIIOJHSETCS JUls BeeX z € D,
TO MPOU3BEICHUE

102 = [[0+an)

cxozmTest paBHOMepHO B D K Hekortopoit dyHkuun ¢(z). B cmiy teopemsr Beiiep-
ITpacca @ siBjisiercsi rojoMopduoit B D dyHKIIMEN.

Hnst nokazarenbersa (i4) GbUKCHPYeM HPOU3BOJIBHO KOMIAKTHOE IO IMHOXKECTBO
K C D. lyers P, (2) = [1}_, pr(z) — qacTuanoe npoussenenue. Ilo Teopeme Beit-
eprrrpacca P/ (z) — ¢'(z) paBaomepro Ha K, mockoibKy P, (z) — ¢(z) m0KaapHO
pasaomepro B D. Ilo upeanonoxenuio ¢, (z) #0upun =1,2,... u z € D. Dro
Bieder ¢(z) # 0 upu z € D. Ho rorgma

min [p(2)] > 0
u P! (2)/Pn(2) = ¢'(2)/¢(z) paBHOMepHO Ha K. 3ameuast Tenepb, 4T

Pz _ <
Pn(2) B kg

1

A

(2
k(2

)
y

AS)

[IPUXOJIUM K TPEOYEMOMY YTBEDPIK/ICHHIO. a

IIPEAIOXKEHUE 15.3. Tycmo {a,} — nocaedosamesbrocms HEHYACBHET KOMT-
o0 2
NEKCHBIT wucen makas, wmo pad -~ 1/|a,|* cxodumca. Toeda beckonewnoe npo-

u36edeHUe -
I1 <1 - Z) e/ an (15.3)
an
n=1



112 B.B. I'OPSIIHOB, E.C. IIOJIOBUHKUH

cxodumea dan ecex z € C u npedcmasasem coboti yeayro Gynrkuyuto, xomopas 06-
PAWAEMCA 6 HYAD MOALKO 6 TNOUYKAT Uy, -

JIOKABATEJIBCTBO. 3amerum BHauaje, 9ro g ¢ € C, |(| < 1, Bbmosagerca
HEPABEHCTBO

(1= Q)e — 1] < [¢%.

HeiicTBUTETBHO,

(1 1
(-1 = [¢P kP (5~ ) = 9P

n=1

> ()

n=1

®ukcupyeM Temeps mpoussosabHo R > 0. B cmty toro, wro pag Y oo 1/|ay|?
cXomuTCA, @y, — 00 Ipu n — oo. CrremoBaTennHo, Haiimerca momep N Takoif, ITO
R/lan| < 1 mpu n > N. Ho rorga jusa Bcex z € C, |z2| < R, un > N 6yayr
BBITIOJTHATLCA HEPABEHCTBA

2
1= 2 et g <« B
an lan|?

Orciona u u3 npemioxkenus 15.2 ciaemyer, uro 6eckonednoe npoussenenue (15.3)
CXOIUTCS U IIpeJicTaBsier coboil rojgomMopduyo B kpyre |z| < R dynkuuo. Ilo-
ckoibKy R > 0 BbIOMpasIoch IPOU3BOJIBHBIM, TO npou3sseienue (15.3) apisercs
nesoit pyHKIHeH, KoTopasi 00paIaercss B HyJIb TOJbKO B TOYKAX Gnp, N = 1,2, ....
O

B kauecrse MIPpUJIOZKEHN S ITOJIYIEHHBIX PE3YyJ/IbTaTOB JIOKa2KEM PaBEHCTBO

sinmwz b 22
= 1—— . 15.4
0 ¥ H ( n2) ( )

n=1

JIOKABATEJIBCTBO. [Lns ymobersa BBeeM 0003HAUECHUS

fe) = BT () - ﬁ (1-2).

Hockombky pag Yoo, 1/n? cxomurest, To B cuity npeaoxkenus: 15.2 npousseeHne
g(z) aBnsierca nesoit dbyHukImei u

gz 1 = 2=z
N z+;,227n2'

9(2)

C apyroii croponst, f/(z)/f(z) = mctg w2z u, yaurbiBas npegcTaBIeHue st T Chg T2,
PUXOJUM K DABEHCTBY

(35) - 35 (75 %5) -

Takum obpasomM, f(z) = cg(z), rme ¢ — Hekoropoe uncio. OpHako

lim M = lim M

z—0 Zz z—0 z

=1

u paBeHcTBo (15.4) 0Ka3aHO. O
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15.3. Tamma—dynaknus. IIpogosrkenne pyHkimu n! ¢ MHOXKECTBA IEJIBIX HEOT-
pHUIATEIBHBIX YUCe HA 0OJIee MUPOKOE YUCI0BOE MHOXKECTBO PACCMATPUBAJIN MHO-
rue maremaTuku. J[Ba crmocoba pacmmpenusi hakTOpuaia, MPeIoXKeHHbe Jitre-
POM, IPUBOAAT K TaK HasbiBaeMoil ramma—byHkimu. Ecau oupenenurs I'(n) =
(n — 1)!, To MBI mosryunM (QYHKIMIO, OIPEIeJIEHHYIO Ha [EJbIX II0JIOKUTEIbHBIX
YUCIIAX, YIOBJIETBOPSIONLYIO YCIOBHUSIM:

ra =1, I'(n+1) = nI'(n), n=12...

3asiaua coOCTONT Temepb B TOM, ITOOBI ONpeIeauTh ['(2) /11l KOMIUIEKCHBIX THCeN 2
C BBIIIOJIHEHUEM YCJI0BUHA

ra =1, T(z+1) = 2[(2).
BameTnM BHaYAJIE, UTO I JIOOBIX HATYPAJIBHBIX 1 U K MMEET MECTO PABEHCTBO
'n+k)=1-2-...-(n=1Dnn+1)...(n+Ek—=1)] = T(n)(n)k,

re 1o (n)g HOHUMAETCS TaK Ha3bIBAEMbBIH cdeunymuili akmopuas, KOTOPBIi ompe-
JIeJIsIeTCs JJIs JIF0O0r0 KOMILIEKCHOTO 2 PABEHCTBOM

) =241 ... - (z24+k—-1).
Mensist ponsivu n u k, mosryaaeM
L(n+k) = T(n)(n)y = T(k)(k)n,

OTKYyZla CJIEZYEeT, ITO

IIpu dukcupoBanHOM k 1 1 — 0O UMEET MECTO COOTHOITEHUE
nk

lim —— = . L
nooo (M)p | moeon nt 1 ntk—1

n n n
= 1.

Wnesa Ditnepa 3akaodanach B IPEICTaBICHIN

k
n(n —1)!
r(k) = lim 2=
n—o00 (kj)n
U 3aMeHoil k Ha Zz.
ITokaxkem, uro I'(z) KOppeKTHO ompejiesieHa u mpeacTaBisger coboil MepoMopd-
Hy10 (DYHKIIIO, €CJIN TTOJIOKUTH
n?(n —1)! n*(n —1)!

PG = m —— = ey ooy 159

IIpeoGpasyem 06parTHy0 BeauduHy o0IIero 4wieHa nociaemosareiabuocru (15.5) coe-
JYIOITIM 00pa3oM

o = 0+ )

k=1

n—1
1 1 z
- 14 +... ~1 (1 7) —=/k,
zexp{z( +2+ +n—1 nn)}klj1 +k e
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TTockonbKy
. 1 1

lim (1+-+...4 —— —Inn | =~ = 0,5772...

n— oo 2 n—1
— moCTOsiHHAS JilIepa, TO

(Z) n—1 2
1 n _ z d —z/k
G(z) = nl;rrgoinz(n_l)! = ze” H (1+ k;) € )

k=1

KaK CJIeyeT u3 npejoxkenns 15.3, siBisgercs 1mesioil pyHKIeil ¢ IPOCTHIME HYJISMEI
B Toukax 2 = 0,—1,—-2,....

Taxkum o6pasom, mpeqen B (15.5) onpenensier MepoMopdHy0 DYHKIUIO ¢ TIPO-
CTBIMHM TIOJIFOCaMu B Toukax z = 0, —1, —2,.... Kpome Toro, ramma—@pyHKIMIO MOXK-
HO OIIPEJIEJINTh KaK OECKOHETHOE ITPOU3BEICHUE

I(z) = éeﬂz ﬁ (1+ %)_lez/". (15.6)

U3 (15.5) Bugno, uro I'(1) =1 n

#Hlin — 1) Z(n—1)!
INz+1) = hmw:zlim n_nin— !

o — T
n—oo (z + 1)n n—oo z +n (,z)n z (Z)’

T. e. I'(2) ynossierBopsier BceM TpeOyeMbIM YCIOBUSAM.
Jpyroit monxo K pacuimpennio MOHSATHs (haKTopHasa CBSI3aH C PABEHCTBOM

o0
n! :/ the tdt,
0

KOTOPO€ MPUBOIUT K PACCMOTPEHUIO PYHKITUU

oo

F(z) = /tz—le—tdt, (15.7)
0

re 2~ — e(zfl)lnt

, Int € R. Uarerpas, oupeznensiomuii dyakuuio F(z), ss-
JIIETCA HECOOCTBEHHBIM. 1103TOMY BHAYaJIE HCCIEAYEM €ro Ha CXOIUMOCTb. 1IycTb
O<a<f<oomn

S(e, 8) = {z € C: a<Rez < g}
Jua z € S(a, B) u t € (0,00) BBLITOJIHIETCS HEPABEHCTBO
|tz71€7t| — tRezfleft g Maﬁ(t)’

rie

ot npu 0<t<l,

M, 5(t) =
2p(t) {tf“et mpn 1<t < 0.

o0
TTockombKy nHTErpas fo M, 5(t)dt cxogurest, To B cuity Kpurepust Komm naTerpait
B (15.7) cxomurcs abeosoTHO U paBHOMEpHO B nosioce S(«, ). Ilpu arom

n

F(z) = lim F,(2), F.(z) = /tz_le_tdt.

n—o00
1/n
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Janee, us HenpepbisHOCTH bynkmmu P(z,t) = t*~le™! ciemyer mermpepbIBHOCTD
F,(z) B monoce S(«, 8). Kpome Toro, eciam A — TpeyrojabHUK, PacIOIOKEeHHbIH
B S(a, 8), u OA —ero mOJIOKUTEJILHO OPUEHTHPOBAHHAS I'DAHUIA, TO YIUTHIBAS
rosomopdHocTs dbynkmun 2! B S(a, B), momyTaem

n n
/Fn(z)dz = / /tzfleftdt dz = / /tzfldz e tdt = 0.
0A OA \l/n 1/n A
Caenoaresnibao, 1m0 Teopeme 5.4 Mopepa byakuuu F,, n = 1,2, ..., rosoMopdHbI

B mosoce S(a, f3).
IMokaxkem reneps, uro F,(z) — F(z) upu n — oo paBHomepHo B nosioce S, ).
IycTs m,n — nBa HATYpaJIbHBIX duciaa u m < n. Torga misa z € S(a, f) umeem

l/m n 1/m n
|F(2) — Fru(2)] = /tZ*le*th/tZ*le*tdt < /M%ﬂ(t)dtJr/Maﬁ(t)dt.
1/n m 1/n m

OTcioa m U3 CXOIUMOCTH WHTETPAJIA fooo M, 5(t)dt cnemyer paBHOMEpHAs CXOOU-
MocTb TocsenoBarensHocta {Fy,(2)} B monoce S(«, 5). Ho Torma no reopeme 12.1
Beitepirpacca dyukius F(z) ssisercs rogomopduoii B S(a, §) Kak JIOKAJIbHO PaB-
HOMEPHBIN TIpeIesl TOCIeI0BATEILHOCTH TOJOMOPGMHBIX dyHKImMA. [locKOIbKY B
[IPOBEJIEHHBIX BBIIIE PACCYKJIEHUSX (@ U 3 BHIOMPAJNCH TPOU3BOJIBHO, TO MHTErPAJI

B (15.7) onpezensier rosomopdHy0 B Ipasoil nomymiockoctu Re z > 0 dyrkuuo

TEOPEMA 15.2. Jlas ecex z us npasoti noaynaockocmu Re z > 0 umeem mecmo

pasercmeo
oo

T(z) = /tz_le_tdt.
0
JIOKA3ATEJBLCTBO. ITockonbky dyukims F(z) uz (15.7) n ramma—dyHKIms
roJloMOpGHBI B IIPABOi HOJIYIIJIOCKOCTH, TO B CUJIy TeOpeMbl 6.3 eJINHCTBEHHOCTH
JI0CTaTOUHO noKa3arh paBeHcrBo F(x) = T'(z) upu x > 1. Pukcupyem & > 1 u

3aMeTHM, ITO MHTETPUPOBAHUE 10 YaCTAM N + 1 pa3 NpUBOAUT K PABEHCTBY

n 1
t\" nln®
1— 2= r—1 — T 1— )" z—1 — .
/< n) Brdi =mn /( 8)"s™ ds zx+1)-...-(z+n)
0 0

Orcrona u 3 upescrasienus (15.5) pasercrso F () = I'(z) 6yzer ciemosars, ecian
MOKA3aTh, 9TO

t\" T
lim (1 - > t*lat = /e’tt"’”’ldt. (15.8)
n—oo n
0 0
IIycrn
t n
(1—) pu 0<t<n,
SDn(t) = n
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[Tockonbky dbynkius o, (t)et spaserca nesospacraiomeii na [0, 00) (Ha 3T0 yKazbl-
BAaeT 3HAK MPOM3BOJHOI) U npuHuMaer 3Hadenue 1 npu ¢t = 0, To 0 < @, (t) < et
npu t > 0. Cremosarenno, o, ()t* ! <e '* ! mpuscext >0un=1,2,.... Ho
Torza 1o TeopeMe Jlebera 0 MaXKOPUPYEMOl CXOIUMOCTH

o0 oo

lim [ @, (t)t" tdt = /e‘ttw_ldu
n—oo
0 0
4T0 KBUBaJIeHTHO (15.8), U Teopema JoKa3aHA. O

Hekoropsie cooTHoeHusi ¢ ramMma—@dyHKiumeil. 113 pasencrsa I'(1 — z) =
—2T'(—2) u npexncrasienus (15.6) caemxyer

T(2)T(1 - 2) — if[l (1 _ ;z>_1.

Oro ¢ yuérom pasercrsa (15.4) naér dopmyay donoanenus disepa

™

I'l—-2T(z) =

sinmz’

TMosaras B 910it hopmyste z = 1/2, npuxoaum K pasercrsy I'(1/2) = /m. Orciona ¢
uCHosb30BaHneM (bYHKIMOHAIBHOIO yPABHEHUs! JIIsA TaMMa—QYHKIUN BBIBOJISITCS
6oJtee 00IIIE PABEHCTBA

F(;nLn) = \/7?:1_[; <k+;>,

n=12...

3AMEYAHUE 15.1. g a > 0 uaTerpaJ

oo
/ e * dx
0

cxomuTces. BouimoHasa B HEM 3aMeHy ITepeMeHHON T = 19 mpuxommm K PaBEHCTBY

T 1. /1
/e_”” dr = F<>

o o
0

B wactHocTH, pu o = 2 mostyaem
o0
/e_zzda: = g (15.9)
0

Ucnonnsys pasercrso (15.9), Boraucisercs unmeepan Openens

(oo} (oo} (oo}

/eitht - /costzdt+i/sint2dt,

0 0 0
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KOTOPBIIl HAM MTOHAIO0UTCS B fajbHelmeM. PaccMoTpuM 3aMKHYThIH KOHTYD ['p =
Lir+vr — Ar, R >0, rme

Lp: z(t) =t, 0<t<
Yr: 2(t) = Re, 0<t< /4

22
IockoubKy f(z) = €** gaBagercs neoil GyHKuei, To

sz(z)dz =0

mpu Bcex R > 0. 3amMeruM Takxke, 9TO

/4
/f(z)dz =R /eiR%me“dt
R 0
/4 /4
< R/67R2sin2tdt < R/67R24t/7rdt
0 0
R2

u, cjaeaoBaTe/IbHO,

R—o0

lim | f(z)dz = 0.
/

Ho torma mockombky

0= /f(z)dz - /f(z)dz—/f(z)dz+/f(z)dz,
I'r Lr AR YR

lim [ f(z)dz = lim [ f(2)dz.
Jroe =]

TO
R—o0 R—o

DTO SKBUBAJIEHTHO PABEHCTBY

o0 o0
/e”th = e”/‘l/e_tzdt,
0 0

U3 KOTOpOro ¢ yduerom pasercrsa (15.9) noaygyaem

oo

/e“th - ge”/‘l. (15.10)

B wacraOCTH,

/costht = /sintht = TQ
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§ 16. I'apmouuyeckue pyHkIiuu u 3aga4da Jupunxie

Hamomuum, 9To moj rapMoHmYeckoit B obsactu D dyHKIMeil monumaercs Be-
MIECTBEHHO3HATHAS JTBAYK/(bl HenpephiBHO nuddepenmupyemasa pyukmmus u(z) =
u(z,y), z = x + iy, yuoBieTBopsioias ypasHenuio Jlamaca

Pu  Pu

Au:@—’_@in_

0.

B cuny numneiinoctu oneparopa Jlaniaca sinneiinas KOMOMHAIIASA JBYX TapMOHUYE-
cKuX (QYHKIINH TaKKe sIBJISIeTCs] TapMOHMYecKoit pyukImeit. Paree 66110 ToKa3aHo,
aro eciu f(z) = u(z) + iv(z) aBasiercs ronomopduoii B obnactu D dyukuueii, To
BelecTBeHHas JacThb u(z) = u(zr,y) u MHEMaA JacTb v(2) = v(z, y) NPeACTABIIAIOT
coboit rapMoHMYeckue B obsiactu D DyHKIUH.

TEOPEMA 16.1. ITycmv D — odnocsasnan obaacmo. Tozda 0as ecarol 2apmo-
nuueckol 6 D dynwyuu u(z) natidemesa makan 2osomoppran ¢ D dynxuyua f(z),
wmo u(z) = Re f(z) dan ecex z € D.

JOKABATEJBLCTBO. Oupenenum B obsractu D GyHKINO g TOCPEICTBOM paBeH-
CTBa

92) = Gole) — 502

z = x4+ iy. Ilockonbky dyakuus u(z) = u(x,y) ABiageTcs NBaXKIbl HEIPEPHIB-
Ho nmuddepeHnupyeMoii, To KOMILUIEKCHO3HAYHAA DYyHKINsA ¢ auddepeHimpyeMa B
BEIIECTBEHHOM CMBICIe. Kpome TOro, BENeCTBEHHAS W MHUMAsl 9acTh (DyHKIUH
g(z) ynosaerBopsitor ycaosusaMm Komun— Pumana, 4To siBiisiercst celicTBueM rapMo-
araHocTH byHkun u(z). Caenosarenbro, Gynkus g(z) sBusercsa muddepenmy-
pyeMoii B KOMILJIEKCHOM CMBIC/IE, T.e. TojoMopdua B obmactu D. B cury Toro,
gro D sIBAsIeTCs] OJHOCBA3HOM 061acThio, Juisi hyHKIMU g(2z) CyImecTByer nepBoot-
pasnas f(z) B a7o0it obmactu. Vcmonb3ys ajiuTUBHYIO KOHCTAHTY, IEPBOOOPAZHYIO
f(z) = U(z) +iV(z) moxuo BboIGpaTh TakK, 4To0bI Jjisi HEKOTOPOH TOUKM zg € D
BBIIIOJTHSIOCH paBeHCTBO U(zg) = u(zp). VI3 npecraBieHnst IPOM3BOIHOM

f'(z) = Uy(2) = iU, (2)

u pasercrsa f'(z) = g(z) caeayer, uro y dyukuuit U(z) n u(z) gacrasle npous-
BOJIHBIE II0 T ¥ 110 Y COBHAJAIOT. DTO BMecTe ¢ paBeHcTBOM U(zg) = u(zp) Bieder
roxaectBo U(z) = u(z). Takum obpaszom,

u(z) = U(z) = Re f(2)

U TeopeMa JOKa3aHa. O

CJIEJACTBUE 16.1. Bcakas 2apmonuveckasn 6 npoudsosvrot obaacmu D dynx-
wus u(z) = u(x,y) asasemes beckoneuno duddepertupyemod.

JOKABATEJBLCTBO. IlycTh 2y — mpousBosbHas Touka obsactu D. B cumy Toro,
910 D — OTKPBITOE MHOXKECTBO, Haiigercs r > 0 takoe, aro O,.(zg) C D. Tlockoibky
kpyr O,(z9) upexcrasisier coboil ONHOCBI3HYIO 06J1aCTb, TO HalijeTcst roJaoMopd-
Has B O, (z9) byskuusa f(z), i xkoropoit Re f(z) = u(z) upu z € O, (%). Takum
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o6paszom, Geckonevnast quddepernupyemocts dyskmn u(z) = u(z,y) (0o & u mo
y) caenyer u3 GeckoreuHoit nuddepenupyemoctn roaomopdroil dyakmu f(z).
O

B omnomepnom ciay4dae ypasuenume Jlamraca cBOIMTCS K PABEHCTBY HYJIIO BTO-
poit npousBoHoii. Pemenusimu sroro ypaBHeHus saBistiorcs GyHKuun Buga u(x) =
ax + b. Pan coitcTB rapMoHUTecKUX (DYHKINN aHAJOTUYEH CBOMCTBAM JIMHEHHDBIX

byHKIIIH.

TEOPEMA 16.2 (IIPUHIIUII SKCTPEMYMA). Henocmoannaa 2apmonuveckan 6
obnacmu D dynryus u(z) ne mooicem docmuzamsd A0KAAGHO20 MAKCUMYMA UAU
MUHUMYMA 80 SHYMPEHHET MOUKE 00AGCNAU.

JIOKABATEJIbCTBO. lomycrum, uto u(zg) gBisercs HaubGosbmuM (uiu Hau-
MeHbIM) 3HadeHneM GyHKimn u(z) B Hekoropoil okpectHoctn O, (z9) C D. Tlo
upeblIyIeii reopeme Haiinerca Takas rojsiomopduaa B O,.(z0) dysruua f, s
koropoii Re f(z) = u(z) upu z € O,(2¢). Ho rorma 1o npuHnuIily sKcTpeMyMa JiJis
BelecTBeHHON yacTu rosoMopduoit dyukiuu f(z) = const B O,(29). Cuemosa-
TesibHO, U u(z) = const B O, (2p). Yrobbl pacpocTpaHuTh 91O Ha BCIO 06sacTs D,
CHOBa paccMOTPUM (DYHKIIUIO

92) = Gole) = 52

KOTOpas ompejeseHa u rosoMopdna Bo Beeil obuactu D. Oxuaxo B O,.(2p) umeer

MecTo paBeHCTBO ¢(2) = f/(2) = 0. Tlo Teopeme eMHCTBEHHOCTH J1J1s1 TOIOMODPQHBIX

dyuxmmit g(z) = 08 D. CrenosarensHo, y dyHKIMI u(x, y) IaCTHBIE TIPOU3BOHBIE
! I

U

@+ Uy TOXKJIECTBEHHO DABHBI HyJIIO BO Beell obsactu D. Do 3HAUUT, UTO U(2) =
const B D u Teopema JJOKa3aHa. m|

W3 npunmuna skcTpeMyMa cpasy Ke CJIeIyIOT JBa BAPUAHTA TEOPEMBI € IMHCTBEH-
HOCTH JIJIsl TApMOHUYECKUX (DYHKIWUI. 3aMeTuM IpPU TOM, YTO MOCKOJBKY pas-
HOCTB JByX FapMOHMYECKNX (DYHKII TaKKe SBJISETCA TapMOHUYECKON DyHKITHed,
TO yCJIOBHE COBIIQJIEHU JIBYX FAPMOHUYECKUX DYHKIHI MOXKHO c(hOPMYINPOBATH B
BHU/IE YCJIOBUI PaBEHCTBA HYJIIO TAPMOHUYIECKON (DYHKITUU.

TEOPEMA 16.3 (EAMHCTBEHHOCTHU). Ilycmo u(z) — eapmonuveckan 6 0baa-
emu D ynryus u 6unoanerno 00no u3 ycaosudi:
(i) u(z) =0 6 nexomopot oxpecmmuocmu Or(29) C D;
(i) obaacmo D oepanuuena, a dynkyus u(z) Henpepuieno npodorcaemcs 6 3a-
mokanue D obaacmu D u u(z) = 0 npu z € dD.

Tozda u(z) =0 6 obaacmu D.

JIOKA3BATEJIbCTBO. lomycrum BHAYAJE, 9TO BBIIOJIHEHO ycjaoBue (). DTo 03Ha-
qaer, 9To GyHKIus u(2) JOCTUraeT JIOKAJIBHOIO MaKCUMyMa (M MUHUMYMA) B TOUKE
zo. Ho B cuity npuniuna skcrpeMyMa Tora rapMoHndeckast pyHKius u(z) T0JRKHA
ObITH TOXKJIECTBEHHO IIOCTOSIHHO, T.€e. u(z) =0 B D.

HomycTum Tenepb, 9To BbINOJAHEHO ycsioBue (i4). Ha orpanudeHHOM 3aMKHYTOM
MHOXKecTBe D HempepbiBHas byHKIHsA u(2) J0IKHA JOCTHTATH CBOETO MAKCHMY-
Ma 1 MuHEMYMa. OJHAKO B CHJIy NPHHIUIIA SKCTPEMYyMa MAKCHMYM W MHHUMYM
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rapMOHMYECKOH (PyHKIIMA HE MOXKET JIOCTUTAThCA BO BHYTPEHHUX TOYKAX OOJIACTH,
ecan u(z) Z const. Iockonbky Ha rpanune 0D dynkuus u(z) npuHEMAET TOJLKO
OZIHO 3HAYEHme, paBHOe Hyiio, TO u(z) = 0 B obmactn D u Teopema nokazana. O

3AMEYAHUE 16.1. YrBepxkieHue TeOpeMbl O TOM, 9TO U3 yCiaoBus (i) ciemyer
TOKIECTBEHHOE ODpAIlleHre B HyJIb TapMOHUYIECKO# B obtactu D byHKIMHN, Ha3bIBa~
IOT BHyTpeHHEH TeopeMoil euHcTBeHHOCTH. JleficTBUTEIbHO, €CIN B TapMOHUIe-
ckue hyHKIMT U1 (2) 1 uz(z) copuagaior B HeKoTOpOii okpectrOoCcTH O (20) C D, TO
ux pasHocTb u(z) = uy(2) — uz(z) Bo/KHA GBITH TOXKIECTBEHHBIM HyJIeM B 001aCTH
D, e ui(z) =ua(z) B D.

3AMEYAHUE 16.2. YTBepXKJEHHE T€OPEMbI O TOM, UTO U3 YCIOBHsI (i) cieyer
TOKJIECTBEHHOE OOpallleHne B HyJIb TapMOHHYecKoil B obmactu D ¢yHKIuHU, Jaer
TeopeMy eIUHCTBEHHOCTH penreHus 3aiadu Jupuxie. Ilomx Kiaccudeckoil sadaueri
JTupuz.ae TOHIMAETCs 33/1a9a OTBICKAHUS TapMOHHYECKOl B objactu D M Hempe-
PBLIBHO} B 3aMbIKanmd D GyRKImm u(2) M0 33 JaHHBIM TPAHTTHBIM 3HATEHUTM.

IIpumep. B cBs3u ¢ pasnmuansivu 0600meHussMET 3a1a49u Jlupuxiie moge3no pac-
CMOTPETh CJIEJYIONIUI MpUMEp TapMOHWYECKOH B enmHUIHOM Kpyre D dyHKImM,
KOTOpast HEIIPEPBIBHO IIPOJIOJIZKAETCSI BO BCE TOYKU €MHUYIHON OKpyzkHOCTH T, 3a
uckiodenneM oxuoit ¢ = 1. Ilycrs L(z) = (1 + 2)/(1 — z) — apobuo-suHeiinoe
peobpas3oBaHue €JIMHUIHOIO KPyra Ha MPaBYIO MOJIYILIOCKOCTh. Touka ¢ = 1 me-
pexouT B OECKOHEYHO yIAJICHHYIO TOUKY. BerecTBeHHas 9acThb

2
u(z) = ReL(z) = 1L
-z
sBJIsieTcsl rapMoHudeckoil B D dyHKuumeli u upunumaer uysesble 3HadeHus Ha T \
{1}. U3 orobpazkatomux ceoiicts L(z) BugHO, 9TO0 JuHUsIME yPOBHsT byHKINE 1(2)
SABJISIOTCS OKPYKHOCTH, KOTODBbIE KACalOTCH €JUHUYHOU OKPY>KHOCTH T B TOUYKe
¢=1.
Cremyromuil pe3ybrar ¢ yaeroM Teopembl Kapareoqopu MO3BOJISIET PeLyIIpo-
Barh 3ama4dy Jlupuxiie ¢ nMpou3BOJIBHON OJHOCBsI3HOW obJiacTu [, OrpaHUYeHHOM
2KOP/IAHOBOM KPUBOM, Ha €AUHUYHBINA KPYT.

TEOPEMA 16.4 (KOH®OPMHASI UHBAPUAHTHOCTSD). ITycmos u(z) — eapmonu-
weckan 6 obaacmu G dynrwyus, a f(z) asasemes zosomopdrot 6 obaacmu D u
npurumaem suavernus uz G, m.e. f(D) C G. Tozda v(z) = u(f(z)) asasemca
2apmonuneckols 6 obaacmu D dynryuer.

JIOKA3BATEJBCTBO. Eciu f(z) = const, 1o u v(z) = const, T.e. saBisgercs rap-
MoHmuueckoii dyukimeil. domycrum reneps, uro f(z) # const. Puxcupyem mnpous-
BOJIBHO TOUKY zg € D m mycrs wg = f(2¢). B cuiny npunnuna orkpsrroctn (wim
coxpanenust obsacrtu) Haiinerca ¢ > 0 takoe, uro Oy(wo) C f(D). Ilockoabky
O, (wp) sBIIsIETCA OHOCBA3HOMN 00/1aCTBIO, TO HalieTcst ronoMopdHas B Hell PyHK-
mus g(w), mis koropoit Re g(w) = u(w) npu Bcex w € Oy(wp). B cuy menpepsis-
soctr f mafimercs r > 0 rakoe, ato O, (20) C D u f(O,(20)) C Op(wo). Ho Torma
B okpectrHocTH O, (29) Gyner BbIONHATBCH paseHcTBO v(z) = Reg(f(2)). Takum
obpazom, dyukius v(z) asiserca rapmorndeckoit B okpecraoctu O,.(2g), IOCKOJIb-
KY B 9TOH OKPECTHOCTH OHA IIPEJCTABUMA KaK BEIIECTBEHHAs YaCTh OJIOMOPQHOIL



JIEKIIUUA O TOKII 121

dyuknun. ITockonbKy 2o BEIOHPAJIOCH IPOM3BOJILHO, TO ¥(Z) TapMOHUYIHA B 00JIACTH
D wm Teopema noxka3aHa. g

JlokazanHasi TeopeMa dYallle BCero IPUMEHSIeTCS B CjIydae, Korua f siBJisieTcs
KOH(MOPMHBIM OTOOpa’KEeHHEM. IDTUM OObsICHSIETCS ee Ha3BaHMe. |apMOHUUYECKHue
byHKIII 00/181AI0T TAKXKe BaYKHBIM CBOWCTBOM CPEIHEr0O 3HAYEHUs, KOTOPOE UC-
[TOJIb3YETCsl TIPU YUCIEHHOM MOJIEIMPOBAHUH.

TEOPEMA 16.5 (O CPEIHEM). ITycmov u(z) — eapmonuueckasn 6 kpyze Or(2o)
u nenpepvierasn 6 samvikanuu Or(z9) Pynxyus. Tozda

27
1 ) 1
u(zp) = %/U(ZO—FT@ZG)de = %/U(ZO + rQ)ld¢],
0 T

2de T — noaostrcumenvro OPUEHMUPOBAHHAA eOUHUMHAA OKPYIHCHOCMD.

JIOKABATEJILCTBO. BHavaJsie 3aMeTHM, 9TO B CUJIy OJIHOCBSI3HOCTH KpyTa Haii-
Jercst Takasi rojsoMopduas B O, (29) dyrkuus f(z), aro Re f(z) = u(z) upu Bcex
z € O.(20). Hna kaxgoro ¢ € (0,r) npumenuma unrerpajibhaas dhopmysa Komu,

COIJIACHO KOTOPOH
_ 1 f©)
feo) = 5 [ Fac
Yo

L 7, — HOJIOXKUTEJIBHO OPHEHTUPOBaHHAS OKPYXKHOCTE |( — zo| = p. Hcnomb3ys
apaMeTPH3AIMIO Y,: ¢ = 2o + 0e?, 0 < 0 < 27, paBeHCTBO BbIIIE MOYKHO IIEpeIn-
caTh B BUJIE

27
feo) = o= [ £o+ oe)db
0

OT,D;G.HHH B 00€UX YacCTsSX 3TOrO PaBEHCTBa BEUIECTBEHHYIO YaCTb, IIOJIyYIaeM

27

1 _
u(zp) = %/u(zo +Qele)d0.

0

B cuity HenpepbiBHOCTH (DYHKIMY 4(2) B 3aMKHYTOM KpyTe |2 — zg| < 7 B mHTerpase
MOZKHO OCYIIECTBUTD TIPEAEIbHBIN IIEPEexXo.T Ipu ¢ 1, 9TO IPUBOJNT K YTBEPKIE-
HUIO TEOPEMBL. ]

TEOPEMA 16.6 (POPMVYJIA ITVACCOHA). IIyemo u(z) — eapmonuveckan 6 edu-
nuuHom kpyee D u nenpepvisran 6 €20 samvikanuu D dynkyus. Toeda oas ecex
a € D swnoansemcs pasercmeo

o _lal2 al?
u(a)1/1.||(“’d9/|%|| )| dz]. (16.1)

27 ) |e? —al? —a\Q
0

JIOKA3ATEJILCTBO. B ciayuae a = 0 pasercrso (16.1) BBIpazkaer Teopemy o
cpeanem. Jlomycrum Teneps, uro a # 0 1 paccMoTpuM JIpoOHO-IHHETHOE ITpeodpa-
30BaHUE

z—a
L(z) = ———
(2) 1—az’
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KOTOpoe KOH(MDOPMHO oToGpazkaer enuHUIHbI KpyT D Ha cebs u L(a) = 0. Oupene-
M yrkimio v(z) = uo L™1(2). B cuty KondbOpMHOI MHBAPUAHTHOCTH CBOHCTBA
rapmonununocTu hyuknus v(z) Takxke Oyger rapmonudeckoii B . Kpome Toro, ona
6yner menpepesra B D 1 v(0) = u(a). IlosToMy, IpUMeHSsT TEOPEMY O CPEIHEM K
dyukuun v(z), mosydaem

u(a) = 0(0) = 5 [ WL )]

T

Bermosinum B nnTerpase 3aMeny mepeMeHHOI
=L, ¢ =L,  d¢ = L(x)d

1 IIepenuiieM II0JIyI€eHHOE PaBEHCTBO B BUIE

_ laf?
ua) = o= [uGAlLGllaA = 5 [,
T

T

TTockombky tipu 2 € T umeer MeCTO paBEHCTBO
1 —ax| = |z—a| = |»—al,
TO MOJIyYeHHOe COOTHOIIeHue jiist u(a) sKBuBaseHTHo (16.1). O

Pasencrso (16.1) uzBectHo Kak dopmyna [Tyaccona, Koropasi BoccTaHABIUBAET
rapmormdeckyio B D u menpepwisryto B D dyrKkmmio u(z) 1o ee 3HAYEHHAM Ha Ipa-
nune T. Taknum obpazom, dpopmysia Ilyaccona jaer KOHCTPYKTHBHOE pellleHne Kiiac-
cuveckoit 3asiaqu Jdupuxite st eguaranoro Kpyra D, eciin n3BeCTHO, 9TO peIleHune
cymecrByer. Jlajiee MbI mOKaxkeMm, 4TO 1jisi Jr060ii HernpepbiBHON Ha T QyHKIMH
zajada Jupuxie paspermmma. Mbl JIoKaxkeM Da3peIumMocThb Jlaxke OoJiee obIeit
3a/1a9u, KOrJa Ha rpaHure 1T 3aJaeTcs He 00sA3aTebHO HElPEPhIBHAS (DYHKIIHS.

NMurerpan Ilyaccona.

Iycrs p — unrerpupyemasa (abecosorao o Pumany win no Jlebery) na T sere-
crBeHHO3HavYHAs GyHKIus. Torma s z € D onpesesien nHTErpas

1— |z i0 |2?
p Vd = d
(z¢) 277/ lei? — 2|2 2\2 wle 277_/|% z|2 ()],

KOTODBII HA3bIBaeTCHA unmezpasom [lyaccona ¢ miornocTeio . Boiparkenne
2 2
(1= 2%)/]5 — 2|

HasweIBaioT adpom Ilyaccona. Jlerko Bumernh, ato st z € D u 3 € T umeer mecto
PABEHCTBO

1—2)? w+z

—— = Re

|2 — 2|2 w—2z
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Bripaxkenue (s + z) /(3 — z) HaspiBatoT adpom Illeapya w st IIOTHOCTH © ONIpe-
JeseH Takxke unmeezpan Illsapua

S(z: QL/

Re S(z;9) = P(z;0)

mexxny narerpasamu [lyaccona u IllBapiia ¢ omHO# U TO# K€ TOTHOCTHIO TO3BOJISI-

)| ds].

CB4a3b

€T UCIOJb30BATh METO/IBI TEOPUU AHAJIUTUIECKUX (DYHKIUI IPU M3y IE€HUU CBONUCTB
naTerpaJjia Ilyaccomna.

TEOPEMA 16.7. ITycmb ¢ — unmezpupyemas na edurusnol okpyscrocmu T ee-
wecmsennosnawnas pynryus. Toeda S(z; p) asasemes 20a0mopPnot 8 edunuHom
xpyee D pynxyuetd. Kpome mozo, ecau @ obpawaemcs 6 Hysv Ha HeKOmopol om-
xpomot dyee v C T, mo S(z; ) anasumuuecku npodoasicaemes wepes y 60 GHEUs-
HOCY eQUHUNHO20 Kpyea U Ha Y dynkyus S(z;) NPUHUMGEM HUCTO MHUMbLE
3HAYEHUA.

JTOKABATEJILCTBO. Ilycth 2y — nponsBoJibHas TOYKA eAnHITHOTO Kpyra . Boi-
6epem r > (), MEHBIIUM IIOJIOBUHBI PACCTOSHUS OT 2o 110 1. Ilockosbky

S(z;0) — S(z0;0) = Z_ZO/( () |d],

™ w— 2)(¢— 2z0)

1o s z € O,(z0) UMeeT MeCTO cJiejyrolee

5 |d|

S(Z;so)—S(Zo;@)l/(w( )2|d | = |Z;Zo| /(% #p()

z— 2o ™ 7 — 20) —2)(5c — zp)

Z0|
)||d
Eol /|<P ]

Orciona cienyer koMiutekcHas auddepeniupyeMocts GyHkiuu S(z;¢) B TOYKE 2.
IockoubKY zg BBIGHPAJIOCH IIPOU3BOJILHO, TO rosioMopdHOCTE S(z; ) B D nokazana.

ITycrs Teneps ¢(s) = 0 na orrperroii ayre v C T. Hus moboro zg € v paccros-
HEe OT 2o 10 T \ 7y OyJeT HOJIOKUTEIbHBIM | IIOCKOJIBKY B 9TOM CJIy4ae

T

1 n+z

o n—2z
T\~

S(z; ) = p(5e)|d>,

TO PACCYKJIEHUsI, AHAJIOIMYHbIE TIPOBEJIEHHBIM B cIydae zg € D, IpuBOAdAT K Herpe-
PBIBHOCTH 1 KOMILTEKCHOH b depennupyemoctu GyHruun S(z; @) Ha xyre . Kpo-
Me TOrO, TIOCKOJIbKY

w4z 1—|z
w—z  |x—2z|?

Re =0

upu z € yu x € T\ v, To ReS(2;¢) = 0 ma v. Anajurudeckoe npopo/RKEHUE
S(z; ¢) 9epes ayry 7 caenyer u3 upunnuna cummerpun Pumana— [IIsapua. Teope-
Ma JIOKA3aHA. O



124 B.B. TOPSIMHOB, E.C. IIOJIOBUHKUH

CJHEONCTBUE 16.2. Jlas 410600 unmezpupyemoti naomuocmu @ unmeepan Ilyac-
cona P(z; @) asanemesn sapmonuseckol 6 edurnuunom xpyee D dynwyued, a ecau
NAOMHOCTIL © 00PAWAENCA 8 HYAb HaA Hexkomopol omxpumot dyeze v C T, mo
P(z; @) eapmoruuecku npodosstcaemes wepesd y 60 BHEUHOCTVD eOUHUNHO20 KPY2a U
P(z;¢0) =0 npu z € 7.

OrMeTuM Tpu BazKHBIX CBOiicTBa mHTerpasia Ilyaccona.

1. JImmeitnoctb. P(z;p01 + ¢2) = P(z;01) + P(z;02), P(z;ap) = aP(z; @),
rae ¢, 91, P2 — WIOTHOCTH, & (¢ — YHUCJIO.

2. MonotonHocth. Eciu ¢(5) > 0 qa Beex » € T, 1o P(z;¢) > 0 miua Beex
z e D.

3. P(z;1) =1 m inf p(s) < P(z;¢) < sup ().

»€T €T
JIOKABATE/IbCTBO. JIMHEHHOCTD $IBJISIETCs CJIEICTBHEM CBOMCTB HHTErpaJIa.
Jljis1 loKa3aTe/IbCTBa MOHOTOHHOCTH 3aMeTHM, 410 sipo IIyaccona
1— |22 _ R X2

|5c — z|? w—z

IIpeJICTaBJIsIeT cOo0OM HeoTpUIaTeIbHYIO dyHKIMIO Ha T npu Bcex z € D. Ilosto-
My, YMHOXKas sapo IlyaccoHa Ha HEOTPHUIATEIbHYIO IIOTHOCTh (¢(3¢), MOJydUM B
pe3yJibraTe MHTErPUPOBaHus 110 1T HEOTPHUIATEIHHYI0 (DYHKINIO OT z B ID.

IIpucrymas K 10Ka3aTeIbCTBY TPETHETO CBOWCTBA, 3aMETUM CPa3y 2Ke, UTO Pa-
BeHcTBO P(z;1) = 1 aBngerca ciencrsueM uHTErpasibHOi dhopmysisl [lyaccona s
rapmonuyeckoii dyukiuu u(z) = 1. Iycrs renepnb

a = infp(a), B = supp().
»€T €T

Torna B cUIy CBOHCTB MOHOTOHHOCTH U JIMHEHHOCTH IOJIydaeM
a = P(z;a) < P(z;0) < P(z;8) = 5.
O

TEOPEMA 16.8. ITycmv ¢ — yrxuyua, unmeepupyemasn na T u nenpepwienas 6
mouxe 2>y € T. Tozda
L P(zip) = ¢().

JTOKA3ATE/IBCTBO. Purcupyem npoussosbio € > 0 u Beibepem jgyry v C T ¢
LIEHTPOM B TOUKE () TaK, IYTOOBI JJIsI BCEX > € 7y BBIIOJHSIIOCH HEPABEHCTBO

lo(2) — 0(50)| < €/2.

DTO MOYXKHO CIeJaTh B CHJIy HEIPEPBIBHOCTHU ¢ B Touke 7. Omnpenenum na T 1aBe

ILUIOTHOCTHU
p(3) — () mpu €7,
¢1(2) =
0 upu x €T\~
u
0 upu i € 7,
Pa(x) =

@(r) — () mpu xe€T\7.
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Tockonbky P(z;¢(30)) = ¢(5), TO
P(z0) = p(0) = P(z01) + P2 ¢2).

BameruM Tenepsb, uro P(z; ¢2) HEIPEPBIBHO [IPOJIOJIXKAETCS Ha YTy Y 1 06palaeTcs
Ha Heil B HyJb. CJiejoBaresibHO, Haligercs Takoe § > 0, 4ro

|P(z;02)| < €/2 pn |z — 3] < 4.

Kpowme Toro, u3 croiicts nnrerpana Ilyaccona ciemyer Takxke, ITO

€
[P(z01)] < sup () — (o) < 5.
ey
Taxum 06pa30M, JJIA JIrodoro z € D, YAOBJIETBOPAIOMIETO yCJIOBHUIO |2 — %0| <4
BLBIIIOJIHACTCA HEPaABEHCTBO

[P(z;0) = ¢(0)| < |P(z00)| +[P(202)] < e
m

Jloka3aHHasl TeOpeMa II0Ka3bIBaeT, YTO He TOJIbKO KJlaccuuecKas 3a1a4a JJupuxiie
(oTBICKaHKe rapMOHIYECKOl (DYHKIMY, KOTOPas Ha IDAHUIIE COBIIAaa Obl ¢ 38 [aH-
HOJi HenpepbIBHON (YHKIMEN) paspelMa oCpeICTBOM KOHCTPYKIMY HHTErPaJia
Ilyaccona ns enuumanoro kpyra D, Ho u Gosee obmias 3ajada, KOTJa 3aJaHHAsI
na T dyHKIUs @ He sABJIsIeTCS HEIPEPbIBHON. B YacTHOCTH, MOXKHO PaccCMOTPETH
caydail KyCOYHO-HelPEePHIBHON IPAHNYTHON (DYHKIINHU .

3anmadva JIupuxie Ay KyCOUYHO-HEIIPEPBIBHBIX I'PAHUYHBIX yCJIOBUIA.

IIycts ma eauauYHON OKpykHOCTH T ompemeneHa QYHKIHMS @, KOTOPAs HEIpe-
pbiBHA Ha T, 38 HCKIIIOYEHHEM KOHETHOTO FIHCIA TOUEK 31, . . ., My, B KOTOPBIX OHA
TEPIUT PA3PBIBBI NEPBOTO POJIA.

Bagaua: natmu ozpanuuernyio eapmonuseckyo 6 D dynxyuro u(z), xomopas
nenpepwiero npodoasicaemea na D\ K, K = {5¢1,...,5m}, u coenadaem c ¢ na
T\ K.

Pemmenne sroit 3amaun naer naTerpas IlyaccoHa ¢ IUIOTHOCTBIO @, T.e. u(z) =
P(z; ). TokaxkeM eIMHCTBEHHOCTb DeIleHHsI TI0CTABJIEHHON 3a/1a4H.

Honycrum, uro u; u up — japa pemtennsi. Torma U(z) = wui(z) — uz(z) Gyuer
rapmonmdeckoit B D u menpepuisroit na D\ K dynxmueit. [Ipu atom U(s) = 0 npn
» € T\ K. Ham myxuno nokasarb, uro U(z) =0 B D. Iycrs

M = sup|U(2)|, d = H;in|%i_%j|a s, = €% 9, €0,2n), k =1,...,m.
zeD 7]

Dukcupyem npousBobHO €, 0 < & < d/2, u oupenenum iyru
Vi 2(0) = e'?, 9k—§<9<9k+§7 kEk=1,...,m.

Pacemorpum ma T 1Be mtoTHOCTH, OIpe e isieMble PABEHCTBAMMA

+M upn x €A, = U’y,‘i,
Pe (%) = k=1

0 mpum sxeT\A..
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Nurerpassr [yaccona ¢ stumvm miotnoctsimu UX (2) = P(z; ¢F) npeacrasisior co-
6oit rapmonmnyeckue B D dbynxuuu u yjaosnaersopstior yeaosuam U (z) > 0, UZ (z) <
0 mpu z € D.

B custy npuniuna skerpemMyma i rapmonnteckux dbynkmmit UX (2) —U(z) > 0,
U(z) — U (2) 2 0 upu z € D. [eitcTBuTenbHo, €cau z, — » € T upu n — 00, TO

lim [U:(Zn) —U(z,)] = 0.

n— oo

Ina » € T\ K sro crexyer uz roro, uro U(z,) — 0 mpu n — oo, a UX (z,) = 0
npu Beex n. B ciydae »x € K 3to caemyer us toro, uro UX (z,) — M upu n — oo,
a Ul(z,) < M pyst Becex n. CremoBaresibHO, ecim

inf[U7(2) =U(z)] = @ <0,

TO MOXKHO BBIGPATh IIO/[IIOCIIEI0BATELHOCTD {2, } TaKkyo, 4To

lim [Uf (2,) — U(zn)] = a

n—oo

V3 3To0it HOC/Ie10BATEeILHOCT MOYKHO BBIOPATH CXOJSILYIOCH IIOJIIOC/IeI0BATE b
HOCTD {2, }. Ee npenen z* me moxer npunasieskars T, MOCKOIBKY

lim (UM (2,,) — U(zn,)] = « < 0.

Jj—o00 €
Crenosarensno, z* € D u B Hell JOCTHTAETCS MUHUMYM TapMOHHYECKON (DyHKIHN
U} (z)—U(z), 9T0 npoTHBOpEYNT NPUHIHAITY SKCTpeMyMa. Takum obpasom, U (2) >

U(z) npu Beex z € D. Ananorm4ano ycranasiusaercs, uro U (z) < U(z) npu z € D.
C npyroit croponsl, uist z € D nmeem

UEG) = o Z/w L ot

M1+|z|m/ M1+ |z
< = dx| = —
27T1—|z|kZ:1 A = e

Ho Torpma n
nM 1+ |z
2 1—|z|”

U(2)] < e

IockobKy € BBIOUPAJIOCH IIPOU3BOJILHO U3 npoMexkyTKa (0, d/2), To B M0y YeHHOM
HEPABEHCTBE MOYKHO OCYIIECTBUTD MPEJIETbHBIH 1epexo/] 1pu € — () 1 MbI IIPUXO/AM
K paserctBy U(z) = 0.

PesynbraThl, CBI3aHHBIE C pEITEHIEM 33291 JIuprxiie B e JMHIIHOM KPYyTe, MOXK-
HO IIEPEHEeCTH C UCIoIb30BanneM Teopem Pumana nu Kapareomopu ua obiactu, orpa-
HUYIEHHBIE JKOPJAHOBBIMEA KPHUBBIMHU.
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§17. Acumnroruyueckue metobl. DyHkiusa iipu

Mmuorue dpusndeckue 3aKOHBI GOPMYIUPYIOTCS B TEPMUHAX UMD DEPEHITNATBHBIX
ypasHeruit. OJHAKO IaCTO PEIeHNsT BO3HUKAOIINX OUY€Hb €CTECTBEHHO muddepeH-
[UAJBHBIX YPABHEHUN HE BBIPAYKAIOTCSA B 9JIEMEHTAPHBIX (DYHKIUAX. IDTO HOOYK-
JlaeT K BBEJICHUIO CIEIUAJIbHBIX MyHKIui. HacTo crernuaibabie (DYHKINN BBOISITCS
KaK HeCOOCTBEHHBIE MHTErPAJIbI, 3aBHUCSINNE OT HapaMerpa. HekoTopble crenuaib-
Hble (QYHKIUNA TPOTAbyIMPOBAHBI, UTO TO3BOJISIIOT JIEJIATH COBPEMEHHBIE KOMITHIO-
Tepbl. C JPyroil CTOPOHBI, UCCJIEIOBAHNE ACUMIITOTHYECKAX CBOWCTB CIIEIINAJIbHBIX
dyHKIMIT TpebyeT pazBUTHUs AaHAJIUTHIECKAX METOJOB. B 3ToM maparpade Ha mIpu-
Mepe yHKImE Ditpu Oy1eT pacCMOTPEHO ITPUMEHEHNE METOI0B KOMILJIEKCHOTO aHa~
JIA3a JJIsi M3y9eHusl aCUMITOTAIECKUX CBOMCTB CHEIMAIbHBIX (DYHKITHIA.

IepBonavasbuo (1838 r.) dyukius DiApu BOZHUKIIA B €r0 UCCJIEIOBAHUAX 38129
olTUKY (sBJIeHUE PAJyIrn) Upu pernenun auddepeHuaibHoro ypapaenus "’ = zy.
B 1928 r. /Ixxeddpuc BBe caMm TepMUH ,, pyrkyus JUpu“ U ee npejcTaBiIcHIe

, 17 ¢
Ai(z) = = [ cos §+xt dt.
™
0
/ sin <3 +:ct) dt = 0,

— 00

3ameuasi, 4TO

U, YIATBIBAsI Y€THOCTH KOCHHYCA, (DYHKIINIO DUPU MOXKHO [IPEJICTABUTH B KOMILJIEKC-

HOM BHJIE
oo

. 1 (43
Ai(s) = — [ /34Dt (17.1)
2m
—0o0
s € R. Cxomumocts unrerpasna B (17.1) MOXKHO yCTAHOBUTH C HCIOJIB30BAHUEM
dopMysIEI IHTEIPUPOBAHUS 110 YaCTAM, HO OoJiee IOTHO PACKPBIBAIOTCH CBOUCTBA
dyHKIUE DpU ¢ BBIXOJOM BO BCIO KOMIUIEKCHYIO IUIOCKOCTD U J1e(POPMUPOBAHHEM
KOHTypa MHTerpuposaHus. Vcnosbs3ys nHTerpapHyto TeopeMy Korrm, npecraBum

dyHKIMIO Jifpn KaK WHTErpaj oT QyHKIUN

fs(2) = exp{i(2®/3 + s2)}

BIOJIb UpsiMOii Lgs: 2(t) =t 4 i, —oo < t < 00, rue d > 0 duxcuposaHo.
IIycts R >0mn

L}{: z(z) = z, —R< x < R; L%:z(m)zm—i—ié,—RéxéR;

L% 2(y) = —R+1iy, 0<y <8 Ly z2(y) = R+iy, 0< y <6

B cmry mHTerpasnbHoil TeopeMbl Kommm, IpEMeHeHHON K IPAMOYTOJLHUKY C HOJIO-
JKUTEJILHO OPHEHTHPOBaHHOM rpanuueit Lk + L, — L% — L%, noydaeM paBeHCTBO
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TTockobky nipu 0 < y < § BBINOJIHSIETCS HEPABEHCTBO

2

1
[fo(ER +iy)| = exp{—sy + v — R¥y} < HIHO/3. =Ry,

3
TO
/ Fu(2)lldz] = / 1Fu(2)lldz]
L3 L4

< Olsl+o/3. /effﬂydy - >0

0

ieé\lerés/S
R2

npu R — oo. CriemoBaresibHO,

Jim [z = Jim [ e = [
Lk L2 Ls

Takum obpazom,

Ai(s) = %/fs(z)dz
Ls

Ecim BMecTo BelecTBEHHOrO § B3ATh KOMILIEKCHOE (, TO [t z = x +140 Ha Lgs Oymer
BBIIIOJIHATLCS HEPABEHCTBO

3 2
|fe(2)] = exp {5Re§ + % —zIm({ — 5x2} < I+ /3 plcllwl—da®

9to o3madaer, uro Ha Ls Monyms |fe(z)| ouens Geicrpo yGbiBaer mpu |z| — oo.
IosTomy unrerpad, onpegaessomnmii Ai((), 6bICTPO cXOmUTCs U €ro MOKHO judde-
pennmpoBaTh 1Mo mapamerpy (. IIpu sTom

AV(C) = i / So2)dz,  AP(C) = —% / 2fu(2)dz,
Ls Ls

OTKyZHa CJIe/lyeT

A(Q) ~ CAIQ) = 5= [ (2 + QO fe(e)iz
Ls
Sameuasi, 4TO
d 2

IoJIy9aeM

i d
Ai"(0) — CAi :—/— z) |dz =0
(© = cailQ) = o= [ (5K ,
Ls
IIOCKOJIBbKY f¢(2) obparmaercs: B Hy/Ib IpH |z| — 00 BIOIb L.
B pesysibrare Mbl moJIyduin, 9To (pyHKIUs Dipu yaoBaeTBopsieT auddepeHiu-
AJILHOMY YPaBHEHHIO

Ai"(C) = CAi(Q).

DTO BO MHOI'OM OIPEJIE/IsieT BaKHOCTh (DYHKIINN DUPHU B MPUTIOKEHUSIX.
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17.1. Merox Jlannaca. IIpexx;ie Bcero HAOMHUM HEKOTODBIE TepMUHBL: f(2) =
o(g(z)) npu z = w, ecim f(z) = a(z)g(z), e a(z) — 0 upu z — w; f(z) = O(g(2))
npu z — w, eciu f(z) = B(2)g(z), tie |B(2)| < K B HEKOTOPOIt OKPECTHOCTH TOYKMI
w.

oz, unmeepasamu Jlaniace TOHUMAIOT UHTETPAJIBI BAIA

b
F(\) = / f(x)eM @ dz, (17.2)

rue f(z),S(x) — meficrBuresbuble DYHKIME, KOTOPbIE HA3BIBAIOTCS AMNAUMYOHOT
Pynxyued (mm amiuurynoit) u gazoeots Pynryued (nau Gazoii), a A — BeruecrseH-
ublil napamerp. OcuoBHoil Bonpoc: acumuroruka F'(A) npu A — oo. g yupore-
Hust GOPMYIMPOBOK OyzieM cantarh, uto dbyakmuu f(x) u S(z) Geckoneuno mud-
depennupyembl, XoTsi 310 He 00si3aresnbHO. MaTerpas B (17.2) MoxkeT GbITh HECOD-
CTBEHHBIM KaK B CBSI3U C HEOIPAHUYEHHOCTBIO TIOJIBIHTEIPAJIBHOIO BHIPAYKEHUSI, TAK
U B CBSI3U C T€M, 9TO Jub0 a = —00, ubo b = 0o, ymbo (a,b) = (—00,00).

ITockoIbKY MBI JIOITyCKaeM HEOIPAHUIEHHOCTh IIPOMEXKYTKA NHTETPUPOBAHIUS, TO
noJ[ ycsioBueM ,,S () JocTuraeT MAaKCUMAJIbHOTO 3HAYEHUs Ha [a, b] B eJJMHCTBEHHOM
TouKe Zg € (a,b)* OyleM MOHUMATH BBIOJHEHNE HEPABEHCTBA

S(zg) > sup S(x)

lz—x0| 26

st Bcex § > 0. B ocmoBe merona Jlammaca sexkut HaOJIIOEHNAE, 9TO OCHOBHOIM
BKJIAJ B ACUMIITOTUKY MHTErpaJja Jlanaaca JaT JINIb 3HAYEHUS TO/IbIHTerPaIbHOM
dyHKIMM B MaJjIiOll OKPECTHOCTH TOYKH MaKCHMyMa, (pa30BoOil (DyHKIIUN.

TEOPEMA 17.1. ITycmov S(z) docmuzaem makcumaivhozo snavenus na (a,b] e
eduncmeennoti mowke ro € (a,b) u S"(zg) < 0. Tozda ecau unmezpan 6 (17.2)
abCcoAOMHO CTOOUMCSH NPU HEKOMOPOM A = Ao, TO OH abCONMOMHO CTOIUMCA NPU

6cer N = Ao U
K 1
FO) = e (ﬁ+o<A>)

2
—S”(.’L‘Q) :

npu A — 00, ade
K = f(x0)
JIOKABATEJLCTBO. Ilpu A > \g nmeem

‘ F(@)e5@] = |f(2)][e?05@ A-20S@) ¢ (O-A)S@0)]| f(g)|eroS@)

)

OTKY/Ia CJIeJIyeT CXOMMMOCTh nHTerpasa B (17.2) npu A > Ag. asee Gynem canrarh,
aro A > max{\g, 0}.
"3 dopmyasr Teitnopa ¢ yaerom yeaosust S’ (2g) = 0 coemyer paBeHCTBO

S(z) — S(z0) = %S"(azo)(z ~20)? o ((z - 20)?) = %s"(:ﬂo)(x ~ 0)2h(x),
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rje dyHKIMs h Takke siBasercs GeckoneuHo muddepentmpyemoii u h(zg) = 1.
B HEKOTOpPOI OKPECTHOCTH TOUKH I (hyHKIWs h(z) NpUHEMAeT MOJIO0KUTEIbHbIE
3HAYECHUS U TIOTOMY B 9TOH OKPECTHOCTH OlpeiesieHa (DYHKINS

9(x) = (z —z0)V/h(x).
Tockonbky g(zg) = 0, ¢'(x0) = 1, TO CyImECTBYET OKPECTHOCTH TOUKH I(, B KOTOPO#
g(x) cTPOro MOHOTOHHO BO3PACTAET W, CJIEIOBATEIbLHO, Halliercs Takoe € > 0, 4ro
Ha oTpe3ke [—g, | onpesernena yHkims ¢(y), obparHas K dyHKImu g(r), T.e.
glp(y)) = y upn y € [—¢g,e]. Iycrp 21 = (—¢), x2 = (). Bamernm, uTo
a <z < xe < b, u npeacrasum F(\) B BUze
F(\) = (L () + L) + T(V),

rie
b

Ty
) = /f(x)ex\[S(w)—S(zo)]dx’ L(\) = /f(x)e/\[s(m)—s(mo)]dx
a

J(\) = / F2)eMS@)=5@o0)] gy

Z1

B cuity cieaHHBIX IpeIIIOIOzKe I
sup{S(z) — S(zg): = € (a,21] U [x2,b)} = —
rae p > 0. Ilockosmbky pu A > A\ BBIIOJTHSIETCS HEPABEHCTBO
AlS(z) = S(xo)] = (A= A0)[S(x) = S(z0)] + Ao[S(x) — S(x0)]
—(A =20t — AoS(o) + Ao S(2),

TO
zy

LV < Q*AMGAO(H*S(IO))/‘f(x”e)\oS(w)dx’
T.e. I1(\) = O(e™™) mpn A — co. Amamormamo momydaem, ato Io(\) = O(e ")
pu A — 0.
Ob6o3naunM

1

55’”(:50) = —o, o> 0.
B sTux 0603HavEHNAX HA TPOMEKYTKeE |11, T3] MMeeM

S(x) = S(xo) = —o(g())*.

IockoubKy Ha |21, 22| byHKIHS ¢(2) CTPOr0 MOHOTOHHO BO3PACTAET, TO B HHTEIPAJIE
J(A) MOXKHO BBIIIOJIHATH 3aMeHy IepeMeHHol & = ¢(y):

/ Fe)e 7" (y)dy
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U3 dbopmyasr Teitnopa u yesosust ¢(0) = xg caemyer, 4To

fle() = flxo) = yhily), —e<y<e
Ananornusno ¢ yaerom pasercTsa ¢ (0) = 1 moaydaem
¢y) -1 =yly), —e<y<e

Tostomy uaTerpas J(A) MOXKHO 3aIUCATL B BUJIE
£ £
2 2
IO = f(zo) / eV dy + / W) + ¢ () Fr ()l ydy.
—& —&

IIycTs
M = max [¢(y)+¢'(y)fi(y)l-

y€[—e,e]

Torma

g

/[w(y)+<P’(y)f1(y)]€_m2ydy < M/e_xof\yldy

€ —
€
= QM/e*A”yzydy
0
X

M evVor
= — “tat
oA / €

0
M1

< R
o X
T. €. BTOpoit nuTerpas B npejacrasiaenun J(A) asisercs O(1/)). Ilepsblit narerpas
B 9TOM IIPEJICTABJICHAN 3aIIUIIEM B BHJIE

€ oo (oo}
/ef)ﬂyzdy = /ef)‘“yzdny/e*)‘”dey.
—€ —0o0 €
3ameuasi, 4TO
Aoy? _ 1 —u? _ T 2
e d — e Y du =
/ Y= e o NS (x0)
— 00 — 0o
u
oo oo d oo o0
t 1 1 1
0<2 e ?dy = et f/e_’\atdt < 7/6_“du = —,
= / Y / N eXo eXo
€ e? g2 0
OJIy 9aeM
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B kagecTBe mpocTOro mpuMeHeHus JIOKA3aHHOM TeOPEeMBbI TPUBEJIEM ACUMITTOTUKY
ramma-byskun I'(A) upu A — co. HeiicrBurensho, jys A > 0 umeem

T(A+1) = /t’\e_tdt = /emnf—t/*)dt.
0 0

Broimonum 3ameny nepemennoit ¢ mo ¢dopmynae t = Ax. Torma Int = In )\ 4 Inx,
dt = Adx n

P(A+1) = aer? / AT gy = N\ / @ dg,
0 0

rae S(z) = Inxz — x. U3 pasencrsa S'(x) = 1/x — 1 Buguo, uro S(z) nmeer Ha
(0,00) MakcUMyM B eJMHCTBeHHON Touke xg = 1. Ilpm srom S(1) = S”(1) = —1.
Ho Torga B cumy Teopemsr 17.1

v ([ o)) - () (o ()

npu A — oo. JJjist esibIX A 3TO paBeHCTBO U3BECTHO Kak popmysia CTupimHra

=ty = Ve (D) (10 (L))

npu n — 00. VHTepecHO, 4TO yxKe Upu N = 2 IJIaBHAs 9aCThb aCUMIITOTUKHU JAeT
sHavenue 1,919. .., 6uuzkoe K 2!.

17.2. Merton ctanmoHapHoii ¢da3bl. Temepb paccCMOTPUM aCUMITOTUKY WH-
TErpajioB BHUJIA

b
F(\) = / f(x)e* @ dy (17.3)

upu A — 00, 1€ [a, b] — KoHeuHbIH npoMeKyTOK, a dyskun f(x) u S(z) no-npex-
HeMy OyzieM canTaTh OeCKOHETHO TudOepeHIMpPyeMbIMA U HA3BIBATH COOTBETCTBEH-
HO aMILIUTyHoi u dazoBoit pynkmusvmu. (OKa3bIBAETCS, ITO B ITOM CJIydae IIPU
OIIPEJIEJICHHBIX YCJIOBHUAX OCHOBHON BKJaJ B mHTerpas (17.3) mpu A — oo gaer
TaKKe JIMIIb OKPECTHOCTh HEKOTOPOil Touku. Byjem rosopurs, uro zo € (a,b) saB-
JISIETCST cayuonaprot Toukoit dazosoit dyrkmun, ecm S’ (xg) = 0. Cranumonapuast
TOUKa To OYyNET HA3BIBATHCS Hesupootcdernnot, ecmun S (xg) # 0. Haiinem ruiaBHbIif
9JIeH aCUMIITOTUKHN MHTErpaJia IIpu HaJIXIUN Ha (a, b) eﬂI/IHCTBeHHOﬁ HEBbIDO2K/I€H-
HOIl CTAIMOHAPHON TOYKH.

TEOPEMA 17.2. IIyemo dynruyuu f(x) u S(x) Geckonewno duddeperyupyemol
na ompesxe [a,b], Pynxyus S(x) umeem eduncmeernylo CMAUUOHAPHYIO TMOUKY

xo € (a,b), f(xo) #0 u 8" (xg) > 0. Tozda

2w

b
F()\) — /f(x)ez)\s(z)dx — eiﬂ-/4ei)\S(zo)f(x0) m+0 ()

npu A — 00.
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JOKABATEJILCTBO. Kak u B ciaydae meroma Jlanmaca

S(x) — S(xo) = %S”(xo)(m — 20)?h(x),

rue h(zx) apisiercs 6eckoneuno quddepennupyemoii dyukuueit na [a, bl u h(xg) = 1.
CHoBa paccMoTpuM (DYHKITHIO

9(z) = (x — o) V/h(x),

KOTOpas ONpeJIeJIeHa W SABJIFETC CTPOrO MOHOTOHHO BO3PACTAIONIEH B HEKOTOPOIi
OKPECTHOCTH TOUKH T¢. IIycThb p(y) = g1 (y) — obpaTHas dyHKIHUs, KOTOpas ompe-
JleJieHa, Ha TIPOMeXKyTKe [—&, €] pu HekoTtopoM € > 0. O6ozHaunm

r1 = ¢(—¢), xo = ¢(e), o= %S”(Jco).
Torna
S(x) = S(xg) = o (g9(x))?

upu x € [x1,22] u uaTerpas F(\) MOXKHO IPEJICTABUTH B BUJIE

F()) = eSo) / F@)e 0@’ 4o 1+ 1) + BV, (17.4)

e
b

L\ = /f(x)eiAS(I)dx, IL(\) = /f(x)ei)\S(gg)dx.

x2

Tockonbky ©(0) = g, ¢’ (0) =1, o

fle) = f(xo) = f'(zo)y +o(y) = yt1(y),

rae dyukims 11 (y) onpeesieHa U HelpepbIBHO JuddepeHnupyema Ha IIPOMEXKYTKe
[—¢,¢€]. AnajoruuHo NOJy9aeM IpeCcTaB/IeHue

©'(y) =1 = yiba(y).

Ucnonb3ys 91U IpejiCcTaBjIeHnsl, BBIIIOJHUM B IepBOM uHTerpajie u3 (17.4) sameny
nepeMeHHoi & = ¢(y) 1 IpoBeeM CJIeyolye IPeobpa3oBaHUs

/ F(@)e 0@ 4y = / Fo()e ()ev dy

= f(;L'O)/SO/(z}l)ei)\ayi’dy+ /yi/)l(y)cp’(y)e”“’yzdy

= f(wo) / e dy + / ol (2o)a(y) + ¢ (1)1 ()] dy.

—€ —€&
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TTockonbKy
€ €
/eiA0y2dy _ 2/€i)\ay2dy
—€ 0
o0
_ Q/ei)\ayzdy_Q/ iATY dy
0 €

2 oo
= —/e“th—Z/eM"yzdy,
Ao /

I
TO, yuuThIBas 3HavdeHne uHTerpana Ppenens (15.10), momyuaem

€

oo
/ei)\adey — eiﬂ/4 m _ 2/ei)\ay2dy.
V Ao

—&
3aMeTnM TakKe, YTO

o0

) 1
2 1)\Uy2d — / ( iAoy? )
/e 4 iAo ydy
€
_ z)\ay / MJyQ dy
z)\ay z)\a
1 1 dy 2
< — = .
= \oe Y )\U Aoe

CrenoBaresibHO,
£

i)\ayzd — im/4 L 9] l
/e Y e Y + N

—€

Jlasiee, TOCKOJIbKY (DyHKITUSI

D(y) = flzo)va(y) + ¢ ()1 (y)

sIBJIsIeTCsl HeNIpepbIBHO juddepeHimpyeMoii Ha [—&, €], TO

€

. 2 1 / d . 2
iAoy tAoy
/y‘b(y)e dy 120 /(ID(y) dy (6 )dy

—& —&

€

- [y

—€

1 . =e
_ ‘b( )ez)\ay2

2o

()

y=—¢
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Takum obpazom,

Z2

/f(x)ei)“’(g(m))2dm = ™/ f(20)y/ /\% +0 <i> .

Z1

Nsyunm reneps acumnroruky uaTerpasios I1(\) u Is(\). ITockonbky xg — enuH-
CTBEHHAsl TOUKa Ha [a, b], B KoTopoit S’(x) obpamaercst B HyJb, TO

min{|S"(z)|: z € [a,z1] U [z2,b]} = p > 0.

Ho Torma

L\ = / F(2)e*S@ dy = % / f<9;))

(
xy

e ()| o)

a

% (ez’)\S(;z)) da

1| f(z) iAS()

ix | S'(x)

Ananornano nomy4aen, uto Io(A) = O (1).
B pesysbrare ¢ yaerom BBeeHHOr0 obo3nadenus o = S” (x)/2 u3 pasencrsa (17.4)
cieyer

) ) 21 1
— pim/4 iAS(zo) -
F(\) ™ f(xo)e 57 (w0) + O (A)

n TeopeMa JOKa3aHa. O

3AMEYAHME 17.1. Eciu B KpuTHUeCKOil TOYKe T( BBINOJHAETCH HEPABEHCTBO
S"(zp) < 0, To 3amena S(z) Ha —S(z) B yCJIOBUSX TEOPEMbI OIPUBOJIUT K COOTHO-
MIEHUTO

— . . 2w 1
_ im/4 —iAS(zo) -
F(\) = ™ f(xg)e T35 (z0) +0 <)\> .

CueoBaresnbho, B ciydae S”(xg) < 0 muMeeT MECTO ACHMIITOTHYECKOE PABEHCTBO
F()\) _ €7iﬂ/4f(l'0)€i>\s(ajo) 2m 4 o) l
—A\S"(z0) M)
mpu A — o0.

JlokazanHag TeopeMa MO3BOJISIET OJIyYUTh acCUMITOTUKY (byHKImu Ditpu Ai(s)
npu § — —00. BBIosHss B nHTErpase

o0
1 .3
Ai - W(t /3+St)dt
i(s) 5 | €
— 00
3aMeHy TepeMenHoit o dopmyite t = u'/2z, u = —s, nomygaem
12 7
Ai(s) = Ai(—u) = S~ [ 0,
™

— 00
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O6ozmaunm S(z) = 2°/3 —z u A = u*/2. Torma

rae F(\) npunumaer sug (17.3). 3amerum, 9To B 3TOM ciiydae dazoBas QyHKIUs
S(x) = x3/3 — x mmeet aBe cTarmonapubie Touku T = 1. Ilpu 3ToM

S(1) =—-=, S"(1) =2, S(-1) = 3 S"(-1) = -2.

O6e cranpoHapHbIe TOYKH ABJISIOTCS HEBLIPOXKJICHHBIMU. /JIJIsI ITOJIydeHusT acuMII-
rorukn F'(A) mpu A — 00 pa3sofbeM MpOMEXKYTOK MHTErpUpOBaHUs (—00,00) Ha
uHTepBaIBl (—00, —2), (—2,0), (0,2), (2,00). Torma miust F(\) mosyunm npejcras-
JIeHne

—2 0 2 00
F()\) — /6i>\s(x)d$+/62/\S(x)d$+/61/\s(x)d$+/ MS(x)d:}j
—o00 —2 0
= F1(\) + Fa(\) + F5(\) + Fu(\).

Acumnroruueckue coiicrBa unrerpaioB Fi(A) u Fy(\) nouydaiorcs ¢ UCHoIb30Ba-
HUeM uHTerpupoBanus 1o dactam. Ilockoabky S'(z) = 22 — 1, To

2 -2
_ 1 | eirs@) |2 reNS(@)
_ iAS(x _
Fl()\) = /6 ()d{IJ = a 22— 1 - +2/m[l$ s

— 00 — 00

oTkya caexyer, uto Fy(A) = O(1/A) npu A — oo. Anasoruuso mosxydaem Fy(A) =
O(1/X) mpu A — oo.
Hanee, u3 Teopemsl 17.2 ciemyer, 4TO

1
Fg(/\) _ z7r/4 12)\/3\/;+O <)\)

Amnayiornuno u3 3amedanus 17.1 nosrygaem

FQ(/\) — 6i7r/46i2)\/3\/§+0 </1\) 7
T 2\ 0w 1

Takum obpazom,

, 1 2 4, T 1
a0 = e (57 1) + (57)

U Jajiee

npu s — —oQ.
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17.3. Mertoa nepeBasa. /[ljist OTbICKaHUST ACUMITOTUKY (DYHKIUN

) o)
AZ(U) — % / ei(um+x3/3)d1,

IIpU % — OO BBIIMOJHUM 3aMeHy IepeMEeHHON WHTEerpupoBaHus 1Mo (popMmyne x =
tyv/u,u > 0. B pesysibrare mosydaeM IpeICTaBICHIE

12
Ai(u) = u27 e P /3) gy (17.5)

K sromy wmHTErpasly Mbl HE MOYKEM MPUMEHUTH METOJ[ CTAIMOHAPHON (a3bl, 1Mo-
CKOJIBKY (DYHKIHS t + t3 /3 He MMeeT CTAlMOHAPHBIX TOYEK Ha BEIIECTBEHHON OCH.
ITosTomy Bocnosb3yemMcst memodom nepesana (Wi memodom cedaosot mowky). IToT
METOJI CBSI3aH C U3YYEHUEM ACUMIITOTUKYA UHTEIPAJIOB BUIA

P = / F(2)eX @ s, (17.6)

rie f u S sBisitorcst rostoMopdHBIMEU (DYHKIUSMA B HEKOTOPO#t obsactu D, a v —
KYCOYIHO-TIaJIKast KPUBas, PACIOIOXKEHHAs B 9T0i obsactn. OCHOBHOI BOIPOC CO-
croutr B nosegenuu F(\) upu A — oo.

Tox xpumuueckoti mowkot cHOBa OyIeM TIOHUMATHL KOPeHb ypasHeHus S’ (z) = 0.
Kpurnueckyto TouKy zp 6y/eM Ha3bIBaTh Heswuiposcdennol, ecam S”(zg) # 0.

Unest MeToj1a 3aKTF0UAETCST B TOM, YTOOBI C MCIOJIB30BAHUEM WHTETPAJIBHON Teo-
pembl Ko, ne mamenus 3uadenus F()\), nedopMupoBaTh KOHTYD 7y K TAKOMY,
KOTODBIif IIPOXOIUIT OBl Yepe3 KPUTUIECKYIO TOUKY U BBITOIHSIIACH OBl CJICIYIONHE
YCTIOBUSL:

(i) Im S(z) aABIsIETCS TOCTOSMHHOI Ha 7;
(ii) Re S(z) mocruraer MakcuMyMa Ha 7y B KPUTHUIECKOH TOUKe.

B ciyuae peanmsaimu BbIGOPA TAKOIO KOHTYPA 7y MOXKHO HAJIESTHCSl IIPUMEHHUTH
Mmeroz Jlamaca Jyisi Oy YeHrs! TJIABHOrO WieHa acuMuroruku F(A) npu A — oo.

Paccmorpum JokasibHOe noBeeHre MyHKIm S(z) B OKPECTHOCTH HEBBIPOZK ICH-
HOit KpuTHueckoit Touku. Ilycrs zg € D TakoBa, aro S'(z9) = 0 m S”(z9) # 0.
Torna zg 6yuer g byuxnuu S(z) — S(zp) HyseM BTOPOro IopsiKa u

S(z) = 8(20) = (2 = 20)h(2),

rae h—ronomopduas 8 D dynkuust u h(zg) = 25 (z0) # 0. Yenosue h(z) # 0
OyJeT COXpaHaThCd Takxke B HeKoTopoil okpecraoctu O, (zg), r > 0. B cuny ciuen-
crBusg 10.2 (0 BbLIesIeHMU Dery/spHOli BeTBH JorapudMa B OJHOCBIA3HON 00J1acTH)
B O,(zp) MOXKHO BBIIEIUTH PEryJispHyio BeTBb 1(z) Kopus +/h(z). Oupenenum B
Or(20) dynrmmio g(z) = (z — 20)1(z) un 3ameTHM, 4TO

S(z) = 8(z0) = (g(2))*.
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IIpu srom ¢'(z0) = 1(20) # 0 u o Teopeme 11.4 0 TOKAIBHOI CTPYKType 0TOGpazke-
Hust Haiinercs okpectHOCTb O,(0), B KOTOPOI OlpeiesieHa U OJHOIUCTHA 00paTHasT

dynxmust o(¢) = g=1(¢). Ho tora
S(p(¢)) = S(z0) = 9N = ¢* (17.7)
pi || < o. Hyers ¢ = € +inu
S(z) — S(z0) = U(2) + iV (2).

U3 pasencrsa (17.7) summo, ato V(p(¢)) = Im(? = 2£(n obpamaercs B Hymb B
kpyre O,(0) na BermecTsenHOM 1 MHUMOM jamerpax. 1Ipu stom U(p(C)) = €2 —n?
jgocruraer B Touke ¢ = 0 MMHUMYM Ha BENIECTBEHHOM JMaMETPE U MAKCUMYM Ha
MHUMOM JIAAMETPE.

Taxkum obpazom, kpusas v*: z(t) = (it), —o < t < 0, IPOXOJUT HUEPE3 TOUKY
zo = z(0) u ynosaersopsier yciosusam (i), (ii). 3amernm Takzke, 4TO 2o SBISETCH
»cemoBoii“roukoii myis dbyaxmun U(z). Tlpu 9T0M, BBIXOAM U3 TOYKH 2o BIOJb
~*, Mbl nMeeM Hauckopeiiee yobBanue dbyuxiyu U(z). Tlocaennee obbscHaercs
TeM, 4T0 rpaguenr VU = Ul + iU; dbyuxnun U HampaB/ieH BIOJIb KPUBOI ~*.
HeitcTBUTEIBHO,

2'(t)- VU = ['(t)| - [VU|(cos 0 + isinf),
rae 0 — yrou mexay z'(t) u VU. C apyroii ¢rOpoHbI, ¢ UCHOJIb30BAHUEM YCJIOBUiL
Komu— Pumana n pasercrsa V(z(t)) = 0 nosydaem

Im{z'(t)VU} = Im{(2'(t) — i/ (t))(U, + iU,)}

= Uy-2'(t) = U o/ (1)

— [Va-2'(t)+V, -y (1)]
d
= f%V(z(t)) = 0.
CaenoparesbHo, sinf = 0, . e. z/(t) u VU HanpasieHbl BJOJIb OJHON npsiMoii. B
CBSI3H C 9TUM METOJ, IIePEBaJIa HA3BIBAIOT TAKXKEe MEMOJoM HAUCKOPETULE20 CYCKA
I MEMOJOM ,,cednosot” mouxu.

Bosspamascs K acumnroruke uarerpaia (17.6) 3amerum, 9To B ciydae, KOrjua
yZlaeTcsd KPUBYIO 7y BbIOpaTh B coorBercTBuu ¢ ycjaoBusamu (i), (ii), riaBHbiil wien
ACUMITOTHKH OY/IET OMPEEISIThCS WHTEMPAJIOM TI0 YaCTH Y B OKPECTHOCTH KPUTH-
4yeckoil Touku. pyrumu cioBamu, acumiroruka F'(A) npu A — oo Gyuer onpese-
JIATbCs uHTerpasoM mo v*. Haee,

[ 1012500 = 30 [ fayessiog,
ha v

0
= eAS(ZO)/f(z(t))e’\U(Z(t))z'(t)dt
—e

o
AS(=0) / F()er Wy,
—0
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rae
ft) = fz)2'(),  S(t) = U((t)) = S(2(1)) — S(z0)-

IIo Teopeme 17.1 momygaem

Jf(z)e’\s(z)dz = M5(20) (f(O) _)\?;(0) +0 <§\>> .

Us onpegenenns S(t) u yenosus S'(zp) = 0 creayer, 4o

§"(0) = ((0))*S"(z0) = —|=' () - |S"(z0)!.

: 2
ip
\/ _)\S// Z)e v ALS” (20)]”

rje ¢ = arg 2’ (0). B pesynbrate, ecin f(zp) # 0, T0

AS(2) 7. _ i AS(z0) 2 1
»y[ FRede = IR NSl <1+O(ﬁ>)

pu A — 00.
Temepb MBI MOXKEM 3aBEPIMUTDL MCCJIEIOBAHUE aCHMITOTHKN (GyHKImu Jiipu. B
STOM criermasibioM caydae (17.5) X = u3/2 u

S(z) =1 z—&—z—g = 12—:162—1 + iz }.%‘2— 241
- 3)  Y\3" 37 Y ‘

VYpasuenue S’(z) = 0 umeer aBa KOpHA z = +i. BoibepeM B KauecTBe KPUTUIECKOL
TOUKM JJId JajibHeAuX BbramucyieHuil zg = 4, B koropoit S”(zg) = —2. Yepes
9Ty TOYKY HPOXOJUT jBe Kpusble 7: z(y) = iy, —00 < y < o0, u y: z(x) =
x+iy/1+22/3, —00 < x < 00, Ha KOoTOPBIX Im S(2) = 0. Ha ¥ dbyaxnusa

ReS(z) =y <;y2 - 1)

B TOUKE Z) = ¢ UMEET JIOKAJIbHBIII MUHUMYM, & Ha y (DYHKIIAS

Ho Torma

4 2
ReS(z) = —% <3x2+1> 1+%

win

B TOYKE Zg = § JIOCTUraerT abCOIOTHOrO MakcuMyMa. Jamedas, 9ro S(zg) = —
Z'(0) = 1, mosygyaem

e = e 5 (10 () (7.8)

u

mpu A — 0.
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Tlokaxkem Temepnb, ITO

/eiA(t+t3/3)dt _ /e’\s(z)dz. (17.9)

—0 ~

W3 napaMerpusanuu KpUBOH 7y BUIHO, UYTO OHA IPEJCTABJAET COOON BETBb THIIEP-
/6y z = re®/6 p > 0. Jaa R > 1 uepes I'p
0603HAYNM KOHTYD, KOTODPBIH COCTOMT M3 OTpe3Ka [—R, R| BelecTBeHHON ocn, Ya-
CTU YR KPHUBOii 7y, KOTOpas JIEXKUT BHYTpHU Kpyra |z| < R, u aByx ayr C’E u Cp
OKPY2KHOCTH |2| = R, KOTOpPbIE COEIMHSIOT KOHIbI oTpe3Ka [— R, R| ¢ KoHIamu Jiyru
vr. Ilapamerpusyem Kpusbie C’E u Cp ciaemyrommm 06pasoM:

00JIBI ¢ ACUMIITOTAMH 2 = T€

Ch: 2(t) = Re™, 0 <t < O(R); Cp: 2(t) = —Re ™ 0<t <O(R),

0(R) = arccos{? 1];2}

Torma I'p = [-R,R] + C}; — yr — Cf, GyJer TOJIOKUTETHHO OPHEHTHPOBAHHOM
rpanuneit obsnactu Dg. Ilockosnbky S(z) saBisiercst rosomopduoit dbyHkImeil Bo
BCell KOMILIEKCHOH IIJIOCKOCTH, TO II0 MHTerpaJibHOit Teopeme Kormm mMeer mecto

PaBEeHCTBO
/eAS(Z)dz =0,

I'r
KOTOpPOE€ MO2KHO IIepelnucaTb B 9KBUBAJIECHTHOM BHIE

/ e’\s(z)dz—i—/e)‘s(z)dz = /e/\s(z)dz—&—/e’\s(z)dz.

[-R,R] ol TR Cr

rie

Jastee, OCKOIBKY
T P it : 1 s ; L p3
S(—Re~%) = S(Re") = — Rsmt+§R sin3t | +1 Rcost+§R cos 3t |,

TO 1Ipu A > 1 BBINOTHAIOTCS CJIEIYIONIE HEPABEHCTBA

O(R) /6
A&y < R / eféRssinStdtg2R/67%R3sin3tdt

—
o
>
&
O
L
I
—
®

|
[}

/2 /2

2R —L1R3gint 2R —ET 7T T —s ™
:?/63 dtg?/e 3w dTéE/e ds:ﬁa
0 0

0
u upu R — 0o Mer mosyvaem pasernctso (17.9). U3 (17.9) u (17.8) monyvaem
ul/? i 1/3; 3 w Ao e 1
. — w2 (t+t°/3) — —zu
Ai(u) el B dt OV e 3 (1 +0 (u3/4>)

— 00
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pu 1 — 00.
ITonygennsie BBIIE PE3yJIBTATHI MOYXKHO COPMYIUPOBATH B BUJE CJIEIYOIIEH
TEOPEMBI.

TEOPEMA 17.3. Jlas dpynruyuu Dipu Ai(s) umerom mecmo caedyrowyue acumn-
momuueckue Popmyavl:

, 1 2 4y T 1
a0 = e (5= 1)+ (57)

. 5_1/4 _243/2 1
Ai(s) = 2ﬁe 3 (1—1—0(83/4>)

npu s — —00 U

npu s — 0.
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