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�à¥¤¨á«®¢¨¥
�  ¯à ªâ¨ç¥áª¨å § ­ïâ¨ïå ¢® ¢â®à®¬ á¥¬¥áâà¥ I ªãàá 

���� â¥¬  ý�å®¤¨¬®áâì ­¥á®¡áâ¢¥­­ëå ¨­â¥£à «®¢þ áç¨-
â ¥âáï ®¤­®© ¨§ ­ ¨¡®«¥¥ âàã¤­ëå. �«ï ãá¯¥è­®£® à¥è¥-
­¨ï ã¯à ¦­¥­¨© ¯® íâ®© â¥¬¥ âà¥¡ã¥âáï ª ª ¤®áâ â®ç­®
¡®«ìè®© § ¯ á â¥®à¥â¨ç¥áª¨å á¢¥¤¥­¨© (§­ ­¨¥ ®¯à¥¤¥«¥-
­¨©, ¯à¨§­ ª®¢ áå®¤¨¬®áâ¨ ¨ â. ¤.), â ª ¨ ã¬¥­¨¥ ¯à ¢¨«ì­®
¨¬¨ à á¯®àï¤¨âìáï, ¯®¤®¡à âì ¬¥â®¤, à ¡®â îé¨© ¢ ª®­-
ªà¥â­®© á¨âã æ¨¨.

�¥«ì ­ áâ®ïé¥£® ¯®á®¡¨ï | ¢ ª®¬¯ ªâ­®© ä®à¬¥ ¨§-
«®¦¨âì ®á­®¢­ë¥ ¬¥â®¤ë ¨áá«¥¤®¢ ­¨ï áå®¤¨¬®áâ¨ ¨ ¯à®-
¨««îáâà¨à®¢ âì ¨å ­  å à ªâ¥à­ëå ¯à¨¬¥à å. �¡®à­¨ª
á®áâ®¨â ¨§ ¢¢¥¤¥­¨ï ¨ ¤¢ãå ç áâ¥©. � ¯¥à¢®© ç áâ¨ ä®à-
¬ã«¨àãîâáï ¯à¨§­ ª¨ áà ¢­¥­¨ï ¨ à §¡¨à îâáï ¯à¨¬¥àë
¨áá«¥¤®¢ ­¨ï áå®¤¨¬®áâ¨ ¨­â¥£à «®¢ ®â §­ ª®¯®áâ®ï­­ëå
äã­ªæ¨©. �® ¢â®à®© ç áâ¨ ¯à®¢®¤¨âáï ¨áá«¥¤®¢ ­¨¥ ãá«®¢-
­®© ¨  ¡á®«îâ­®© áå®¤¨¬®áâ¨ ¨­â¥£à «®¢ ®â §­ ª®¯¥à¥¬¥­-
­ëå äã­ªæ¨©. � §¤¥«¥­¨¥ ­  ¤¢¥ ç áâ¨ ¯®¤ç¥àª¨¢ ¥â à §-
«¨ç¨¥ ¢ ¬¥â®¤ å ¨áá«¥¤®¢ ­¨ï | ¨­®£¤  ¯à¨¥¬ë, à ¡®â î-
é¨¥ ¢ ¯¥à¢®© ç áâ¨, á®¢¥àè¥­­® ­¥¯à¨¬¥­¨¬ë ¢® ¢â®à®©.
� ¦¤ ï ¨§ ç áâ¥© § ¢¥àè ¥âáï ­ ¡®à®¬ § ¤ ç ¤«ï á ¬®áâ®-
ïâ¥«ì­®£® à¥è¥­¨ï, §­ ç¨â¥«ì­ ï ç áâì ª®â®àëå ¢§ïâ  ¨§
íª§ ¬¥­ æ¨®­­ëå ª®­âà®«ì­ëå à ¡®â ¯® ¬ â¥¬ â¨ç¥áª®¬ã
 ­ «¨§ã ¢â®à®£® á¥¬¥áâà  I ªãàá  ����.

�à¨¥¬ë, ®¯¨á ­­ë¥ ¢ ¯®á®¡¨¨, ¡ë«¨ ¯®ç¥à¯­ãâë ¨§
ª« áá¨ç¥áª¨å ªãàá®¢, ç¨â ¥¬ëå ­  �¨§â¥å¥ (á¬. á¯¨á®ª
«¨â¥à âãàë), ¨ ¨§ á®¡áâ¢¥­­®£® ®¯ëâ  ¯à¥¯®¤ ¢ ­¨ï (­¥-
ª®â®àë¥ ¨¤¥¨ ¯®ï¢¨«¨áì ¢ ¯à®æ¥áá¥ á®¢¬¥áâ­®© à ¡®âë á®
áâã¤¥­â ¬¨ ­  á¥¬¨­ àáª¨å § ­ïâ¨ïå). �®áâ ¢¨â¥«ì â ª¦¥
¡« £®¤ à¥­ ¯à¥¯®¤ ¢ â¥«ï¬ ª ä¥¤àë ¢ëáè¥© ¬ â¥¬ â¨ª¨,
ª®â®àë¥ á à ¤®áâìî ¤¥«¨«¨áì §­ ­¨ï¬¨ ¨ ®¯ëâ®¬. �á®-
¡¥­­® ¯®«¥§­ë¬¨ ®ª § «¨áì à¥ª®¬¥­¤ æ¨¨ �. �. � ¡ã-
­¨­  ¨ ¬¥â®¤¨ç¥áª¨¥ ¬ â¥à¨ «ë, à §à ¡®â ­­ë¥ �. �. �®-
¢ «¥­ª®.
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�¢¥¤¥­¨¥
�¯à¥¤¥«¥­¨¥. �ãáâì äã­ªæ¨ï f(x) ®¯à¥¤¥«¥­  ­  ¯®-

«ã¨­â¥à¢ «¥ [a, b) (£¤¥ b ¬®¦¥â ¡ëâì ª®­¥ç­ë¬ ç¨á«®¬ ¨«¨
+∞), ¨ ¤«ï «î¡®£® ξ ∈ (a, b) ¨­â¥£à¨àã¥¬  ¯® �¨¬ ­ã ­ 
®âà¥§ª¥ [a,ξ]. �«ï â ª®© äã­ªæ¨¨ à áá¬®âà¨¬ á¨¬¢®« ­¥-
á®¡áâ¢¥­­®£® ¨­â¥£à «  á ®á®¡¥­­®áâìî ¢ â®çª¥ b

I =

b∫

a

f(x) dx. (∗)

�¥á®¡áâ¢¥­­ë© ¨­â¥£à « I ­ §ë¢ ¥âáï áå®¤ïé¨¬áï, ¥á«¨

áãé¥áâ¢ã¥â ª®­¥ç­ë© ¯à¥¤¥« lim
ξ→b−0

ξ∫

a

f(x) dx. � ¯à®â¨¢­®¬

á«ãç ¥ I ­ §ë¢ ¥âáï à áå®¤ïé¨¬áï.
�á«¨ f(x) ®¯à¥¤¥«¥­  ­  ¯®«ã¨­â¥à¢ «¥ (a, b] (£¤¥ a ¬®-

¦¥â ¡ëâì ª®­¥ç­ë¬ ç¨á«®¬ ¨«¨ −∞), â® ¬®¦­® £®¢®à¨âì
® áå®¤ïé¥¬áï ¨«¨ à áå®¤ïé¥¬áï ­¥á®¡áâ¢¥­­®¬ ¨­â¥£à «¥
(∗) á ®á®¡¥­­®áâìî ¢ â®çª¥ a. �á«¨ ¦¥ f(x) ®¯à¥¤¥«¥­  ­ 
¨­â¥à¢ «¥ (a, b) (£¤¥ a ¨ b ¬®£ãâ ¡ëâì ª®­¥ç­ë¬¨ ç¨á« ¬¨
¨«¨ ±∞), ¨ ¤«ï «î¡ëå ξ, η ∈ (a, b), ξ < η, ¨­â¥£à¨àã¥¬ 
¯® �¨¬ ­ã ­  ®âà¥§ª¥ [ξ, η], â® à áá¬ âà¨¢ ¥âáï ­¥á®¡áâ-
¢¥­­ë© ¨­â¥£à « (∗) á ¤¢ã¬ï ®á®¡¥­­®áâï¬¨ ¢ â®çª å a ¨
b. � íâ®¬ á«ãç ¥ I ­ §ë¢ ¥âáï áå®¤ïé¨¬áï, ¥á«¨ ¤«ï ­¥-

ª®â®à®£® c ∈ (a, b) ª ¦¤ë© ¨§ ¨­â¥£à «®¢ I1 =

c∫

a

f(x) dx,

I2 =

b∫

c

f(x) dx áå®¤¨âáï. �®á«¥¤­¥¥ ®¯à¥¤¥«¥­¨¥ ­¥ § ¢¨-

á¨â ®â ¢ë¡®à  â®çª¨ c.
� ¬¥ç ­¨¥. �ãáâì ¨­â¥£à « (∗) ¨¬¥¥â ®á®¡¥­­®áâì ¢

â®çª¥ b. �á«¨ § ä¨ªá¨à®¢ âì c ∈ [a, b), â® ¨§ ¯à®áâ¥©-
è¨å á¢®©áâ¢ ¨­â¥£à «  �¨¬ ­  (á¬., ­ ¯à., [5], § 35) ¢ë-
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â¥ª ¥â, çâ®
ξ∫

c

f(x) dx =

ξ∫

a

f(x) dx−
c∫

a

f(x) dx, ¯®íâ®¬ã áå®-

¤¨¬®áâì ¨­â¥£à «  (∗) à ¢­®á¨«ì­  áå®¤¨¬®áâ¨ ¨­â¥£à « 

Ic =

ξ∫

c

f(x) dx.

�ã¤¥¬ ¨á¯®«ì§®¢ âì á«¥¤ãîé¨¥ ®á­®¢­ë¥ á¢®©áâ¢  ­¥-
á®¡áâ¢¥­­®£® ¨­â¥£à « , ¢ëâ¥ª îé¨¥ ¨§ á¢®©áâ¢ ¨­â¥£-
à «  �¨¬ ­ : á¢®©áâ¢® «¨­¥©­®áâ¨, ä®à¬ã«ã �ìîâ®­ -
�¥©¡­¨æ , ¨­â¥£à¨à®¢ ­¨¥ ¯® ç áâï¬, ä®à¬ã«ã § ¬¥­ë ¯¥-
à¥¬¥­­®© (á¬. [5], § 38).
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§ 1. �¥á®¡áâ¢¥­­ë¥ ¨­â¥£à «ë
®â ­¥®âà¨æ â¥«ì­ëå äã­ªæ¨©

� áá¬®âà¨¬ ­¥á®¡áâ¢¥­­ë© ¨­â¥£à « (∗) á ®á®¡¥­­®áâìî
¢ â®çª¥ b. �ª ¦¥¬, çâ® äã­ªæ¨ï f(x) §­ ª®¯®áâ®ï­­  ¢
®ªà¥áâ­®áâ¨ ®á®¡¥­­®áâ¨, ¥á«¨ ­ ©¤¥âáï â ª®¥ c ∈ (a, b),
çâ® «¨¡® ∀x ∈ (c, b) → f(x) > 0, «¨¡® ∀x ∈ (c, b) → f(x) 6 0.
�®£« á­® á¤¥« ­­®¬ã ¢® ¢¢¥¤¥­¨¨ § ¬¥ç ­¨î, ¨áá«¥¤®¢ -
­¨¥ áå®¤¨¬®áâ¨ ¨­â¥£à «®¢ ®â äã­ªæ¨©, §­ ª®¯®áâ®ï­­ëå ¢
®ªà¥áâ­®áâ¨ ®á®¡¥­­®áâ¨, á¢®¤¨âáï ª ¢®¯à®áã ® áå®¤¨¬®áâ¨
¨­â¥£à «®¢ ®â ­¥®âà¨æ â¥«ì­ëå äã­ªæ¨©.

�ª ¦¥¬ ¢­ ç «¥ ­ ¨¡®«¥¥ ¢ ¦­ë¥ ¤«ï ¤ «ì­¥©è¥£®
¯à¨¬¥àë 1.1 ¨ 1.2.

�à¨¬¥à 1.1. � ©â¨ ¢á¥ α, ¯à¨ ª®â®àëå áå®¤¨âáï ¨­-
â¥£à «

 ) I =

+∞∫

1

dx

xα
, ¡) I =

1∫

0

dx

xα
.

4  ) �ãáâì ξ ∈ (1;+∞). �á«¨ α 6= 1, â®
ξ∫

1

dx

xα
=

=
x1−α

1− α

∣∣∣
ξ

1
=

ξ1−α − 1
1− α

. �á«¨ ¦¥ α = 1, â® I =

ξ∫

1

dx

x
=

= ln x
∣∣∣
ξ

1
= ln ξ. �®íâ®¬ã ª®­¥ç­ë© ¯à¥¤¥« lim

ξ→+∞

ξ∫

1

dx

xα
áã-

é¥áâ¢ã¥â â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  α > 1.

¡) � ¯®¬®éìî § ¬¥­ë t =
1
x

¨­â¥£à « I =

1∫

0

dx

xα
¯à¥®¡-
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à §ã¥âáï ª ¨­â¥£à «ã
+∞∫

1

dt

t2−α
, ª®â®àë© áå®¤¨âáï á®£« á­®

¯ã­ªâã  ) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  2− α > 1 ⇔ α < 1.
�â¢¥â:  ) α > 1; ¡) α < 1. N

�à¨¬¥à 1.2. � ©â¨ ¢á¥ α, β, ¯à¨ ª®â®àëå áå®¤¨âáï
¨­â¥£à «

 ) I =

+∞∫

2

dx

xα lnβ x
, ¡) I =

1/2∫

0

dx

xα| ln x|β .

4  ) �¥è¥­¨¥ á¬., ­ ¯à., ¢ [5], ¯à¨¬¥à 11 ¨§ § 38.
¡) �¥« ï § ¬¥­ã t =

1
x

, á¢¥¤¥¬ § ¤ çã ª ¨áá«¥¤®¢ ­¨î

¨­â¥£à « 
+∞∫

2

dt

t2−α lnβ t
¨ ¯à¨¬¥­¨¬ à¥§ã«ìâ â ¯ã­ªâ   ).

�â¢¥â:  ) α > 1 (¯à¨ «î¡®¬ β),
{

α = 1
β > 1 ; ¡) α < 1 (¯à¨

«î¡®¬ β),
{

α = 1
β > 1 . N

�á­®¢­ë¬ ¨­áâàã¬¥­â®¬ ¢ ¨áá«¥¤®¢ ­¨¨ ­¥á®¡áâ¢¥­­ëå
¨­â¥£à «®¢ ®â §­ ª®¯®áâ®ï­­ëå äã­ªæ¨© ï¢«ïîâáï á«¥¤ã-
îé¨¥ ¯à¨§­ ª¨ áà ¢­¥­¨ï.

�ãáâì

I1 =

b∫

a

f(x) dx, I2 =

b∫

a

g(x) dx

| ¤¢  ­¥á®¡áâ¢¥­­ëå ¨­â¥£à «  (á ®á®¡¥­­®áâìî, áª ¦¥¬,
¢ â®çª¥ b).

�1. �ãáâì ∀x ∈ [a, b) ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®
0 6 f(x) 6 g(x). �®£¤ 
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 ) ¥á«¨ I2 áå®¤¨âáï, â® I1 â ª¦¥ áå®¤¨âáï,
¡) ¥á«¨ I1 à áå®¤¨âáï, â® I2 â ª¦¥ à áå®¤¨âáï.
�2. �á«¨ ∀x ∈ [a, b) ¢ë¯®«­¥­® f(x) > 0, g(x) > 0, ¨

f(x) ∼ g(x) ¯à¨ x → b−0, â® I1 ¨ I2 áå®¤ïâáï ¨«¨ à áå®¤ïâáï
®¤­®¢à¥¬¥­­®.

(� ¯®¬­¨¬ (á¬., ­ ¯à., [5], § 13), çâ® äã­ªæ¨¨ f(x) ¨
g(x) ­ §ë¢ îâáï íª¢¨¢ «¥­â­ë¬¨ ¯à¨ x → b−0 (®¡®§­ ç¥-
­¨¥: f(x) ∼ g(x)), ¥á«¨ ­ ©¤¥âáï â ª ï äã­ªæ¨ï h(x), çâ®
lim

x→b−0
h(x) = 1 ¨ f(x) = h(x)g(x). �á«¨ g(x) áâà®£® ¯®«®¦¨-

â¥«ì­ , â® ãá«®¢¨¥ íª¢¨¢ «¥­â­®áâ¨ ®§­ ç ¥â, çâ® áãé¥áâ-
¢ã¥â ¯à¥¤¥« lim

x→b−0

f(x)
g(x)

, à ¢­ë© 1.)

�  ¯à ªâ¨ª¥ ¤«ï ¨áá«¥¤®¢ ­¨ï áå®¤¨¬®áâ¨ ­¥á®¡áâ¢¥­-
­®£® ¨­â¥£à «  ®â §­ ª®¯®áâ®ï­­®© äã­ªæ¨¨ ã¤®¡­® ¯à¨
¯®¬®é¨ § ¬¥­ë ¯¥à¥¬¥­­®© á¢®¤¨âì ¥£® ª ¨­â¥£à «ã á ®á®-
¡¥­­®áâìî ¢ ­ã«¥ ¨«¨ ¢ +∞,   ¤ «¥¥ ¯à¨ ¯®¬®é¨ ¯à¨§­ ª 
áà ¢­¥­¨ï �2 á¢®¤¨âì ¨áá«¥¤®¢ ­¨¥ ¯®«ãç¥­­®£® ¨­â¥£à « 
ª ®¤­®¬ã ¨§ ýíâ «®­®¢þ, à áá¬®âà¥­­ëå ¢ ¯à¨¬¥à å 1.1, 1.2.
�«ï ãáâ ­®¢«¥­¨ï íª¢¨¢ «¥­â­®áâ¨ f(x) ∼ 1

xα
¨«¨ f(x) ∼

∼ 1
xα| ln x|β ç áâ® ¨á¯®«ì§ãîâáï à §«®¦¥­¨ï ¢ àï¤ �¥©«®à .

�á«¨ ¯®¤ë­â¥£à «ì­ ï äã­ªæ¨ï f(x) ¯à¥¤áâ ¢«¥­  ¢ ¢¨¤¥
¤à®¡¨ g1(x)g2(x) . . . gk(x)

h1(x)h2(x) . . . hl(x)
, â® ª ¦¤ë© á®¬­®¦¨â¥«ì gi, hj

¤®áâ â®ç­® à §«®¦¨âì â®«ìª® ¤® ý£« ¢­®£® ç«¥­ þ, â. ¥. ¤®
¬¨­¨¬ «ì­®© áâ¥¯¥­¨, ¯à¨ ª®â®à®© ª®íää¨æ¨¥­â ¢ ä®à-
¬ã«¥ �¥©«®à  ­¥­ã«¥¢®©.

�à¨¬¥à 1.3. � ©â¨ ¢á¥ α, ¯à¨ ª®â®àëå áå®¤¨âáï ¨­-
â¥£à «

I =

1∫

−1

(1− x6)α dx.
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4�®¤ë­â¥£à «ì­ ï äã­ªæ¨ï f(x) ¯®«®¦¨â¥«ì­  ­  ¨­-
â¥à¢ «¥ (0, 1). �­â¥£à « I ¨¬¥¥â ®á®¡¥­­®áâì ¢ â®çª å ±1,

¯®íâ®¬ã ¯à¥¤áâ ¢¨¬ I ¢ ¢¨¤¥ I = I1+I2, £¤¥ I1 =

0∫

−1

f(x) dx,

I2 =

1∫

0

f(x) dx. � ª ª ª äã­ªæ¨ï f(x) ç¥â­ ï, ¤®áâ â®ç­®

¨áá«¥¤®¢ âì â®«ìª® I1.
� ¬¥­®© t = x + 1 ¯¥à¥­¥á¥¬ ®á®¡¥­­®áâì ¢ â®çªã t = 0,

¨­â¥£à « I1 ¯à¨¬¥â ¢¨¤

Ĩ1 =

1∫

0

(1− (1− t)6)α dx.

�® ä®à¬ã«¥ �¥©«®à  ¯à¨ t → 0 ¯®«ãç ¥¬
1− (1− t)6 = 1− (1− 6t + o(t)) ∼ 6t.

�®íâ®¬ã
(1− (1− t)6)α ∼ ctα =

c

t−α

¤«ï ­¥ª®â®à®© ­¥­ã«¥¢®© ª®­áâ ­âë c. �®£« á­® ¯à¨§­ ªã
áà ¢­¥­¨ï �2, ¨§ ¯à¨¬¥à  1.1 ¢ëâ¥ª ¥â, çâ® Ĩ1 áå®¤¨âáï
â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  −α < 1 ⇔ α > −1.

�â¢¥â: α > −1. N

�à¨¬¥à 1.4. � ©â¨ ¢á¥ α, ¯à¨ ª®â®àëå áå®¤¨âáï ¨­-
â¥£à «

I =

+∞∫

0

lnα chx · arcsin
2x

3 + x2
dx.

4�®¤ë­â¥£à «ì­ ï äã­ªæ¨ï f(x) ¯®«®¦¨â¥«ì­  ­  ¨­-
â¥à¢ «¥ (0, +∞). �­â¥£à « I ¨¬¥¥â ®á®¡¥­­®áâì ¢ â®çª å 0,
+∞, ¯®íâ®¬ã ¯à¥¤áâ ¢¨¬ I ¢ ¢¨¤¥ I = I1 + I2, £¤¥
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I1 =

1∫

0

f(x) dx, I2 =

+∞∫

1

f(x) dx.

 ) �áá«¥¤ã¥¬ I1. �à¨ x → 0 (á ãç¥â®¬ â®£®, çâ®
2x

3 + x2
→ 0) ¨¬¥¥¬

ln(ch x) = ln(1 +
x2

2
+ o(x2)) =

x2

2
+ o(x2) ∼ x2

2
,

arcsin
2x

3 + x2
∼ 2x

3 + x2
∼ 2

3
x.

� ª¨¬ ®¡à §®¬,

f(x) ∼ x2α

2α
· 2
3
x ∼ c

x−2α−1

¤«ï ­¥­ã«¥¢®© ª®­áâ ­âë c. �® ¯à¨§­ ªã áà ¢­¥­¨ï �2 I1

áå®¤¨âáï â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  −2α − 1 < 1 ⇔ α >
> −1.

¡) �áá«¥¤ã¥¬ I2. �à¨ x → +∞ ¨¬¥¥¬

ln(ch x) = ln
ex + e−x

2
= ln

(
ex · 1 + e−2x

2

)
=

= x + ln
1 + e−2x

2
= x + o(x) ∼ x.

(�¤¥áì à ¢¥­áâ¢® ln
1 + e−2x

2
= o(x) á«¥¤ã¥â ¨§ â®£®, çâ®

lim
x→+∞ ln

1 + e−2x

2
= ln

1
2

.)

� «¥¥, ¯®áª®«ìªã lim
x→+∞ arcsin

2x

3 + x2
= 0,

arcsin
2x

3 + x2
∼ 2x

3 + x2
∼ 2

3
x + x

∼ 2
x

.

� ª¨¬ ®¡à §®¬,

f(x) ∼ xα · 2
x
∼ 2

x1−α
.
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�â ª, I2 áå®¤¨âáï â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  1 − α >
> 1 ⇔ α < 0.

�â¢¥â: α ∈ (−1; 0). N

�à¨¬¥à 1.5. � ©â¨ ¢á¥ α, ¯à¨ ª®â®àëå áå®¤¨âáï ¨­-
â¥£à «

I =

1∫

0

arctgα(x2 − x3) dx

(lnx)2
(
cos πx

2

)2α−1 .

4 �®¤ë­â¥£à «ì­ ï äã­ªæ¨ï f(x) ¯®«®¦¨â¥«ì­  ¯à¨
x ∈ (0; 1). �­â¥£à « I ¨¬¥¥â ®á®¡¥­­®áâì ¢ â®çª å 0 ¨ 1,

¯®íâ®¬ã ¯à¥¤áâ ¢¨¬ I ¢ ¢¨¤¥ I = I1+I2, £¤¥ I1 =

1/2∫

0

f(x) dx,

I2 =

1∫

1/2

f(x) dx.

 ) �áá«¥¤ã¥¬ I1. �à¨ x → 0:
arctg(x2 − x3) ∼ x2 − x3 = x2(1− x) ∼ x2,

cos
πx

2
∼ 1.

�®íâ®¬ã
f(x) ∼ 1

x−2α(lnx)2
.

�®£« á­® ¯à¨¬¥àã 1.2, I1 áå®¤¨âáï â®£¤  ¨ â®«ìª® â®£¤ ,
ª®£¤  −2α 6 1 ⇔ α > −1

2
.

¡) �áá«¥¤ã¥¬ I2. �¤¥« ¢ § ¬¥­ã t = 1 − x, ¯¥à¥­¥á¥¬
®á®¡¥­­®áâì ¢ â®çªã t = 0. �­â¥£à « I2 ¯à¨¬¥â ¢¨¤

Ĩ2 =

1/2∫

0

g(t) dt =

1/2∫

0

arctg α(t(1− t)2) dt

(ln(1− t))2
(
cos

(
π
2 − πt

2

))2α−1 .

�à¨ t → 0:
arctg (t(1− t)2) ∼ t(1− t)2 ∼ t,
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ln(1− t) = −t + o(t) ∼ −t,

cos
(

π

2
− πt

2

)
= sin

πt

2
∼ πt

2
.

�âáî¤ 
g(t) ∼ ctα

t2 · t2α−1
∼ c

tα+1

¤«ï ­¥ª®â®à®© ­¥­ã«¥¢®© ª®­áâ ­âë c. �®£« á­® ¯à¨¬¥àã
1.1, Ĩ2 áå®¤¨âáï â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  α + 1 < 1 ⇔
⇔ α < 0.

�â¢¥â: α ∈ [−1/2; 0). N

�­®£¤  æ¥¯®çª  íª¢¨¢ «¥­â®áâ¥© ¤«ï äã­ªæ¨¨ ¬®¦¥â
®ª § âìáï à §­®© ¢ § ¢¨á¨¬®áâ¨ ®â ¯ à ¬¥âà  α. � á«¥-
¤ãîé¥¬ ¯à¨¬¥à¥ íâ® ¯à®¨áå®¤¨â ¨§-§  â®£®, çâ® lim

x→+∞ eαx

à ¢¥­ á®®â¢¥âáâ¢¥­­® +∞, 1, 0 ¯à¨ α > 0, α = 0, α < 0.

�à¨¬¥à 1.6. � ©â¨ ¢á¥ α, ¯à¨ ª®â®àëå áå®¤¨âáï ¨­-
â¥£à «

I =

+∞∫

0

xα

√
x + x3/4

√
eαx − 1− αx dx.

4 � ¬¥â¨¬, çâ® ¯à¨ α = 0 ¯®¤ë­â¥£à «ì­ ï äã­ªæ¨ï
f(x) = 0 ¤«ï «î¡®£® x ∈ (0,+∞), ¯®íâ®¬ã I áå®¤¨âáï.

�ãáâì α 6= 0. �®¤ë­â¥£à «ì­ ï äã­ªæ¨ï f(x) ¯®«®¦¨-
â¥«ì­  ­  ¨­â¥à¢ «¥ (0, +∞). �­â¥£à « I ¨¬¥¥â ®á®¡¥­-
­®áâì ¢ â®çª å 0, +∞; I = I1 + I2, £¤¥

I1 =

1∫

0

f(x) dx, I2 =

+∞∫

1

f(x) dx.

 ) �áá«¥¤ã¥¬ I1. �à¨ x → 0:
√

x + x3/4 =
√

x(1 + x1/4) ∼ √
x,

eαx−1−αx =
(

1 + αx +
α2x2

2
+ o(

α2x2

2
)
)
−1−αx ∼ α2x2

2
.
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� ª¨¬ ®¡à §®¬,

f(x) ∼ c · xα

x1/2
· x ∼ c

x−α−1/2

¤«ï ­¥­ã«¥¢®© ª®­áâ ­âë c. �® ¯à¨§­ ªã áà ¢­¥­¨ï �2 I1

áå®¤¨âáï â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  −α− 1/2 < 1 ⇔ α >
> −3/2.

¡) �áá«¥¤ã¥¬ I2. �à¨ x → +∞ ¨¬¥¥¬
√

x + x3/4 = x3/4(1 + x−1/4) ∼ x3/4,

� «¥¥, ¯à¨ α > 0:
eαx − 1− αx ∼ eαx,

  ¯à¨ α < 0:
eαx − 1− αx ∼ −αx.

� ª¨¬ ®¡à §®¬,

f(x) ∼





eαx/2

x3/4−α
¯à¨ α > 0,

c

x1/4−α
, 6= 0, ¯à¨ α < 0.

� ª ¨§¢¥áâ­®, ¯à¨ ¯à®¨§¢®«ì­®¬ µ ¨ λ > 0 ¯à¥¤¥« lim
x→+∞

eλx

xµ

à ¢¥­ 0 (¤®ª §ë¢ ¥âáï, ­ ¯à¨¬¥à, ¯à¨ ¯®¬®é¨ ¯à ¢¨«  �®-
¯¨â «ï). �®íâ®¬ã ¥á«¨ α > 0, â® lim

x→+∞ f(x) = +∞, á«¥¤®-
¢ â¥«ì­®, ¨­â¥£à « I2 à áå®¤¨âáï. �á«¨ ¦¥ α < 0, â® I2

áå®¤¨âáï â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  1/4 − α > 1 ⇔ α <
< −3/4.

�â¢¥â: α ∈ (−3/2;−3/4) ∪ {0}. N
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�¯à ¦­¥­¨ï
�áá«¥¤®¢ âì ­¥á®¡áâ¢¥­­ë¥ ¨­â¥£à «ë ­  áå®¤¨¬®áâì:

1.1.
+∞∫

1

x

1 + x2
dx.

�â¢¥â: à áå®¤¨âáï.

1.2.
1/2∫

0

sinx

(x ln x)2
dx.

�â¢¥â: áå®¤¨âáï.

1.3.
+∞∫

0

Pn(x)
(Qm(x))α

dx,

£¤¥ Pn, Qm | ¬­®£®ç«¥­ë á®®â¢¥âáâ¢¥­­® áâ¥¯¥­¨ n ¨ m,
¯à¨ç¥¬ Qm(x) > 0 ¯à¨ x > 0.

�â¢¥â: áå®¤¨âáï ⇔ α >
n + 1

m
.

1.4.
b∫

a

(x− a)α(b− x)β dx.

�â¢¥â: áå®¤¨âáï ⇔ α, β > −1.

1.5.
+∞∫

4

1
x ln x lnα(lnx)

dx.

�â¢¥â: áå®¤¨âáï ⇔ α > 1.

1.6.
1∫

0

(
1
x2
− 1

)α

sin2 πx dx.

�â¢¥â: áå®¤¨âáï ⇔ −3 < α <
3
2

.

1.7.
1∫

0

(
tg(
√

x− x)
ex − 1

)α

dx.
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�â¢¥â: áå®¤¨âáï ⇔ −1 < α < 2.

1.8.
+∞∫

0

(x + x2)α ln(x + e−x) dx.

�â¢¥â: áå®¤¨âáï ⇔ −3 < α < −1
2

.

1.9.
+∞∫

1

√
x ln x(

x− 1√
x

)α dx.

�â¢¥â: áå®¤¨âáï ⇔ 3
2

< α < 3.

1.10.
+∞∫

0

shα x

ln2(e
√

x − cosx)
dx.

�â¢¥â: áå®¤¨âáï ⇔ −1 6 α < 0.

1.1.
+∞∫

0

| 3
√

1 + 3x− chx|α arcsin
x

1 + x3
dx.

1.11.
+∞∫

0

lnα(ex − x) arctg
x2

2 + ln2 x
dx.

�â¢¥â: áå®¤¨âáï ⇔ −3
2

6 α < −1.

1.12.
1∫

0

arcsinα(x3 − x4)
(lnx)2(sinπx)2α−1

dx.

�â¢¥â: áå®¤¨âáï ⇔ −2 6 α < 0.

1.13.
+∞∫

0

(ex − 1)6

chα 6x( 4
√

1 + x6 − 1)α
dx.

�â¢¥â: áå®¤¨âáï ⇔ 1 6 α <
7
6

.
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1.14.
+∞∫

0

xα sin
x2

1 + x3
dx.

�â¢¥â: áå®¤¨âáï ⇔ −3 < α < 0.

1.15.
+∞∫

1

(x3 − 1)α
3
√

x− 1
1 + x

dx.

�â¢¥â: áå®¤¨âáï ⇔ −4
3

< α < −1
9

.

1.16.
+∞∫

1

lnx arctg(x− 1)
(x−√x)α

dx.

�â¢¥â: áå®¤¨âáï ⇔ 1 < α < 3.

1.17.
+∞∫

0

(chx− 1)
(ex − 1)(

√
x + 4

√
x)α

dx.

�â¢¥â: áå®¤¨âáï ⇔ 2 < α < 8.

1.18.
+∞∫

0

(√
1 + 2x− cosx

)α
tg

(
x2

2 + x4

)
dx.

�â¢¥â: áå®¤¨âáï ⇔ −3 < α < 2.

1.19.
+∞∫

0

(x− shx)x
3α
2

(ex − 1)
√

1 + xα
dx.

�â¢¥â: áå®¤¨âáï ⇔ −3 < α < −2
3

.
�ª § ­¨¥. �ãáâì g(x) =

√
1 + xα. �á«¨ α > 0, â® ¯à¨

x → 0: g(x) ∼ 1, ¯à¨ x → +∞: g(x) ∼ x
α
2 . �á«¨ α < 0, â®

¯à¨ x → 0: g(x) ∼ x
α
2 , ¯à¨ x → +∞: g(x) ∼ 1.

1.20.
+∞∫

0

(√
x2 + x3 − x3/2

)α
ln(eαx2 − αx2) dx.

�â¢¥â: áå®¤¨âáï ⇔ α ∈ (−5,−2) ∪ {0}.
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§ 2. �¥á®¡áâ¢¥­­ë© ¨­â¥£à «
®â §­ ª®¯¥à¥¬¥­­ëå äã­ªæ¨©.

�¡á®«îâ­ ï ¨ ãá«®¢­ ï áå®¤¨¬®áâì ¨­â¥£à «®¢
� áá¬®âà¨¬ ­¥á®¡áâ¢¥­­ë© ¨­â¥£à « (∗) á ®á®¡¥­­®áâìî

¢ â®çª¥ b.
�¯à¥¤¥«¥­¨¥. �­â¥£à « I ­ §ë¢ ¥âáï  ¡á®«îâ­® áå®-

¤ïé¨¬áï, ¥á«¨ áå®¤¨âáï ¨­â¥£à « I =

b∫

a

|f(x)| dx. �­â¥£-

à « I ­ §ë¢ ¥âáï ãá«®¢­® áå®¤ïé¨¬áï, ¥á«¨ I áå®¤¨âáï, ­®
¨­â¥£à « I à áå®¤¨âáï.

�­â¥£à « (∗) á ¤¢ã¬ï ®á®¡¥­­®áâï¬¨ ¢ â®çª å a ¨
b áç¨â ¥âáï  ¡á®«îâ­® áå®¤ïé¨¬áï, ¥á«¨  ¡á®«îâ­® áå®-

¤ïâáï ®¡  ¨­â¥£à « 
c∫

a

|f(x)| dx,
b∫

c

|f(x)| dx ¤«ï ­¥ª®â®à®£®

c∈ (a, b).
� á«ãç ¥ §­ ª®¯®áâ®ï­­®© äã­ªæ¨¨ f(x) ¯®­ïâ¨ï áå®-

¤¨¬®áâ¨ ¨  ¡á®«îâ­®© áå®¤¨¬®áâ¨ íª¢¨¢ «¥­â­ë. �á«¨ ¦¥
f(x) §­ ª®¯¥à¥¬¥­­ ï, â. ¥. ­¥ ï¢«ï¥âáï §­ ª®¯®áâ®ï­­®©
­¨ ­  ª ª®¬ ¨­â¥à¢ «¥ (c, b), a < c < b, áâ ¢¨âáï ¢®¯à®á ®¡
¨áá«¥¤®¢ ­¨¨ I ­   ¡á®«îâ­ãî ¨ ãá«®¢­ãî áå®¤¨¬®áâì.

�§  ¡á®«îâ­®© áå®¤¨¬®áâ¨ ¢á¥£¤  á«¥¤ã¥â áå®¤¨¬®áâì,
¯®íâ®¬ã ¤«ï ¨­â¥£à «  I ¨¬¥îâáï âà¨ ¢§ ¨¬®¨áª«îç îé¨¥
¢®§¬®¦­®áâ¨: «¨¡® I  ¡á®«îâ­® áå®¤¨âáï, «¨¡® I áå®¤¨âáï
ãá«®¢­®, «¨¡® I à áå®¤¨âáï.

�«ï ¨áá«¥¤®¢ ­¨ï ¨­â¥£à «  I ­   ¡á®«îâ­ãî áå®¤¨-
¬®áâì, â.¥. ¤«ï ¨áá«¥¤®¢ ­¨ï ­  áå®¤¨¬®áâì ¨­â¥£à « 
I, ¬®£ãâ ¡ëâì ¯à¨¬¥­¥­ë ¯à¨§­ ª¨ áà ¢­¥­¨ï ¨§ ¯¥à¢®©
ç áâ¨, ¢ â® ¢à¥¬ï ª ª ¤«ï ¨áá«¥¤®¢ ­¨ï ¨­â¥£à «  I ®â §­ -
ª®¯¥à¥¬¥­­®© äã­ªæ¨¨ íâ¨ ¯à¨§­ ª¨ ­¥¯à¨¬¥­¨¬ë (á¬.,
áª ¦¥¬, ¯à¨¬¥à 2.7 ­¨¦¥).

�«ï ¤®ª § â¥«ìáâ¢  áå®¤¨¬®áâ¨ ¨á¯®«ì§ãîâáï á«¥¤ãî-
é¨¥ ¯à¨§­ ª¨ �¨à¨å«¥ ¨ �¡¥«ï (á¬., ­ ¯à., [6], £«. 8, § 4),
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¤ îé¨¥ ¤®áâ â®ç­ë¥ ãá«®¢¨ï áå®¤¨¬®áâ¨ ¨­â¥£à «  ¢¨¤ 

J =

+∞∫

a

f(x)g(x) dx.

�à¨§­ ª �¨à¨å«¥. �á«¨ ¢ë¯®«­¥­ë á«¥¤ãîé¨¥ âà¨
ãá«®¢¨ï:

1) äã­ªæ¨ï f(x) ­¥¯à¥àë¢­  ¨ ¨¬¥¥â ®£à ­¨ç¥­­ãî ¯¥à-
¢®®¡à §­ãî ­  [a,+∞),

2) lim
x→+∞ g(x) = 0,

3) äã­ªæ¨ï g(x) ¬®­®â®­­  ­  [a,+∞),
â® ¨­â¥£à « J áå®¤¨âáï.

�à¨§­ ª �¡¥«ï. �á«¨ ¢ë¯®«­¥­ë á«¥¤ãîé¨¥ âà¨
ãá«®¢¨ï:

1) äã­ªæ¨ï f(x) ­¥¯à¥àë¢­  ­  [a,+∞) ¨
+∞∫

a

f(x) dx

áå®¤¨âáï,
2) äã­ªæ¨ï g(x) ®£à ­¨ç¥­  ­  [a,+∞),
3) äã­ªæ¨ï g(x) ¬®­®â®­­  ­  [a,+∞),
â® ¨­â¥£à « J áå®¤¨âáï.

�à¨§­ ª �¡¥«ï ¨­®£¤  ã¤®¡­® ¨á¯®«ì§®¢ âì ¢ ä®à¬¥
á«¥¤ãîé¥£® á«¥¤áâ¢¨ï.

�«¥¤áâ¢¨¥ ¨§ ¯à¨§­ ª  �¡¥«ï. �ãáâì äã­ªæ¨ï f(x)
­¥¯à¥àë¢­  ­  ¯®«ã¨­â¥à¢ «¥ [a,+∞),   g(x) | ­¥¯à¥àë¢-
­ ï ¨ ¬®­®â®­­ ï ­  [a,+∞), ¯à¨ç¥¬ áãé¥áâ¢ã¥â ª®­¥ç­ë©
¯à¥¤¥« lim

x→+∞ g(x) = a, a 6= 0.

�®£¤  ¨­â¥£à «ë I =

+∞∫

a

f(x) dx ¨ Ĩ =

+∞∫

a

f(x)g(x) dx

«¨¡® ®¤­®¢à¥¬¥­­® à áå®¤ïâáï, «¨¡® ®¤­®¢à¥¬¥­­® áå®-
¤ïâáï ãá«®¢­®, «¨¡® ®¤­®¢à¥¬¥­­® áå®¤ïâáï  ¡á®«îâ­®.

�á­®, çâ® ¢ ¯à¨§­ ª å �¨à¨å«¥, �¡¥«ï, ¨ ¢ á«¥¤áâ¢¨¨
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¨§ ¯à¨§­ ª  �¡¥«ï ãá«®¢¨¥ ¬®­®â®­­®áâ¨ äã­ªæ¨¨ ­  ¯à®-
¬¥¦ãâª¥ [a,+∞) ¬®¦­® § ¬¥­¨âì ­  ãá«®¢¨¥ ¬®­®â®­­®áâ¨
­  ¯à®¬¥¦ãâª¥ [c, +∞) ¤«ï ­¥ª®â®à®£® c ∈ [a, +∞) (á¬. § -
¬¥ç ­¨¥ ¢® ¢¢¥¤¥­¨¨).

�ä®à¬ã«¨àã¥¬ ªà¨â¥à¨© �®è¨ áå®¤¨¬®áâ¨ ¨­â¥£-

à «  I =

b∫

a

f(x) dx á ®á®¡¥­­®áâìî ¢ â®çª¥ b.

�­â¥£à « I áå®¤¨âáï â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢ë¯®«-
­¥­® ãá«®¢¨¥ �®è¨:

∀ε > 0 ∃δ ∈ (a, b) ∀ξ′, ξ′′ ∈ (δ, b) →

∣∣∣∣∣∣∣

ξ′′∫

ξ′

f(x) dx

∣∣∣∣∣∣∣
< ε.

�«ï ¤®ª § â¥«ìáâ¢  à áå®¤¨¬®áâ¨ ¨­â¥£à «  ç áâ® ã¤®¡­®
¨á¯®«ì§®¢ âì ®âà¨æ ­¨¥ ãá«®¢¨ï �®è¨:

∃ε > 0 ∀δ ∈ (a, b) ∃ξ′, ξ′′ ∈ (δ, b) →

∣∣∣∣∣∣∣

ξ′′∫

ξ′

f(x) dx

∣∣∣∣∣∣∣
> ε.

�á«¨ ¯®¤ë­â¥£à «ì­ ï äã­ªæ¨ï ¯à¥¤áâ ¢«¥­  ¢ ¢¨¤¥
áã¬¬ë ­¥áª®«ìª¨å á« £ ¥¬ëå, â® ¬®¦­® ¯®«ì§®¢ âìáï á«¥-
¤ãîé¨¬¨ ãâ¢¥à¦¤¥­¨ï¬¨:

�ãáâì I =

b∫

a

f(x) dx, Ĩ =

b∫

a

(f(x) + g(x)) dx.

�1. �á«¨
b∫

a

g(x) dx áå®¤¨âáï, â® ¨­â¥£à «ë I ¨ Ĩ áå®-

¤ïâáï ¨«¨ à áå®¤ïâáï ®¤­®¢à¥¬¥­­®.

�2. �á«¨
b∫

a

g(x) dx áå®¤¨âáï  ¡á®«îâ­®, â® I ¨ Ĩ
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«¨¡® ®¤­®¢à¥¬¥­­® à áå®¤ïâáï, «¨¡® ®¤­®¢à¥¬¥­­® áå®-
¤ïâáï ãá«®¢­®, «¨¡® ®¤­®¢à¥¬¥­­® áå®¤ïâáï  ¡á®«îâ­®.

�à¨¬¥à 2.1. �áá«¥¤®¢ âì ­   ¡á®«îâ­ãî ¨ ãá«®¢­ãî
áå®¤¨¬®áâì ¨­â¥£à «

I =

+∞∫

1

sinx

xα
dx.

4 �­â¥£à « ¨¬¥¥â ®á®¡¥­­®áâì ¢ +∞. �®¤ë­â¥£à «ì-
­ ï äã­ªæ¨ï f(x) §­ ª®¯¥à¥¬¥­­ ï.

 ) �ãáâì α > 1. � ¬¥â¨¬, çâ® |f(x)| = |sinx

xα
| 6 1

xα
.

�®«ì§ãïáì ¯à¨§­ ª®¬ áà ¢­¥­¨ï �1 ¨ ¯à¨¬¥à®¬ 1.1, ¯®«ã-
ç ¥¬, çâ® I  ¡á®«îâ­® áå®¤¨âáï.

¡) �ãáâì α ∈ (0; 1].
1. �®«®¦¨¢ f(x) = sinx, g(x) =

1
xα

, ã¡¥¦¤ ¥¬áï, çâ®
¢ë¯®«­¥­ë ¢á¥ ãá«®¢¨ï ¯à¨¬¥­¨¬®áâ¨ ¯à¨§­ ª  �¨à¨å«¥,
¯®íâ®¬ã I áå®¤¨âáï.

2. �®ª ¦¥¬, çâ® ¯à¨ α ∈ (0; 1] ¨­â¥£à « I ­¥ ï¢«ï¥âáï

 ¡á®«îâ­® áå®¤ïé¨¬áï, â.¥. çâ® I =

+∞∫

1

|sinx

xα
| dx à áå®-

¤¨âáï. � ¬¥â¨¬, çâ® â ª ª ª | sinx| 6 1, â®∣∣∣∣
sinx

xα

∣∣∣∣ > sin2 x

xα
=

1
2

(
1
xα

− cos 2x

xα

)
.

�­â¥£à «
+∞∫

1

1
xα

dx à áå®¤¨âáï,   ¨­â¥£à «
+∞∫

1

cos 2x

xα
dx

áå®¤¨âáï (íâ® ¤®ª §ë¢ ¥âáï  ­ «®£¨ç­® ¯à¥¤ë¤ãé¥¬ã
¯ã­ªâã 1). �«¥¤®¢ â¥«ì­®, á®£« á­® ãâ¢¥à¦¤¥­¨î �1
+∞∫

1

sin2 x

xα
dx à áå®¤¨âáï. �âáî¤  ¯® ¯à¨§­ ªã áà ¢­¥­¨ï
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�1 ¤«ï ¨­â¥£à «®¢ ®â ­¥®âà¨æ â¥«ì­ëå äã­ªæ¨© ¯®«ãç ¥¬

à áå®¤¨¬®áâì ¨­â¥£à «  I =

+∞∫

1

|sinx

xα
| dx.

¢) �®ª ¦¥¬, çâ® ¯à¨ α 6 0 ¨­â¥£à « I à áå®¤¨âáï. �«ï
íâ®£® ã¡¥¤¨¬áï, çâ® ¢ë¯®«­¥­® ®âà¨æ ­¨¥ ãá«®¢¨ï �®è¨
¯à¨ ε = 2. �«ï «î¡®£® δ ∈ (1;∞) ¢®§ì¬¥¬ ­ âãà «ì­®¥
n >

δ

2π
¨ ¯®«®¦¨¬ ξ′ = 2πn, ξ′′ = 2πn + π. �®£¤ , ¯®-

áª®«ìªã ­  ®âà¥§ª¥ [ξ′, ξ′′] äã­ªæ¨ï sinx ­¥®âà¨æ â¥«ì­  ¨
0 < xα 6 1, ¨¬¥¥¬∣∣∣∣∣∣∣

ξ′′∫

ξ′

sinx

xα
dx

∣∣∣∣∣∣∣
=

ξ′′∫

ξ′

sinx

xα
dx >

ξ′′∫

ξ′

sinx dx = − cosx
∣∣∣
2πn+π

2πn
= 2 = ε.

�â¢¥â: �å®¤¨âáï  ¡á®«îâ­® ¯à¨ α > 1, áå®¤¨âáï
ãá«®¢­® ¯à¨ α ∈ (0; 1], à áå®¤¨âáï ¯à¨ α 6 0. N

� ¬¥ç ­¨¥. �àã£®¥ ¤®ª § â¥«ìáâ¢® áå®¤¨¬®áâ¨ I ¯à¨
α > 0 ¬®¦­® ¯®«ãç¨âì, ¯à¨¬¥­¨¢ ¨­â¥£à¨à®¢ ­¨¥ ¯® ç á-
âï¬:

I =

+∞∫

1

sinx

xα
dx = −cosx

xα

∣∣∣∣∣
+∞

1

− α

+∞∫

1

cosx

xα+1
dx = cos 1− J,

£¤¥ ¨­â¥£à « J áå®¤¨âáï  ¡á®«îâ­® ¯® ¯à¨§­ ªã �1, â ª
ª ª |cosx

xα+1
| 6 1

xα+1
.

�à¨¬¥à 2.2. �áá«¥¤®¢ âì ­   ¡á®«îâ­ãî ¨ ãá«®¢­ãî
áå®¤¨¬®áâì ¨­â¥£à «

I =

+∞∫

1

arctg x cosx

xα
.

4 �­â¥£à « ¨¬¥¥â ®á®¡¥­­®áâì ¢ +∞. �­ «®£¨ç­® ¯à¨-
¬¥àã 2.1 ¤®ª §ë¢ ¥¬, çâ® ¨­â¥£à « ®â äã­ªæ¨¨ cosx

xα
áå®-
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¤¨âáï  ¡á®«îâ­® ¯à¨ α > 1, áå®¤¨âáï ãá«®¢­® ¯à¨ α ∈ (0; 1]
¨ à áå®¤¨âáï ¯à¨ α 6 0. �®áª®«ìªã arctg x | ¬®­®â®­­ ï
äã­ªæ¨ï, ¨ lim

x→+∞ =
π

2
, ¯® á«¥¤áâ¢¨î ¨§ ¯à¨§­ ªã �¡¥«ï

¤«ï áå®¤¨¬®áâ¨ I ¢ëâ¥ª ¥â â®â ¦¥ á ¬ë© à¥§ã«ìâ â.
�â¢¥â: �å®¤¨âáï  ¡á®«îâ­® ¯à¨ α > 1, áå®¤¨âáï

ãá«®¢­® ¯à¨ α ∈ (0; 1], à áå®¤¨âáï ¯à¨ α 6 0. N

�à¨¬¥à 2.3. �áá«¥¤®¢ âì ­   ¡á®«îâ­ãî ¨ ãá«®¢­ãî
áå®¤¨¬®áâì ¨­â¥£à «

I =

+∞∫

2

sin(3x− 6)
(x− ln(x− 1)− 2)α

dx.

4 � ¬¥­®© t = x− 2 á¢¥¤¥¬ I ª ¨­â¥£à «ã

Ĩ =

+∞∫

0

sin 3t

(t− ln(1 + t))α
dt = I1 + I2,

£¤¥ I1 =

1∫

0

sin 3t

(t− ln(1 + t))α
dt ¨ I2 =

+∞∫

1

sin 3t

(t− ln(1 + t))α
dt |

¨­â¥£à «ë á ®á®¡¥­­®áâï¬¨ ¢ 0 ¨ +∞.
I. �à¨ t ∈ (0, π) ¯®¤ë­â¥£à «ì­ ï äã­ªæ¨ï ­¥®âà¨æ -

â¥«ì­  (¢ á¨«ã ¨§¢¥áâ­®£® ­¥à ¢¥­áâ¢  t > ln(1 + t)), ¯®-
íâ®¬ã ®á®¡¥­­®áâì ¢ ­ã«¥ ¨áá«¥¤ã¥âáï ¬¥â®¤ ¬¨, à áá¬®â-
à¥­­ë¬¨ ¢ ¯¥à¢®© ç áâ¨:

sin 3t

(t− ln(1 + t))α
∼ 3t(

t−
(
t− t2

2 + o(t2)
))α ∼

c

t2α−1
,

¯®íâ®¬ã I1 áå®¤¨âáï ⇔ 2α− 1 < 1 ⇔ α < 1.
II. �áá«¥¤ã¥¬ ®á®¡¥­­®áâì ¢ +∞. �à¥¤áâ ¢¨¬ ¯®-

¤ë­â¥£à «ì­ãî äã­ªæ¨î ¢ ¢¨¤¥ sin 3t

tα
g(t), £¤¥ g(t) =

=
(

1− ln(1 + t)
t

)−α

. �ã­ªæ¨ï h(t) = 1 − ln(1 + t)
t

¨¬¥¥â
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¯à¥¤¥« 1 ¯à¨ t → +∞ ¨ ¬®­®â®­­  ¯à¨ t > e−1, ¯®áª®«ìªã
h′(t) =

ln(1 + t)− 1
t2

. �­ ç¨â, lim
x→+∞ g(t) = 1 ¨ g(t) ¬®­®-

â®­­  ¯à¨ t > e − 1. �® á«¥¤áâ¢¨î ¨§ ¯à¨§­ ª  �¡¥«ï
¯®«ãç ¥¬, çâ® ¢ +∞ áå®¤¨¬®áâì ¨ ¥¥ â¨¯ (ãá«®¢­ ï,  ¡-
á®«îâ­ ï) ¤«ï ¨­â¥£à «  I2 â ª¨¥ ¦¥, ª ª ¤«ï ¨­â¥£à « 
+∞∫

1

sin 3t

tα
dt, ª®â®àë© áå®¤¨âáï  ¡á®«îâ­® ¯à¨ α > 1, áå®-

¤¨âáï ãá«®¢­® ¯à¨ α ∈ (0, 1] ¨ à áå®¤¨âáï ¯à¨ α < 0, çâ®
¤®ª §ë¢ ¥âáï  ­ «®£¨ç­® ¯à¨¬¥àã 2.1.

�§ à¥§ã«ìâ â®¢ ¯ã­ªâ®¢ I ¨ II áà §ã ¢ëâ¥ª ¥â ®â¢¥â.
�â¢¥â: �å®¤¨âáï ãá«®¢­® ¯à¨ α ∈ (0; 1), à áå®¤¨âáï

¯à¨ ¢á¥å ®áâ «ì­ëå α. N

�à¨¬¥à 2.4. �áá«¥¤®¢ âì ­   ¡á®«îâ­ãî ¨ ãá«®¢­ãî
áå®¤¨¬®áâì ¨­â¥£à «

I =

+∞∫

1

cos3 x

eαx + ln x
.

4 �­â¥£à « ¨¬¥¥â ®á®¡¥­­®áâì ¢ +∞. �®¤ë­â¥£à «ì-
­ ï äã­ªæ¨ï §­ ª®¯¥à¥¬¥­­ ï.

 ) �ãáâì α > 0. �®£¤  ­ ©¤¥âáï â ª®¥ c > 1, çâ® eαx > x2

¯à¨ x > c. �âáî¤ ∣∣∣∣
cos3 x

eαx + ln x

∣∣∣∣ 6 1
eαx

6 1
x2

¯à¨ x > c, ¯®íâ®¬ã á®£« á­® ¯à¨§­ ªã �1 I  ¡á®«îâ­® áå®-
¤¨âáï.

¡) �ãáâì α 6 0.
1. � ª ª ª f(x) = cos3 x =

3 cos x + cos 3x

4
, â® f(x) ¨¬¥¥â

®£à ­¨ç¥­­ãî ¯¥à¢®®¡à §­ãî. (�®-¤àã£®¬ã íâ® ¬®¦­®

®¡êïá­¨âì, § ¬¥â¨¢, çâ® ¯¥à¢®®¡à §­ ï F (x) =

x∫

1

cos3 t dt
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ï¢«ï¥âáï ¯¥à¨®¤¨ç¥áª®© á ¯¥à¨®¤®¬ 2π, â ª ª ª ¨­â¥£à «
®â f(x) ¯® «î¡®¬ã ®âà¥§ªã ¤«¨­ë 2π à ¢¥­ 0. �â® á®®¡à -
¦¥­¨¥ £®¤¨âáï, ¥á«¨ ¯®ª § â¥«ì 3 § ¬¥­¨âì ­  «î¡®¥ ­¥ç¥â-
­®¥ ç¨á«®.)

� «¥¥, ¯à¨ x → +∞ ¢ë¯®«­¥­® eαx+lnx ∼ ln x, ¯®íâ®¬ã

g(x) =
1

eαx + ln x
→ 0.

�à®¬¥ â®£®, ­ ©¤¥âáï â ª®¥ c > 1, çâ® e−αx > |α|x ¯à¨
x > c, ®âªã¤  (eαx+ln x)′ =

1
x

+αeαx > 0 ¯à¨ x > c, ¯®íâ®¬ã
g(x) ¬®­®â®­­® ã¡ë¢ ¥â ¯à¨ x > c.

�á¥ ãá«®¢¨ï ¯à¨§­ ª  �¨à¨å«¥ ¢ë¯®«­¥­ë, á«¥¤®¢ -
â¥«ì­® I áå®¤¨âáï.

2. �®ª ¦¥¬, çâ® ¯à¨ α 6 0 ¨­â¥£à « I ­¥ ï¢«ï¥âáï
 ¡á®«îâ­® áå®¤ïé¨¬áï. � ¯¨è¥¬ ®æ¥­ªã∣∣∣∣

cos3 x

eαx + lnx

∣∣∣∣ > cos4 x

eαx + ln x
=

=
(1 + cos 2x)2

4(eαx + lnx)
=

1 + 2 cos 2x + 1+cos 4x
2

4(eαx + lnx)
=

=
3

8(eαx + lnx)
+

cos 2x

2(eαx + ln x)
+

cos 4x

8(eαx + lnx)
.

�­â¥£à «
+∞∫

1

1
eαx + lnx

dx à áå®¤¨âáï (¯à¨§­ ª �2 ¤«ï

§­ ª®¯®áâ®ï­­ëå ¯®¤ë­â¥£à «ì­ëå äã­ªæ¨©),   ¨­â¥£-

à «ë
+∞∫

1

cos 2x

eαx + lnx
dx ¨

+∞∫

1

cos 4x

eαx + ln x
dx áå®¤ïâáï (¯® ¯à¨-

§­ ªã �¨à¨å«¥, íâ® ¤®ª §ë¢ ¥âáï  ­ «®£¨ç­® ¯à¥¤ë¤ã-
é¥¬ã ¯ã­ªâã 1). �«¥¤®¢ â¥«ì­®, ¨§ ãâ¢¥à¦¤¥­¨© �1 ¨ �1

¢ëâ¥ª ¥â à áå®¤¨¬®áâì ¨­â¥£à «  I =

+∞∫

1

∣∣∣∣
cos3 x

eαx + lnx

∣∣∣∣ dx.
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�â¢¥â: �å®¤¨âáï  ¡á®«îâ­® ¯à¨ α > 0, áå®¤¨âáï
ãá«®¢­® ¯à¨ α 6 0. N

�à¨¬¥à 2.5. �áá«¥¤®¢ âì ­   ¡á®«îâ­ãî ¨ ãá«®¢­ãî
áå®¤¨¬®áâì ¨­â¥£à «

I =

1∫

0

shα x

x2
sin

1√
x

dx.

4 �­â¥£à « I ¨¬¥¥â ®á®¡¥­­®áâì ¢ ­ã«¥. � ¬¥­®© t =

=
1√
x

¯¥à¥­¥á¥¬ ®á®¡¥­­®áâì ¢ +∞, ¯à¨ íâ®¬ ¨áá«¥¤®¢ ­¨¥
I á¢®¤¨âáï ª ¨áá«¥¤®¢ ­¨î

Ĩ =

+∞∫

1

= t shα 1
t2

sin t dt.

�à¥¤áâ ¢¨¬ ¯®¤ë­â¥£à «ì­ãî äã­ªæ¨î ¢ ¢¨¤¥ sin t

t2α−1
g(t),

£¤¥ g(t) =
(

t2 sh
1
t2

)α

. �á­®, çâ® lim
t→+∞ g(t) = 1.

�«ï äã­ªæ¨¨ h(u) =
shu

u
­ ©¤¥âáï â ª®¥ δ >

> 0, çâ® h(u) ¢®§à áâ ¥â ¯à¨ u ∈ (0, δ). � á ¬®¬
¤¥«¥, h′(u) = u−2(u chu − shu), çâ® ¯à¨ u → 0 à ¢­®

u−2

(
u(1 +

u2

2
+ o(u2))− (u +

u3

6
+ o(u3))

)
=

u

3
(1 + o(1)).

�¥¯¥àì ïá­®, çâ® ¤®áâ â®ç­® ¢ë¡à âì â ª®¥ δ > 0, çâ® ¯à¨
u ∈ (0, δ) ¢¥à­® ­¥à ¢¥­áâ¢® |o(1)| < 1.

� «¥¥, ¯®«®¦¨¢ u =
1
t2

, ¯à¨å®¤¨¬ ª â®¬ã, çâ® äã­ªæ¨ï

t2 sh
1
t2

ã¡ë¢ ¥â ¯à¨ t > c =
1
δ2

. �­ ç¨â, ¯à¨ t > c äã­ªæ¨ï
g(t) ¬®­®â®­­ .

�® á«¥¤áâ¢¨î ¨§ ¯à¨§­ ª  �¡¥«ï ¯®«ãç ¥¬, çâ® ¢ +∞
à¥§ã«ìâ âë ¨áá«¥¤®¢ ­¨ï áå®¤¨¬®áâ¨ ¨­â¥£à «  Ĩ á®¢¯ -
¤ îâ á á®®â¢¥âáâ¢ãîé¨¬¨ à¥§ã«ìâ â ¬¨ ¤«ï ¨­â¥£à « 
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+∞∫

1

sin t

t2α−1
dt, ª®â®àë© áå®¤¨âáï  ¡á®«îâ­® ¯à¨ 2α − 1 > 1,

áå®¤¨âáï ãá«®¢­® ¯à¨ 2α− 1 ∈ (0, 1], ¨ à áå®¤¨âáï ¯à¨ 2α−
− 1 < 0, çâ® ¤®ª § ­® ¢ ¯à¨¬¥à¥ 2.1.

�â¢¥â: �å®¤¨âáï  ¡á®«îâ­® ¯à¨ α > 1, áå®¤¨âáï
ãá«®¢­® ¯à¨ α ∈

(
1
2
, 1

]
, à áå®¤¨âáï ¯à¨ α 6 1

2
. N

�à¨¬¥à 2.6. �áá«¥¤®¢ âì ­   ¡á®«îâ­ãî ¨ ãá«®¢­ãî
áå®¤¨¬®áâì ¨­â¥£à «

I =

+∞∫

2

xα cos(x ln x) dx.

4 �­â¥£à « ¨¬¥¥â ®á®¡¥­­®áâì ¢ +∞. �®¤ë­â¥£à «ì-
­ ï äã­ªæ¨ï f(x) §­ ª®¯¥à¥¬¥­­ ï.

 ) �®áª®«ìªã |f(x)| = |xα cos(x ln x)| 6 1
x−α

, â® I  ¡á®-
«îâ­® áå®¤¨âáï ¯à¨ −α > 1 ⇔ α < −1.

¡) 1. �ãáâì α 6 0. �®ª ¦¥¬, çâ® I áå®¤¨âáï. �®á«¥
§ ¬¥­ë z = x ln x ¬®¦­® ¯®¯ëâ âìáï ¯à¨¬¥­¨âì ¯à¨§­ ª
�¨à¨å«¥, ®¤­ ª® ­¥ã¤®¡áâ¢® á®áâ®¨â ¢ â®¬, çâ® ®¡à â­ ï
§ ¬¥­  ­¥ § ¤ ¥âáï ï¢­®. �¬¥áâ® § ¬¥­ë ¢ë¯®«­¨¬ á«¥¤ã-
îéãî ý¨¬¨â æ¨îþ § ¬¥­ë.

� ¬¥â¨¬, çâ® ¢ ª ç¥áâ¢¥  à£ã¬¥­â  ª®á¨­ãá  ¢ëáâã-
¯ ¥â ¬®­®â®­­ ï ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ ï äã­ªæ¨ï
h(x) = x lnx. �®¬­®¦¨¬ ¨ à §¤¥«¨¬ f(x) ­  h′(x) = 1 +
+ lnx, ¨­â¥£à « I ¯à¨¬¥â ¢¨¤

I =

+∞∫

2

xα(1 + lnx) cos(x ln x)
1 + lnx

dx.

�®«®¦¨¬ f(x) = (1+lnx) cos(x ln x), g(x) =
xα

1 + lnx
. �ã­ª-
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æ¨ï f(x) ¨¬¥¥â ¢¨¤ f(x) = h′(x) cos(h(x)), ¯®íâ®¬ã ï¢«ï¥âáï
¯à®¨§¢®¤­®© ®£à ­¨ç¥­­®© äã­ªæ¨¨ F (x) = sin(h(x)).

� ¬¥â¨¬, çâ® lim
x→+∞ g(x) = 0. �à®¬¥ â®£®, ¯à¨ α 6 0

äã­ªæ¨ï g(x) ã¡ë¢ ¥â, â ª ª ª x−α(1+lnx) ¢®§à áâ ¥â (ª ª
¯à®¨§¢¥¤¥­¨¥ ¯®«®¦¨â¥«ì­ëå ¬®­®â®­­ëå äã­ªæ¨©). �¥¬
á ¬ë¬, ¯à¨ α 6 0 ¢á¥ ãá«®¢¨ï ¯à¨¬¥­¨¬®áâ¨ ¯à¨§­ ª  �¨-
à¨å«¥ ¢ë¯®«­¥­ë, á«¥¤®¢ â¥«ì­® I áå®¤¨âáï.

2. �®ª ¦¥¬, çâ® ¯à¨ α ∈ [−1; 0] ¨­â¥£à « I ­¥ ï¢«ï¥âáï
 ¡á®«îâ­® áå®¤ïé¨¬áï. �æ¥­¨¬

|xα cos(x ln x)| > xα cos2(x lnx) =
1
2

(
1

x−α
− xαcos(2x lnx)

)
.

�­â¥£à «
+∞∫

2

1
x−α

dx à áå®¤¨âáï,   ¨­â¥£à «

+∞∫

2

xαcos(2x ln x) dx áå®¤¨âáï (íâ® ¤®ª §ë¢ ¥âáï  ­ «®-

£¨ç­® ¯à¥¤ë¤ãé¥¬ã ¯ã­ªâã 1). �§ ãâ¢¥à¦¤¥­¨© �1 ¨ �1
¯®«ãç ¥¬, çâ® I ­¥ ï¢«ï¥âáï  ¡á®«îâ­® áå®¤ïé¨¬áï.

¢) �à¨ α > 0 ¤®ª ¦¥¬ ®âà¨æ ­¨¥ ªà¨â¥à¨ï �®è¨
¤«ï ε = 1. �­®¢  ¨á¯®«ì§ã¥¬ § ¯¨áì I ¢ ¢¨¤¥ I =

=

+∞∫

2

f(x)g(x) dx. �§ ¯à ¢¨«  �®¯¨â «ï á«¥¤ã¥â, çâ®

lim
x→+∞ g(x) = +∞, ¯®íâ®¬ã ∃c∀x > c → g(x) > 1.
�ãáâì δ > 2, ¨ d = max(c, δ). �¥¯à¥àë¢­ ï ¢®§à á-
â îé ï ­  [2; +∞) äã­ªæ¨ï h(x) = x ln x ®â®¡à ¦ ¥â
¢§ ¨¬­®-®¤­®§­ ç­® ¯®«ã¨­â¥à¢ « [d,+∞) ­  ¯®«ã¨­â¥à-
¢ « [d ln d, +∞). �®¤¡¥à¥¬ ­ âãà «ì­®¥ n >

d ln d

2π
¨ ®¯à¥-

¤¥«¨¬ ξ′, ξ′′ ¨§ ãá«®¢¨© ξ′ ln ξ′ = 2πn, ξ′′ ln ξ′′ = 2πn +
π

2
.

�®£¤  ξ′, ξ′′ > δ, ¨ ¯à¨ x ∈ [ξ′, ξ′′] ¢ë¯®«­¥­ë ­¥à ¢¥­áâ¢ 
cos(x ln x) > 0, g(x) > 1, ¯®íâ®¬ã
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∣∣∣∣∣∣∣

ξ′′∫

ξ′

(1 + lnx) cos(x ln x)g(x) dx

∣∣∣∣∣∣∣
>

ξ′′∫

ξ′

(1 + lnx) cos(x lnx) dx =

sin(x lnx)
∣∣∣
ξ′′

ξ′
= sin

(
2πn +

π

2

)
− sin(2πn) = 1 = ε.

�â¢¥â: �å®¤¨âáï  ¡á®«îâ­® ¯à¨ α < −1, áå®¤¨âáï
ãá«®¢­® ¯à¨ α ∈ [0; 1], à áå®¤¨âáï ¯à¨ α > 0. N

�â¢¥à¦¤¥­¨ï �1, �2 «¥¦ â ¢ ®á­®¢¥ ¬¥â®¤  ¢ë¤¥«¥­¨ï
£« ¢­®© ç áâ¨: ¥á«¨ ¯®¤ë­â¥£à «ì­ãî äã­ªæ¨î ã¤ ¥âáï

¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ f(x) + g(x), ¨
b∫

a

g(x) dx áå®¤¨âáï  ¡á®-

«îâ­®, â® § ¤ ç  á¢®¤¨âáï ª ¨áá«¥¤®¢ ­¨î ¨­â¥£à «  ®â,
¢®§¬®¦­®, ¡®«¥¥ ¯à®áâ®© ý£« ¢­®© ç áâ¨þ f(x).

�  ¯à ªâ¨ª¥ ¬®¦­® ¨á¯®«ì§®¢ âì à §«®¦¥­¨ï ¯®¤ë­-
â¥£à «ì­ëå äã­ªæ¨© ¯® ä®à¬ã«¥ �¥©«®à  «¨¡® ¤® ­¥®â-
à¨æ â¥«ì­®£® á« £ ¥¬®£®, «¨¡® ¤®  ¡á®«îâ­® áå®¤ïé¥£®áï
á« £ ¥¬®£®.

�à¨¬¥à 2.7. �à¨ α > 0 ¨áá«¥¤®¢ âì ­   ¡á®«îâ­ãî ¨
ãá«®¢­ãî áå®¤¨¬®áâì ¨­â¥£à «

I =

+∞∫

1

sinx

xα − sinx
dx.

4 �­â¥£à « ¨¬¥¥â ®á®¡¥­­®áâì ¢ +∞. �à¥¤áâ ¢¨¬ §­ -
ª®¯¥à¥¬¥­­ãî ¯®¤ë­â¥£à «ì­ãî äã­ªæ¨î f(x) ¢ ¢¨¤¥

f(x) =
sinx

xα

(
1− sinx

xα

)−1

.

�â ª, f(x) = z(1− z)−1, £¤¥ z(x) =
sinx

xα
áâà¥¬¨âáï ª 0 ¯à¨

x → +∞. �® ä®à¬ã«¥ �¥©«®à  f(z) = z(1 − z)−1 = z +
+ z2(1 + a(z)), £¤¥ lim

z→0
a(z) = 0. �®¤ë­â¥£à «ì­ ï äã­ª-

29



æ¨ï ¯à¥¤áâ ¢«¥­  ¢ ¢¨¤¥ áã¬¬ë ¤¢ãå á« £ ¥¬ëå. �áá«¥-
¤ã¥¬ áå®¤¨¬®áâì ¨­â¥£à «  ¤«ï ª ¦¤®£® ¨§ ­¨å,   § â¥¬
¢®á¯®«ì§ã¥¬áï ãâ¢¥à¦¤¥­¨ï¬¨ C1, C2.

�­â¥£à « ®â z(x) =
sinx

xα
à áá¬®âà¥­ ¢ ¯à¨¬¥à¥ 2.1, ®­

áå®¤¨âáï  ¡á®«îâ­® ¯à¨ α > 1 ¨ áå®¤¨âáï ãá«®¢­® ¯à¨ α ∈
∈ (0, 1].

� ©¤¥¬ â ª®¥ δ > 0, çâ® ¯à¨ |z| < δ ¢ë¯®«­¥­® |a(z)| <
< 1/2. � «¥¥, ­ ©¤¥¬ â ª®¥ c > 1, çâ® ¯à¨ x > c ¢ë¯®«­¥­®

|z(x)| =
| sinx|

xα
< δ. �®£¤  ¯à¨ x > c ¨¬¥¥¬ z2

2
6 z2(1 +

+a(z)) 6 3z2

2
(¢ ç áâ­®áâ¨, z2(1+a(z)) | §­ ª®¯®áâ®ï­­ ï

äã­ªæ¨ï ¢ ®ªà¥áâ­®áâ¨ +∞), ¨ ¯® ¯à¨§­ ªã �1 ¨­â¥£à «
®â z2(1 + a(z)) áå®¤¨âáï ®¤­®¢à¥¬¥­­® á ¨­â¥£à «®¬ J =

=

+∞∫

c

z2 dx =

+∞∫

c

sin2 x

x2α
dx. �® J áå®¤¨âáï ( ¡á®«îâ­®) ¯à¨

2α > 1 ¨ à áå®¤¨âáï ¯à¨ 2α 6 1, ª ª ¡ë«® ¯®ª § ­® ¢
à¥è¥­¨¨ ¯à¨¬¥à  2.1.

�§ ãâ¢¥à¦¤¥­¨© �1, �2 ¯®«ãç ¥¬ ®ª®­ç â¥«ì­ë© à¥-
§ã«ìâ â.

�â¢¥â: �å®¤¨âáï  ¡á®«îâ­® ¯à¨ α > 1, áå®¤¨âáï
ãá«®¢­® ¯à¨ α ∈

(
1
2
, 1

]
, à áå®¤¨âáï ¯à¨ α ∈

(
0,

1
2

]
. N

� ¬¥ç ­¨¥ 1. � áá¬®âà¥­­ë© ¯à¨¬¥à ¯®ª §ë¢ ¥â, çâ®
ãá«®¢¨ï ¬®­®â®­­®áâ¨ äã­ªæ¨© ¢ ¯à¨§­ ª¥ �¨à¨å«¥ (¨
¢ á«¥¤áâ¢¨¨ ¨§ ¯à¨§­ ª  �¡¥«ï) áãé¥áâ¢¥­­ë. �¥©áâ¢¨-
â¥«ì­®, äã­ªæ¨ï sinx ¨¬¥¥â ®£à ­¨ç¥­­ãî ¯¥à¢®®¡à §­ãî,
  äã­ªæ¨ï sinx

xα − sinx
áâà¥¬¨âáï ª 0, ­® ¯à¨ α ∈ (0, 1] ­¥ ï¢-

«ï¥âáï ¬®­®â®­­®©. �à¨¬¥­¥­¨¥ ¯à¨§­ ª  �¨à¨å«¥ ¢ íâ®¬
á«ãç ¥ ®è¨¡®ç­® ¨ ¯à¨¢®¤¨â ª ­¥¢¥à­®¬ã ®â¢¥âã ¢ á«ãç ¥
α ∈

(
0,

1
2

]
.
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� ¬¥ç ­¨¥ 2. �áá«¥¤®¢ ­¨¥ ­   ¡á®«îâ­ãî áå®¤¨-
¬®áâì ¬®¦­® ¡ë«® ¯à®¢¥áâ¨ ¯®«ì§ãïáì ¯à¨§­ ª®¬ �2. � -

¬¥â¨¬, çâ® äã­ªæ¨ï h(x) =
(

1− sinx

xα

)−1

­¥®âà¨æ â¥«ì­ 

¨ lim
x→+∞h(x) = 1. �âáî¤  |f(x)| =

| sinx|
xα

h(x), ¨ á®£« á­®

¯à¨§­ ªã �2 ¨­â¥£à «ë Ĩ =

+∞∫

1

|f(x)| dx ¨
+∞∫

1

| sinx|
xα

dx áå®-

¤ïâáï ®¤­®¢à¥¬¥­­®. �®á«¥¤­¨© ¨­â¥£à «, ª ª ¡ë«® ¯®ª -
§ ­® ¢ ¯à¨¬¥à¥ 2.1, áå®¤¨âáï ¯à¨ α > 1 ¨ à áå®¤¨âáï ¯à¨
α 6 1.

�à¨¬¥à 2.8. �à¨ α > 0 ¨áá«¥¤®¢ âì ­   ¡á®«îâ­ãî ¨
ãá«®¢­ãî áå®¤¨¬®áâì ¨­â¥£à «

I =

+∞∫

1

tg
(

sinx

xα

)
dx.

4 �­â¥£à « ¨¬¥¥â ®á®¡¥­­®áâì ¢ +∞. �®«®¦¨¬ z(x) =

=
sinx

xα
, § ¬¥â¨¬ çâ® |z| < 1 ¯à¨ x > 1 ¨ lim

x→+∞ z(x) = 0.
 ) �áá«¥¤ã¥¬ ¨­â¥£à « I ­   ¡á®«îâ­ãî áå®¤¨¬®áâì.

� ª ª ª | tg z| ∼ |z| ¯à¨ z → 0, â® á®£« á­® ¯à¨§­ ªã �2

¨­â¥£à «ë
+∞∫

1

| tg z(x)| dx ¨
+∞∫

1

|z(x)| dx áå®¤ïâáï ®¤­®¢à¥-

¬¥­­® (¯à¨§­ ª �2 ¯à¨¬¥­¨¬, â ª ª ª äã­ªæ¨¨ ­¥®âà¨æ -
â¥«ì­ë). �®á«¥¤­¨© ¨­â¥£à «, ª ª ¡ë«® ¯®ª § ­® ¢ ¯à¨-
¬¥à¥ 2.1, áå®¤¨âáï ¯à¨ α > 1 ¨ à áå®¤¨âáï ¯à¨ α 6 1.

¡) �®ª ¦¥¬, çâ® I áå®¤¨âáï ¯à¨ α > 0.
�­ ç «¥ à áá¬®âà¨¬ ç áâ­ë© á«ãç © α =

1
2

. � áá¬®â-
à¨¬ à §«®¦¥­¨¥ tg z ¯® ä®à¬ã«¥ �¥©«®à : tg z = z +

+
1
3
z3(1 + a(z)), £¤¥ lim

z→0
a(z) = 0. �®¤ë­â¥£à «ì­ ï äã­ª-
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æ¨ï ¯à¥¤áâ ¢«¥­  ¢ ¢¨¤¥ áã¬¬ë ¤¢ãå á« £ ¥¬ëå. �­â¥£à «
+∞∫

1

z(x) dx =

+∞∫

1

sinx√
x

dx áå®¤¨âáï (á¬. ¯à¨¬¥à 2.1).

�®¤¡¥à¥¬ â ª®¥ δ > 0, çâ® ¯à¨ |z| < δ ¢ë¯®«­¥­® |a(z)| <
< 1. � «¥¥ ­ ©¤¥¬ â ª®¥ c > 1, çâ® ¯à¨ x > c ¢ë¯®«­¥­®
|z(x)| < δ. �®£¤  ¯à¨ x > c á¯à ¢¥¤«¨¢ë ®æ¥­ª¨: |z3(1 +

+ a(z))| 6 2|z3| = 2
| sin3 x|

x3/2
6 2

x3/2
. �® ¯à¨§­ ªã �1 ¨­â¥£-

à «
+∞∫

1

z3(1+a(z)) dx áå®¤¨âáï  ¡á®«îâ­®. �§ ãâ¢¥à¦¤¥­¨ï

�1 ¢ëâ¥ª ¥â áå®¤¨¬®áâì I ¯à¨ α =
1
2

.
�à¨¬¥­¨¬ ¨§«®¦¥­­ë¥ ¢ëè¥ á®®¡à ¦¥­¨ï ¤«ï ¯à®¨§-

¢®«ì­®£® ¯®«®¦¨â¥«ì­®£® α.
� ©¤¥¬ â ª®¥ ­ âãà «ì­®¥ n, çâ® (2n − 1)α > 1, ¨ à á-

á¬®âà¨¬ à §«®¦¥­¨¥ tg z ¯® ä®à¬ã«¥ �¥©«®à :
tg z = z + b3z

3 + b5z
5 + . . . + b2n−1z

2n−1(1 + a(z)),

£¤¥ lim
z→0

a(z) = 0. (� ®â«¨ç¨¥ ®â § ¤ ç¨ 2.7 ¢ á¨«ã ­¥ç¥â­®áâ¨
â ­£¥­á  ¢ ¤ ­­®¬ à §«®¦¥­¨¨ ¢á¥ ª®íää¨æ¨¥­âë ¯à¨ ç¥â-
­ëå áâ¥¯¥­ïå z à ¢­ë 0.)

�®¤ë­â¥£à «ì­ ï äã­ªæ¨ï ¯à¥¤áâ ¢«¥­  ¢ ¢¨¤¥ ª®­¥ç-
­®£® ç¨á«  á« £ ¥¬ëå. �­â¥£à «ë ®â ¢á¥å á« £ ¥¬ëå,

ªà®¬¥ ¯®á«¥¤­¥£®, ¨¬¥îâ ¢¨¤
+∞∫

1

sin2k−1 x

xβ
dx (β > 0).

�­¨ ï¢«ïîâáï áå®¤ïé¨¬¨áï, çâ® ¤®ª §ë¢ ¥âáï  ­ «®£¨ç­®
¯ã­ªâã 1¡) ¢ à¥è¥­¨¨ ¯à¨¬¥à  2.4.

�®ª ¦¥¬, çâ® ¨­â¥£à « ®â ¯®á«¥¤­¥£® á« £ ¥¬®£® áå®-
¤¨âáï  ¡á®«îâ­®. �®¤¡¥à¥¬ â ª®¥ δ > 0, çâ® ¯à¨ |z| < δ ¢ë-
¯®«­¥­® |a(z)| < 1. � «¥¥ ­ ©¤¥¬ â ª®¥ c > 1, çâ® ¯à¨ x > c
¢ë¯®«­¥­® |z(x)| < δ. �®£¤  ¯à¨ x > c á¯à ¢¥¤«¨¢ë ®æ¥­ª¨:

|z2n−1(1 + a(z))| 6 2|z2n−1| = 2
| sin2n−1 x|
x(2n−1)α

6 2
x(2n−1)α

. �®-
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£« á­® ¢ë¡®àã n ¨­â¥£à «
+∞∫

1

1
x(2n−1)α

dx áå®¤¨âáï. � á¨«ã

¯à¨§­ ª  �1 ¨­â¥£à «
+∞∫

1

z2n−1(1 + a(z)) dx áå®¤¨âáï  ¡á®-

«îâ­®.
�§ ãâ¢¥à¦¤¥­¨ï �1 ¢ëâ¥ª ¥â áå®¤¨¬®áâì I ¯à¨ ¯à®¨§-

¢®«ì­®¬ α > 0.
�â¢¥â: �å®¤¨âáï  ¡á®«îâ­® ¯à¨ α > 1, áå®¤¨âáï

ãá«®¢­® ¯à¨ α ∈ (0; 1].
N

�¯à ¦­¥­¨ï ¨ § ¤ ç¨
�áá«¥¤®¢ âì ­¥á®¡áâ¢¥­­ë¥ ¨­â¥£à «ë ­   ¡á®«îâ­ãî

¨ ãá«®¢­ãî áå®¤¨¬®áâì (2.1{2.38):

2.1.
+∞∫

1

sinx

x2
dx.

�â¢¥â: áå®¤¨âáï  ¡á®«îâ­®.

2.2.
+∞∫

2

cosx

x ln2 x
dx.

�â¢¥â: áå®¤¨âáï  ¡á®«îâ­®.

2.3.
+∞∫

1

x sinx

x2 + 1
dx.

�â¢¥â: áå®¤¨âáï ãá«®¢­®.

2.4.
+∞∫

3

cos(2x)
lnα(x− arctg x)

dx.
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�â¢¥â: áå®¤¨âáï ãá«®¢­® ¯à¨ α > 0, à áå®¤¨âáï ¯à¨
α 6 0.

2.5.
+∞∫

1

sin(x− 1)
x lnα(x + 1)

dx.

�â¢¥â: áå®¤¨âáï  ¡á®«îâ­® ¯à¨ α > 1, áå®¤¨âáï
ãá«®¢­® ¯à¨ α 6 1.

2.6.
+∞∫

1

sin(4x− 1)
eαx + x−1

dx.

�â¢¥â: áå®¤¨âáï  ¡á®«îâ­® ¯à¨ α > 0, à áå®¤¨âáï ¯à¨
α 6 0.

2.7.
+∞∫

1

sinx

(x− cosx)α
dx.

�â¢¥â: áå®¤¨âáï  ¡á®«îâ­® ¯à¨ α > 1, áå®¤¨âáï
ãá«®¢­® ¯à¨ α ∈ (0, 1], à áå®¤¨âáï ¯à¨ α 6 0.

2.8.
+∞∫

1

(
ln2 x

x

)α

cos(3x− 4) dx.

�â¢¥â: áå®¤¨âáï  ¡á®«îâ­® ¯à¨ α > 1, áå®¤¨âáï
ãá«®¢­® ¯à¨ α ∈ (0, 1], à áå®¤¨âáï ¯à¨ α 6 0.

2.9.
+∞∫

1

sin(2x− 2)
x(ex−1 − x)α

dx.

�â¢¥â: áå®¤¨âáï  ¡á®«îâ­® ¯à¨ 0 < α < 1, áå®¤¨âáï
ãá«®¢­® ¯à¨ α = 0, à áå®¤¨âáï ¯à¨ ¤àã£¨å §­ ç¥­¨ïå α.

(� ¨­â¥£à «  ¤¢¥ ®á®¡¥­­®áâ¨.)

2.10.
+∞∫

1

sin(x− 1)
(2x3/2 − 3x + 1)α

dx.

�â¢¥â: áå®¤¨âáï  ¡á®«îâ­® ¯à¨ 2
3

< α < 1, áå®¤¨âáï
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ãá«®¢­® ¯à¨ 0 < α 6 2
3

, à áå®¤¨âáï ¯à¨ ¤àã£¨å §­ ç¥­¨ïå
α.

(� ¨­â¥£à «  ¤¢¥ ®á®¡¥­­®áâ¨.)

2.11.
+∞∫

0

xα sin sin x dx.

�â¢¥â: áå®¤¨âáï  ¡á®«îâ­® ¯à¨ −2 < α < −1, áå®-
¤¨âáï ãá«®¢­® ¯à¨ −1 6 α < 0, à áå®¤¨âáï ¯à¨ ¤àã£¨å §­ -
ç¥­¨ïå α.

(� ¨­â¥£à «  ¤¢¥ ®á®¡¥­­®áâ¨.)

2.12.
+∞∫

1

sin3 x

x
dx.

�â¢¥â: áå®¤¨âáï ãá«®¢­®.

2.13.
+∞∫

1

cos5 x

xα
dx.

�â¢¥â: áå®¤¨âáï  ¡á®«îâ­® ¯à¨ α > 1, áå®¤¨âáï
ãá«®¢­® ¯à¨ α ∈ (0, 1], à áå®¤¨âáï ¯à¨ α 6 0.

2.14.*
+∞∫

1

Tn(x)
xα

dx,

£¤¥ Tn(x) =
n∑

k=1

ak sin kx + bk cos kx | âà¨£®­®¬¥âà¨ç¥áª¨©

¬­®£®ç«¥­ áâ¥¯¥­¨ n.
�â¢¥â: áå®¤¨âáï  ¡á®«îâ­® ¯à¨ α > 1, áå®¤¨âáï

ãá«®¢­® ¯à¨ α ∈ (0, 1], à áå®¤¨âáï ¯à¨ α 6 0.
�ª § ­¨¥. �®á¯®«ì§ã©â¥áì áå¥¬®© ¤®ª § â¥«ìáâ¢  ¯à¨-

¬¥à  2.1. �«ï ¤®ª § â¥«ìáâ¢  ®âáãâáâ¢¨ï  ¡á®«îâ­®© áå®-
¤¨¬®áâ¨ ¯à¨ α ∈ (0, 1] ¬®¦­® ¯®¤®¡à âì â ªãî ª®­áâ ­âã
C, çâ® |Tn(x)| 6 C ¤«ï «î¡®£® x, ¢®á¯®«ì§®¢ âìáï ®æ¥­ª®©
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∣∣∣∣
Tn(x)

C

∣∣∣∣ >
(

Tn(x)
C

)2

¨ ¯à¥¤áâ ¢¨âì Tn(x)2 ¢ ¢¨¤¥ âà¨£®­®-
¬¥âà¨ç¥áª®£® ¬­®£®ç«¥­ .

2.15.
1∫

0

(arctg x2)α

x3
sin

1
x

dx.

�â¢¥â: áå®¤¨âáï  ¡á®«îâ­® ¯à¨ α > 1, áå®¤¨âáï
ãá«®¢­® ¯à¨ α ∈

(
1
2
, 1

]
, à áå®¤¨âáï ¯à¨ α 6 1

2
.

2.16.
1∫

0

lnα(1 + x2)
x4

cos
1
x

dx.

�â¢¥â: áå®¤¨âáï  ¡á®«îâ­® ¯à¨ α >
3
2

, áå®¤¨âáï

ãá«®¢­® ¯à¨ α ∈
(

1,
3
2

]
, à áå®¤¨âáï ¯à¨ α 6 1.

2.17.
1∫

0

cos 1
x

x2
(

1
x + sin 1

x

)α dx.

�â¢¥â: áå®¤¨âáï  ¡á®«îâ­® ¯à¨ α > 1, áå®¤¨âáï
ãá«®¢­® ¯à¨ α ∈ (0, 1], à áå®¤¨âáï ¯à¨ α 6 0.

2.18.
1∫

0

sin 1
x

(
√

x− x)α
dx.

�â¢¥â: áå®¤¨âáï  ¡á®«îâ­® ¯à¨ α < 1, à áå®¤¨âáï ¯à¨
α > 1.

(� ¨­â¥£à «  ¤¢¥ ®á®¡¥­­®áâ¨.)

2.19.
+∞∫

1

cosx3 dx.

�â¢¥â: áå®¤¨âáï ãá«®¢­®.

36



2.20.
+∞∫

1

xγ sinxβ dx, β > 0.

�â¢¥â: áå®¤¨âáï  ¡á®«îâ­® ¯à¨ γ < −1, áå®¤¨âáï
ãá«®¢­® ¯à¨ −1 6 γ < β − 1, à áå®¤¨âáï ¯à¨ γ > β − 1.

2.21.
+∞∫

1

((x + 1)α − xα) sinx2 dx.

�â¢¥â: áå®¤¨âáï  ¡á®«îâ­® ¯à¨ α 6 0, áå®¤¨âáï
ãá«®¢­® ¯à¨ α ∈ (0, 2), à áå®¤¨âáï ¯à¨ α > 2.

2.22.
+∞∫

1

x2 cosx3

(3x− arctg x)α dx.

�â¢¥â: áå®¤¨âáï  ¡á®«îâ­® ¯à¨ α > 3, áå®¤¨âáï
ãá«®¢­® ¯à¨ α ∈ (0, 3], à áå®¤¨âáï ¯à¨ α 6 0.

2.23.
+∞∫

2

cosx2

(
√

x + sin e−x)α
dx.

�â¢¥â: áå®¤¨âáï  ¡á®«îâ­® ¯à¨ α > 2, áå®¤¨âáï
ãá«®¢­® ¯à¨ α ∈ (−2, 2], à áå®¤¨âáï ¯à¨ α 6 −2.

2.24.
+∞∫

2

sinx3/2

(x + cos arctg x)α
dx.

�â¢¥â: áå®¤¨âáï  ¡á®«îâ­® ¯à¨ α > 1, áå®¤¨âáï
ãá«®¢­® ¯à¨ α ∈

(
−1

2
, 1

]
, à áå®¤¨âáï ¯à¨ α 6 −1

2
.

2.25.
+∞∫

1

eαx cosx2

(x2ex + lnx)α
dx.

�â¢¥â: áå®¤¨âáï  ¡á®«îâ­® ¯à¨ α > 0, áå®¤¨âáï
ãá«®¢­® ¯à¨ α ∈

(
−1

2
, 0

]
, à áå®¤¨âáï ¯à¨ α 6 −1

2
.
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2.26.
+∞∫

2

lnα x cos
√

x

(x2 ln x + arctg x)α
dx.

�â¢¥â: áå®¤¨âáï  ¡á®«îâ­® ¯à¨ α >
1
2

, áå®¤¨âáï

ãá«®¢­® ¯à¨ α ∈
(

1
4
,
1
2

]
, à áå®¤¨âáï ¯à¨ α 6 1

4
.

2.27.
+∞∫

1

x cos(x2 ln x) dx.

�â¢¥â: áå®¤¨âáï ãá«®¢­®.

2.28.
+∞∫

1

cos(x3/2 − lnx) dx.

�â¢¥â: áå®¤¨âáï ãá«®¢­®.

2.29.
+∞∫

1

xα sin(x3 − 2x) dx.

�â¢¥â: áå®¤¨âáï  ¡á®«îâ­® ¯à¨ α < −1, áå®¤¨âáï
ãá«®¢­® ¯à¨ α ∈ [−1, 2), à áå®¤¨âáï ¯à¨ α > 2.

2.30.
+∞∫

1

sin ln x · sinx

xα
dx.

�â¢¥â: áå®¤¨âáï  ¡á®«îâ­® ¯à¨ α > 1, áå®¤¨âáï
ãá«®¢­® ¯à¨ α ∈ (0, 1], à áå®¤¨âáï ¯à¨ α 6 0.

�ª § ­¨¥. �à¥®¡à §ã©â¥ ¯à®¨§¢¥¤¥­¨¥ á¨­ãá®¢ ¢ áã¬¬ã
ª®á¨­ãá®¢.

2.31.
+∞∫

2

arcsin
cosx

x
1
e + e−x

dx.

�â¢¥â: áå®¤¨âáï ãá«®¢­®.
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2.32.
+∞∫

2

sh
cosx

5
√

x2 − lnx
dx.

�â¢¥â: áå®¤¨âáï ãá«®¢­®.

2.33.
+∞∫

2

(ln(3x + sin x)− ln(3x− sinx)) dx.

�â¢¥â: áå®¤¨âáï ãá«®¢­®.

2.34.
+∞∫

2

tg
sinx

7
√

x3 − x
dx.

�â¢¥â: áå®¤¨âáï ãá«®¢­®.

2.35.
+∞∫

2

cosx

x− 2 cosx
dx.

�â¢¥â: áå®¤¨âáï ãá«®¢­® (®¤­ ª®, ¤«ï f(x) = cosx ¨
g(x) =

1
x− 2 cos x

¯à¨§­ ª �¨à¨å«¥ ­¥¯à¨¬¥­¨¬).

2.36.*
+∞∫

2

cosx

xα − sinx
dx, α > 0.

�â¢¥â: áå®¤¨âáï  ¡á®«îâ­® ¯à¨ α > 1, áå®¤¨âáï
ãá«®¢­® ¯à¨ α ∈ (0, 1].

2.37.*
+∞∫

2

sh
(

sinx

xα

)
dx, α > 0.

�â¢¥â: áå®¤¨âáï  ¡á®«îâ­® ¯à¨ α > 1, áå®¤¨âáï
ãá«®¢­® ¯à¨ α ∈ (0, 1].

2.38.*
+∞∫

2

ln
(

xα + cosx

xα

)
dx, α > 0.
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�â¢¥â: áå®¤¨âáï  ¡á®«îâ­® ¯à¨ α > 1, áå®¤¨âáï
ãá«®¢­® ¯à¨ α ∈

(
1
2
, 1

]
, à áå®¤¨âáï ¯à¨ α ∈

(
0,

1
2

]
.

2.39. �ãáâì f , g : [0,+∞) → R | ­¥¯à¥àë¢­ë¥ äã­ª-

æ¨¨. �§¢¥áâ­®, çâ®
+∞∫

0

f(x) dx ¨
+∞∫

0

g(x) dx à áå®¤ïâáï.

�¥à­® «¨, çâ®
+∞∫

0

(f(x) + g(x)) dx à áå®¤¨âáï?

�â¢¥â: ­¥¢¥à­®.
�ª § ­¨¥. ¤®áâ â®ç­® ¯®«®¦¨âì f + g = 0.
2.40. �ãáâì f : [0,+∞) → R | ­¥¯à¥àë¢­ ï äã­ªæ¨ï.

�§¢¥áâ­®, çâ®
+∞∫

0

f(x) dx áå®¤¨âáï.

 ) �¥à­® «¨, çâ® áãé¥áâ¢ã¥â ¯à¥¤¥« lim
x→+∞ f(x), à ¢­ë©

0?
¡) �¥à­® «¨, çâ® f(x) | ®£à ­¨ç¥­­ ï äã­ªæ¨ï?
�â¢¥â:  ) ­¥¢¥à­®, ¡) ­¥¢¥à­®.
�ª § ­¨¥. �®¤¡¥à¨â¥ ­ã¦­ë¬ ®¡à §®¬ ¯ à ¬¥âàë β ¨

γ ¢ § ¤ ç¥ 2.20.
2.41. �â¢¥âìâ¥ ­  ¢®¯à®áë ¯à¥¤ë¤ãé¥© § ¤ ç¨ ¢ ¯à¥¤-

¯®«®¦¥­¨¨, çâ® f(x) ­¥®âà¨æ â¥«ì­  ¯à¨ ¢á¥å x > 0.
�â¢¥â:  ) ­¥¢¥à­®, ¡) ­¥¢¥à­®.
�ª § ­¨¥. � áá¬®âà¨¬ äã­ªæ¨î f(x), à ¢­ãî ­ã«î

¯à¨ ¢á¥å x, ­¥ ¯à¨­ ¤«¥¦ é¨å ®¡ê¥¤¨­¥­¨î ¨­â¥à¢ «®¢
∆n =

(
n, n +

1
22n

)
(n = 1, 2, 3. . . ). �  ¨­â¥à¢ «¥ ∆n

¬®¦­® ®¯à¥¤¥«¨âì f(x) â ª, çâ®¡ë f(x) ¡ë«® ­¥®âà¨æ -
â¥«ì­ë¬, ¨ max

x∈∆n

f(x) = 2n.
2.42.* �ãáâì f : [0,+∞) → R | à ¢­®¬¥à­® ­¥¯à¥àë¢-
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­ ï äã­ªæ¨ï. �§¢¥áâ­®, çâ®
+∞∫

0

f(x) dx áå®¤¨âáï. �®ª -

¦¨â¥, çâ® lim
x→+∞ f(x) = 0.

�ª § ­¨¥. �à¥¤¯®«®¦¨¢, çâ® ãâ¢¥à¦¤¥­¨¥ ­¥¢¥à­®,
­ ©¤¥¬ â ª®¥ ε > 0, çâ® ¤«ï «î¡®£® c > 0 ­ ©¤¥âáï xc > c,
¤«ï ª®â®à®£® |f(xc)| > ε. �§ ãá«®¢¨ï à ¢­®¬¥à­®© ­¥¯à¥-
àë¢­®áâ¨ ¢ëâ¥ª ¥â, çâ® ­ ©¤¥âáï â ª®¥ δ > 0, çâ® |f(x)| >

> ε/2 ¯à¨ x ∈ [xc − δ, xc + δ]. �®£¤ 

∣∣∣∣∣∣

xc+δ∫

xc−δ

f(x)

∣∣∣∣∣∣
> εδ, çâ®

¯à®â¨¢®à¥ç¨â ªà¨â¥à¨î �®è¨ ¤«ï áå®¤¨¬®áâ¨ ¨­â¥£à « 
+∞∫

0

f(x) dx.

�â¢¥âë ¨ ãª § ­¨ï

1.1. à áå®¤¨âáï.
1.2. áå®¤¨âáï.
1.3. áå®¤¨âáï ⇔ α >

n + 1
m

.
1.4. áå®¤¨âáï ⇔ α, β > −1.
1.5. áå®¤¨âáï ⇔ α > 1.
1.6. áå®¤¨âáï ⇔ −3 < α <

3
2

.
1.7. áå®¤¨âáï ⇔ −1 < α < 2.
1.8. áå®¤¨âáï ⇔ −3 < α < −1

2
.

1.9. áå®¤¨âáï ⇔ 3
2

< α < 3.
1.10. áå®¤¨âáï ⇔ −1 6 α < 0.
1.11. áå®¤¨âáï ⇔ −3

2
6 α < −1.

1.12. áå®¤¨âáï ⇔ −2 6 α < 0.
1.13. áå®¤¨âáï ⇔ 1 6 α <

7
6

.
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1.14. áå®¤¨âáï ⇔ −3 < α < 0.
1.15. áå®¤¨âáï ⇔ −4

3
< α < −1

9
.

1.16. áå®¤¨âáï ⇔ 1 < α < 3.
1.17. áå®¤¨âáï ⇔ 2 < α < 8.
1.18. áå®¤¨âáï ⇔ −3 < α < 2.
1.19. áå®¤¨âáï ⇔ 2

3
< α 6 4.

1.20. áå®¤¨âáï ⇔ 1
2

< α < 2.

1.21. áå®¤¨âáï ⇔ −3 < α < −2
3

.
�ª § ­¨¥. �ãáâì g(x) =

√
1 + xα. �á«¨ α > 0, â® ¯à¨

x → 0: g(x) ∼ 1, ¯à¨ x → +∞: g(x) ∼ x
α
2 . �á«¨ α < 0, â®

¯à¨ x → 0: g(x) ∼ x
α
2 , ¯à¨ x → +∞: g(x) ∼ 1.

1.22. áå®¤¨âáï ⇔ α ∈ (−5,− 2) ∪ {0}.

2.1. áå®¤¨âáï  ¡á®«îâ­®.
2.2. áå®¤¨âáï  ¡á®«îâ­®.
2.3. áå®¤¨âáï ãá«®¢­®.
2.4. áå®¤¨âáï ãá«®¢­® ¯à¨ α > 0, à áå®¤¨âáï ¯à¨ α 6 0.
2.5. áå®¤¨âáï  ¡á®«îâ­® ¯à¨ α > 1, áå®¤¨âáï ãá«®¢­®

¯à¨ α 6 1.
2.6. áå®¤¨âáï  ¡á®«îâ­® ¯à¨ α > 0, à áå®¤¨âáï ¯à¨

α 6 0.
2.7. áå®¤¨âáï  ¡á®«îâ­® ¯à¨ α > 1, áå®¤¨âáï ãá«®¢­®

¯à¨ α ∈ (0, 1], à áå®¤¨âáï ¯à¨ α 6 0.
2.8. áå®¤¨âáï  ¡á®«îâ­® ¯à¨ α > 1, áå®¤¨âáï ãá«®¢­®

¯à¨ α ∈ (0, 1], à áå®¤¨âáï ¯à¨ α 6 0.
2.9. áå®¤¨âáï  ¡á®«îâ­® ¯à¨ 0 < α < 1, áå®¤¨âáï

ãá«®¢­® ¯à¨ α = 0, à áå®¤¨âáï ¯à¨ ¤àã£¨å §­ ç¥­¨ïå α.
(� ¨­â¥£à «  ¤¢¥ ®á®¡¥­­®áâ¨.)
2.10. áå®¤¨âáï  ¡á®«îâ­® ¯à¨ 2

3
< α < 1, áå®¤¨âáï

ãá«®¢­® ¯à¨ 0 < α 6 2
3

, à áå®¤¨âáï ¯à¨ ¤àã£¨å §­ ç¥­¨ïå
α.
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(� ¨­â¥£à «  ¤¢¥ ®á®¡¥­­®áâ¨.)
2.11. áå®¤¨âáï  ¡á®«îâ­® ¯à¨ −2 < α < −1, áå®¤¨âáï

ãá«®¢­® ¯à¨ −1 6 α < 0, à áå®¤¨âáï ¯à¨ ¤àã£¨å §­ ç¥­¨ïå
α.

(� ¨­â¥£à «  ¤¢¥ ®á®¡¥­­®áâ¨.)
2.12. áå®¤¨âáï ãá«®¢­®.
2.13. áå®¤¨âáï  ¡á®«îâ­® ¯à¨ α > 1, áå®¤¨âáï ãá«®¢­®

¯à¨ α ∈ (0, 1], à áå®¤¨âáï ¯à¨ α 6 0.
2.14. áå®¤¨âáï  ¡á®«îâ­® ¯à¨ α > 1, áå®¤¨âáï ãá«®¢­®

¯à¨ α ∈ (0, 1], à áå®¤¨âáï ¯à¨ α 6 0.
�ª § ­¨¥. �®á¯®«ì§ã©â¥áì áå¥¬®© ¤®ª § â¥«ìáâ¢  ¯à¨-

¬¥à  2.1. �«ï ¤®ª § â¥«ìáâ¢  ®âáãâáâ¢¨ï  ¡á®«îâ­®© áå®-
¤¨¬®áâ¨ ¯à¨ α ∈ (0, 1] ¬®¦­® ¯®¤®¡à âì â ªãî ª®­áâ ­âã
C, çâ® |Tn(x)| 6 C ¤«ï «î¡®£® x, ¢®á¯®«ì§®¢ âìáï ®æ¥­ª®©∣∣∣∣
Tn(x)

C

∣∣∣∣ >
(

Tn(x)
C

)2

¨ ¯à¥¤áâ ¢¨âì Tn(x)2 ¢ ¢¨¤¥ âà¨£®­®-
¬¥âà¨ç¥áª®£® ¬­®£®ç«¥­ .

2.15. áå®¤¨âáï  ¡á®«îâ­® ¯à¨ α > 1, áå®¤¨âáï ãá«®¢­®
¯à¨ α ∈

(
1
2
, 1

]
, à áå®¤¨âáï ¯à¨ α 6 1

2
.

2.16. áå®¤¨âáï  ¡á®«îâ­® ¯à¨ α >
3
2

, áå®¤¨âáï ãá«®¢­®

¯à¨ α ∈
(

1,
3
2

]
, à áå®¤¨âáï ¯à¨ α 6 1.

2.17. áå®¤¨âáï  ¡á®«îâ­® ¯à¨ α > 1, áå®¤¨âáï ãá«®¢­®
¯à¨ α ∈ (0, 1], à áå®¤¨âáï ¯à¨ α 6 0.

2.18. áå®¤¨âáï  ¡á®«îâ­® ¯à¨ α < 1, à áå®¤¨âáï ¯à¨
α > 1.

(� ¨­â¥£à «  ¤¢¥ ®á®¡¥­­®áâ¨.)
2.19. áå®¤¨âáï ãá«®¢­®.
2.20. áå®¤¨âáï  ¡á®«îâ­® ¯à¨ γ < −1, áå®¤¨âáï ãá«®¢­®

¯à¨ −1 6 γ < β − 1, à áå®¤¨âáï ¯à¨ γ > β − 1.
2.21. áå®¤¨âáï  ¡á®«îâ­® ¯à¨ α 6 0, áå®¤¨âáï ãá«®¢­®

¯à¨ α ∈ (0, 2), à áå®¤¨âáï ¯à¨ α > 2.
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2.22. áå®¤¨âáï  ¡á®«îâ­® ¯à¨ α > 3, áå®¤¨âáï ãá«®¢­®
¯à¨ α ∈ (0, 3], à áå®¤¨âáï ¯à¨ α 6 0.

2.23. áå®¤¨âáï  ¡á®«îâ­® ¯à¨ α > 2, áå®¤¨âáï ãá«®¢­®
¯à¨ α ∈ (−2, 2], à áå®¤¨âáï ¯à¨ α 6 −2.

2.24. áå®¤¨âáï  ¡á®«îâ­® ¯à¨ α > 1, áå®¤¨âáï ãá«®¢­®
¯à¨ α ∈

(
−1

2
, 1

]
, à áå®¤¨âáï ¯à¨ α 6 −1

2
.

2.25. áå®¤¨âáï  ¡á®«îâ­® ¯à¨ α > 0, áå®¤¨âáï ãá«®¢­®
¯à¨ α ∈

(
−1

2
, 0

]
, à áå®¤¨âáï ¯à¨ α 6 −1

2
.

2.26. áå®¤¨âáï  ¡á®«îâ­® ¯à¨ α >
1
2

, áå®¤¨âáï ãá«®¢­®

¯à¨ α ∈
(

1
4
,
1
2

]
, à áå®¤¨âáï ¯à¨ α 6 1

4
.

2.27. áå®¤¨âáï ãá«®¢­®.
2.28. áå®¤¨âáï ãá«®¢­®.
2.29. áå®¤¨âáï  ¡á®«îâ­® ¯à¨ α < −1, áå®¤¨âáï ãá«®¢­®

¯à¨ α ∈ [−1, 2), à áå®¤¨âáï ¯à¨ α > 2.
2.30. áå®¤¨âáï  ¡á®«îâ­® ¯à¨ α > 1, áå®¤¨âáï ãá«®¢­®

¯à¨ α ∈ (0, 1], à áå®¤¨âáï ¯à¨ α 6 0.
�ª § ­¨¥. �à¥®¡à §ã©â¥ ¯à®¨§¢¥¤¥­¨¥ á¨­ãá®¢ ¢ áã¬¬ã

ª®á¨­ãá®¢.
2.31. áå®¤¨âáï ãá«®¢­®.
2.32. áå®¤¨âáï ãá«®¢­®.
2.33. áå®¤¨âáï ãá«®¢­®.
2.34. áå®¤¨âáï ãá«®¢­®.
2.35. áå®¤¨âáï ãá«®¢­® (®¤­ ª®, ¤«ï f(x) = cosx ¨

g(x) =
1

x− 2 cos x
¯à¨§­ ª �¨à¨å«¥ ­¥¯à¨¬¥­¨¬).

2.36. áå®¤¨âáï  ¡á®«îâ­® ¯à¨ α > 1, áå®¤¨âáï ãá«®¢­®
¯à¨ α ∈ (0, 1].

2.37. áå®¤¨âáï  ¡á®«îâ­® ¯à¨ α > 1, áå®¤¨âáï ãá«®¢­®
¯à¨ α ∈ (0, 1].

2.38. áå®¤¨âáï  ¡á®«îâ­® ¯à¨ α > 1, áå®¤¨âáï ãá«®¢­®
¯à¨ α ∈

(
1
2
, 1

]
, à áå®¤¨âáï ¯à¨ α ∈

(
0,

1
2

]
.
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2.39. ­¥¢¥à­®.
�ª § ­¨¥. �®áâ â®ç­® ¯®«®¦¨âì f + g = 0.
2.40.  ) ­¥¢¥à­®, ¡) ­¥¢¥à­®.
�ª § ­¨¥. �®¤¡¥à¨â¥ ­ã¦­ë¬ ®¡à §®¬ ¯ à ¬¥âàë β ¨

γ ¢ § ¤ ç¥ 2.20.
2.41.  ) ­¥¢¥à­®, ¡) ­¥¢¥à­®.
�ª § ­¨¥. � áá¬®âà¨¬ äã­ªæ¨î f(x), à ¢­ãî ­ã«î

¯à¨ ¢á¥å x, ­¥ ¯à¨­ ¤«¥¦ é¨å ®¡ê¥¤¨­¥­¨î ¨­â¥à¢ «®¢
∆n =

(
n, n +

1
22n

)
(n = 1, 2, 3. . . ). �  ¨­â¥à¢ «¥ ∆n

¬®¦­® ®¯à¥¤¥«¨âì f(x) â ª, çâ®¡ë f(x) ¡ë«® ­¥®âà¨æ -
â¥«ì­ë¬, ¨ max

x∈∆n

f(x) = 2n.
2.42. �ª § ­¨¥. �à¥¤¯®«®¦¨¢, çâ® ãâ¢¥à¦¤¥­¨¥ ­¥-

¢¥à­®, ­ ©¤¥¬ â ª®¥ ε > 0, çâ® ¤«ï «î¡®£® c > 0 ­ ©¤¥âáï
xc > c, ¤«ï ª®â®à®£® |f(xc)| > ε. �§ ãá«®¢¨ï à ¢­®¬¥à-
­®© ­¥¯à¥àë¢­®áâ¨ ¢ëâ¥ª ¥â, çâ® ­ ©¤¥âáï â ª®¥ δ > 0, çâ®

|f(x)| > ε/2 ¯à¨ x ∈ [xc − δ, xc + δ]. �®£¤ 

∣∣∣∣∣∣

xc+δ∫

xc−δ

f(x)

∣∣∣∣∣∣
> εδ,

çâ® ¯à®â¨¢®à¥ç¨â ªà¨â¥à¨î �®è¨ ¤«ï áå®¤¨¬®áâ¨ ¨­â¥£-

à « 
+∞∫

0

f(x) dx.
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