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ITpeaucioBue

Hacrositiee yuebHoe mocobrme HATMCAHO HA, OCHOBE JIEKITUH, TUTAEMBIX
aBTOPOM CTYJEHTaM BTOPOTO Kypca MOCKOBCKOrO (PU3UKO-TEXHUIECKOTO
UHCTUTYTa (TOCYJAPCTBEHHOIO YHUBEPCUTETA).
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ABTOp BbIpazkaeT UCKPEHHIOI TPU3HATETHLHOCT KOJIJIEraM U CTYICH-
TaM, BBICKA3aBIIUM [[EHHbIE 3aMEUAHUs U MPEJJIOKEHNs, 8 TaKKe 00Ha-
DY2KHBIIUM ONEYATKHU B JIEKIUAX.



I'nasa 13

SKCTPEMYMBI ®YHKIINN
HECKOJIbBKUX IIEPEMEHHBIX

§ 1. BesycaoBHBII 3KCTpEMYyM

Omnpenenenne. Ilycts ma muoxkecrse X C R™ 3amama yHKIumsS
f: X — R. Touka 2° € X Ha3bIBAETCH TOUKOH CMPO2020 AOKAALHO20
MuHUMYMa (makcumyma) byuxuuu f na muoxecrse X, eciu

36 >0:Vze 55(m°)ﬂX = f(z%) < (>)f(z).

Ecsim 37ech crporoe HEpaBeHCTBO 3aMEHUTH HECTPOIHM, TO IOJLY9UTCS
OLIPEJICJICHUE HECTNPO2020 AOKANDHOZO0 MUHUMYME (MaKcumyma). Touku
MUHUMYMa U MaKCUMyMa Ha3bIBAIOTCS TOUYKAMU IKCIMPEMYMG.

O — TOouKa JIOKAIBLHOIO 3KCTPeMyMa, (PyHK-

Onpenenenne. Ilycts x
X. T Veint X 0 -
uun f Ha muoxkecrse X . Torpa ecnu x° € int X, To 2° HasbiBaercs To4
KOil 6€31CA061020 A0KaAH020 dKCcmpemyma byrkmmn f; ecin 20 € 0X,

TO ZL’O HA3bIBAETCA TOYKON YCA0BHO20 AOKANABHOZ0 IKCTMPEMYMQ (i)yHK—

uun f.

JIemma 1. 2° — To4Ka cTPOroro 6e3yCIOBHOTO JOKAIBHOTO MUHH-

MyMa (yHKIuu f TOrIa U TOJBKO TOTA, KOTa

46 >0:Vz € (;J(IEO) — f(ﬂfo) < f(=).

0

HdokazaTeabcTBo. Ilycrs x° — Touka crporo 6e€3yc/IOBHOIO JO-

kanbHoro Muanmyma dyukmum f. Torga 36; > 0: Vo € ﬁgl (#)NX —
— f(2%) < f(x). Hockombxy 2° € int X, To 395 > 0 : Us, (2°) C X.
Omnpenemam § = min{dy,d2}. Torma Vo € Us(2°) — f(2°) < f(z). O6-
paTHOE yTBEPXKIEHUE OUEBUIHO. O
YrBepxaeHus, aHaNOruyuHbIe JeMMe 1, CIpaBe/yIuBbL U /s MAKCH-
MyMa, U JJIsi HECTPOTWX SKCTPEMYMOB. VIHBIMU CJIOBAMHU, B OTPEIeIeHNN
6e3yCJIOBHOTO 9KCTPEMyMa MHOXKECTBO X yKa3blBaTh HE HYKHO.

Teopema 1. (Heobxoaumoe yciioBue sxkcrpemyma.) Ilycrs dbyukims
f(x) ompenenena B oxpectHocTH Toukn ' € R™ m muddepenmmpyenma



B Touke 2¥. Ecim 2° — Touka 6e3ycOBHOTO JIOKAJIBHOTO SKCTPEMYMa,

bynxmmn f, To grad f(z°) = 0.
JlokazaTesbcTBO. II0CKOMbKY KOMIOHeHTHI BekTopa grad f(z¥) =

= d
= 0 paBHbI YaCTHBIM LIPOU3BOIHBLIM 8%($0), TO JIOCTATOYHO JIOKA3aTh,
K2

4YTOo g—i(ajo) =0 Vi € {1,...,n}. 3adurcupyem mpom3BOIBHOE i €
€ {1,...,n} um paccmorpum GyHKIHIO OAHON mepemeHHOW ©(;) =
= f(aY,.. . 2) @2, ..., 2)). THockomeky 2° — Touka mokambHO-
ro sxcTpemyma byHKIIH f, TO TV — TOUKa JOKATLHOTO 3KCTPEMYyMa
dbynxmm p(x;). B cumy teopemsr @epva ¢’ (2¥) = 0. Cresosarensho,
Of (,.0y _ (0} _
371.(55)—90(%)—0- [
Onpenenenne. Ecin grad f(2°) = 0, To Touxa z° nasssaerca cma-

yuonaprot mouwkot Gy f.

N3 teopemsr 1 cieyer, 910 TOYKHU IKCTPeMyMa (DyHKIUU ABIAIOTCS
ee crarmonapubiMu Toukamu. Obparnoe Hesepuo. Hanpumep, ais GyHk-
M oHol Tlepemenroit f(x) = x3 Touka zg = 0 ABIAETCA CTAIOHAD-
HOHM TOYKOIl, HO HE ABJIAETCA TOYKOU IKCTpEeMyMa.

IMycrs dynkunusa f(x) apaxkapl HenpepbisHO auddepeHnupyema B
okpectHocTH Toukn 2 € R™ (T.e. wacTHBIe TTpoM3BOAHBIE DYHKIMH f
JI0 BTOPOT'O TIOPSIIKA, BKIIOYUTEILHO HEMPEPHIBHBI B OKPECTHOCTU TOYKHU
20). Torma cnpaseamusa creayomas dopumyra Teiimopa (rmasa 6, § 11,
Teopema 2):

£) — 1) = df(") + 2S00 + o[ ) pu Az 0.

Yepes f1(2°) 0603Ha41M CTPOKY YaCTHBIX MPOU3BOIHBIX TIEPBOTO TIOPS/I-
Ka WK, 9TO TO K€ CaMoe, KOOPJAWHATHYIO CTPOKY BEKTOPa IPaIUEeHTa;

fran) = (52600 gLa@).

a gepes f7 (2°) — MaTpHUIly 9aCTHBIX TTPOM3BOJHBIX BTOPOTO TIOPAIKA:

G A N i A
v o 0x10x1 0x, 011
#(20) =
I f
0x10x, (=7) 02,02, (=7)



[Tockoabky st ABaXKabl HENpPepbIBHO auddepertupyemoit ¢GpyHK-
nuu f 9acTHBIE MPOW3BOJHBIE BTOPOrO TOPSAIKA HE 3aBUCAT OT MOPSIIKA
mubdepentmposanus, To f1 (%) — cumMerpudeckas MaTpHa.

_ .0
X1 Ty
0 0
IMonaras de = Ax = x — 2z = , Af = f(z) — f(z?),
Ty — 22
[OJIy9aeM PABEHCTBA

0
Z 31’1 Nda; = f1(2°) da,

ZZ axzaxj O)dw;dej = (dx)" f1, (%) da. (1)

i=1 j=1

"3 dopmynnt (1) cremyer, aro sropoit auddepennuan byuknun f
ABJIAETCA KBAJAPATHIHON (POPMOIL OTHOCUTEIHLHO BEKTOPa dX.

Hamomunu, ato Kagpatmanaa dopma k(z) = 2T M z maspisaercs

1) HOMOKUTEIBHO onpeenentoit, eciu k(z) >0 Vz # 0;

2) orpunaTesbHO oupeeneHHoi, eciu k(x) <0 Vo # 0;

3) 3HAKOHeOMpeIesIeHHOM, ecan Jx1, 22 € R™ ¢ k(xy) > 0, k(z2) < 0.

Jlerko BUIeTH, uTO KBadparhmdnas dopma k(z) = 27 M x orpuma-
TeTLHO ONpeseNieHa, ecin Kpaapatmdanas dopma —k(x) = a1 (—M)x
HOJIOKUTEIBHO OIpeeena. s IpOBepKH IIOJOKHUTEIbHONR B OTPHIA-
TEJIbHOM OIPEIeIEHHOCTH KBAaJAPATUIHON (POPMbBI YI00HO MCIIOJIb30BATDH
kputepuii Cubeectpa. JlOKa3aTeILCTBO TOTO, UTO KBAAPATHIHASA (HOp-
Ma, 3HAKOHEOMPEIEJICHA, MTPOBOJAT IO OTPE/IeJICHHIO.

JIemma 2. Ecmm kBampatwanas dopma k(2) MOTOKHTENTLHO OMpe-
ZleJieHa, To

IAN>0:Vr € R" — k(z) > Maz|?

JokasaresabcTso. [lockombky dyrkimusa k(z) = 27 M x nempepnis-
Ha, a eamanyHas cdepa S = {x € R" : |z| = 1} orpannyena n 3aMKHy-
Ta, T.e. ABISETCA KOMIIAKTOM, TO CyIIECTBYeT migk(x) = \. 3 nono-

€

JKHUTEBHO OMpeNeTeHHOCTH KBaapaTnanoil dbopmbr k(x) cremyer, 9ro
A > 0. I3 onpejiesieHnst MUHAMYMa HostydaeM, 9ro VT € S — k(Z) > A.
Ecmu x = 0, To k(x) = 0, u HepasencTso k(z) > A z|? somommaercs.
Ecmm 2 #0, 0 T = ] € S, cenosarenbio, k() > A\, k(z) =
=o' Mz =|z?7T M7 = |z|>k(Z) > x| O



Teopema 2. (docrarounbie ycjaoBus skcrpemyma.) Ilycrs dbyukims
f(x) nBaskapI HempepbiBHO MEddepeHTIpyeMa B OKPeCTHOCTH TouKH 1°
u mycrs ¥ — cranumonapuas Touka ¢yHkmu f. Torma

1) eciiu xBagparununas dopma d2f(x?) nonoxurenso onpesenena,

1o 2° — Touka CTPOTOTO GE3yCIOBHOTO JOKAIBHOTO MHHHMYMa (ByHK-

uun f;
2) eciu kBaspaTuanasg dopma d? f(2°) orpumarensro onpeenena, To

20 — TouKa cTPOroro 6e3yCIOBHOrO JOKAIBLHOIO MAKCUMYyMa, (byHKIUT f;

3) ecim kpasiparuunasa dhopma d2 f(2) smakoneonpenenena, to z° me
SIBJISIETCSI TOYKOI 0e3yCJIOBHOTO JIOKAJIBHOTO SKCTPeMyMa, (pyHKInn f;

4) ecm kBagparmaHas popma d f(x°) He ABNAETCA HU TIOMOKITETb-
HO, HA OTPHUIATEILHO ONPEIEJEHHONR W He SBJISAETCS 3HAKOHEOPEIEIEH-
Hoit, To ¥ MOXKeT GBITH TOYKOI JIOKAIBLHOIO SKCTPEMYyMa, a MOXKeT H He
OBITh.

HoxkazaTenbcrso. Iockonnky 2 — crammonapHas TouKa, GyHKIAT

f, o df (2°) = 0, crenosarenbHoO,
Lo o 2 a
Afzid f(@”) +o(JAz|?) mpm Az — 0. (2)

1) Iycts kBagpaTranas dopma d f(2°) monoxuTempHO OMpe TeeHa.
B cuny nemmbt 2 X >0 : VAz € R® — d?f(2°) > A\|Az|?. Ozcrona
n u3 bopwmynnsr Teiinopa (2) cnemyer, uto Af > 2%|A:c\2 + o(|Az|?) mpu
Az — 0. ITo onpeeseHnio o-Manoro Aligﬁ O(|‘AA;|‘2 ) — 0, moaToMy

A A 2 A 2 A
lim72| i +02(| i ):7>0.
Az—0 |Az] 2

CnemoBaTebHO,
36> 0 ¢ YAz € Us(0) = JIAaf’ +of|Axf?) > 0,

nostomy Va € Us(z®) — f(z) — f(2°) = Af > 5|Az|> + o(|Az[?) > 0,
a sHaduT, ¥ — TOYKaA CTPOrOro GE3YCIOBHOTO JOKATBHOTO MHHIMYMA.
IMyuxr (2) cBomurcs k nyrkTy (1) 3amenoit dyuxmun f(x) ma — f(z).

3) Iycrs kBagparmamas dopma d2 f(zY) = (dz)T £ (2°) dz 3mako-
neomnpesenena, T.e. 3¢1,& € R™: &8 f7 (20)& > 0, & £ (29) & < 0.

[Mpumenss dbopmyry (2) s Ax = & ,m;onquM fa¥ + t?i) — f(a%) =
= Af = 3(An)T f1,(2%) Az + o(|Az?) = F(&)T [ (a) & 87 + o(t?)



npu t — 0. Ilockombky

hm( €7 7 &0 2 + ot )) @) )6 >0,
To 36 >0: Vi€ (0,61) — Afzf(a?O—thl)—f(Jfo) > 0.

Anajioruuno,
365 > 0: YVt € (0,0) = Af = f(z° +t&) — f(2°) < 0.

Tlosromy V6 > 0 Jt; = min{%1 i } dty, = min{%%%} TaKwue,

2|&1]
aro 1 = 20 + 416 € Us(2®), 2?2 = 2° + ta26y € Us(a®), f(zt) —
—f(@%) >0, f(z*)—f(z") < 0. Crenosarensro, Touka z° He sBasgeTCS
HU TOYKOH JIOKAJbHOIO MHUHEMYMa, HH TOYKOIl JIOKAJIBHOIO MAKCUMYMa

byaknun f.

4) Mycts f(x) — dyukums oxuoii nepemennoit « € R. Torna B ciryuae
1" (z0) = 0 xBagparwanas dopma d>f(xg) = f"(x0) (dr)? ne asngercs
MOJNIOKATETHHO ONPEIETIeHHON, OTPUIATETBHO ONPEIETeHHON, a TaKXKe
He SIBJISIETCS 3HAKOHEOPETIETEHHOM.

s bymxmm f(z) = 2 mmeem f(0) = 0, a Toura xg = 0 spAgETCS
TOYKOM MUHHUMYMaA.

Jnsa bdyskmun f(x) = 23: f(0) = 0, a Touxka 9 = 0 He ABIACTCH
TOYKOH IKCTpEeMyMa. O

Bamada 1. Ilycrs dyukuus f : R2 — R apask /sl HepepbIBHO Aud-
depenmupyema u det £ (z°) < 0. Mosker s bynknust f gocTurarh Jo-
KaJTBHBIH 6e3yCIOBHBIH IKCTpeMyM B Touke 207

§ 2. VYcaoBHBII YKCTpeMyM

IIycrs B oxpecrroctu Toukn r° € R™ 3a1anb! cKangpHas (QyHKIHI
91(x)
f(x) u BexTOp-byHKIUA g(x) = .-+ | . PaccmoTpum 331029y OTHIC-
gm ()
kanus skcrpemyma yuxmun f(z) ma mEOokecrBe X C R™, 3amanuOoM
cucreMoit ypasrenuii g(x) = 0:

Uccnenosats na sxcrpemy™ f(z) mo z € R™: g(z) = 0. (1)



Hasee Gyziem Bcera mpeanojaraTb, 9To Yucjo orpanudenuii g;(z) =
= ( MeHbIIE YUCTA MEPEMEHHBIX Zj: M < N.

Ecnu cucrema u3 m ypaszennit g(z) = 0 paspermmMa OTHOCHTEILHO
M IepPEeMEHHbIX, T.€. BeKTOp T € R" MOXKHO pa3durh HA JABA BEKTOPA

yeERM"uzeR"™™: = <‘Z> TaKWX, ITO

9y, 2) =0 = y=9(2),

Torja 3aja4a (1) OTbICKaHUs yCIOBHOIO 3KCTPEMYMA, CBOJIUTCS K 3a/1a4€
orbicKaHug 6e3ycioBHOro skcrpemyma dynkuuu f(p(2), 2).

OTOT MeTOI HA3BIBAETCA NPAMbBIM MEMOJOM, WA MEModom pa3pe-
WeHUA 02PAHUNEHUTI.

IIpumep 1. Haiitu nokanbube sxcrpemymbr Gyukman f(z,y, z) =
= —23 — 22 + 4oy + 222 — 4y? + 2yz — 2% upu ycaosum x +y — 2z = 0.
Pemienne. U3 ycaosus x + y — 2 = 0 MOXKHO BBIPA3UTh 2 = & + ¥,

TIO3TOMY HMCXOJHAA 3aJa9a CBOOAUTCA K 3ada9€ OTHICKAHUA 663yC.}'[OBHbIX

JOKaIbHBIX 9KeTpemymoB dbynknmn F(z,y) = f(r,y,x +vy) = —a3 +
+ 62y — 3y°. Haiinem cranmonapuble ToUkE GyHKIHAN F:
F.=0 -3z +6y=0 T =1,
F/ _ _ g 2 __
y=0 6x — 6y =0 T = 2x.

Dyukuus F umeer nse cramponapubie Toukn: (0,0) u (2,2).
HccneayeM 3HAKOOILpeIeIeHHOCTs BToporo nudbdepenuata B cra-
[MOHAPHBIX TOYKAX.

. [ —6x 6 / (0 6
IMockombry F(x,y) = < 6 _¢ ) ™ F"(0,0) = 6 g )
d?>F(0,0) = 12dx dy — 6(dy)?.

dr\ (0 2 _ dr\ (1
IIpn (dy)(l) umeem d°F(0,0) = —6 < 0, a npu (dy)(l)

nonygaem d>F(0,0) = 12 — 6 = 6 > 0. CrefoBaTenbHO, KBaJpaTHIHAs
dbopma d?F(0,0) snakoneonpesesena, u 3 Touke (0,0) HeT JIOKAILHOIO
SKCTPEMyMa.
—12

Marpuma F”'(2,2) = ( 6 6) OTpUIATEILHO OIpe/iesieHa, Tak
12 —6
—6 6
4T0 nposepsiercs 1o kpureputo Cunppecrpa: A; =12 >0, Ay =126 —

— 62 > 0. Tlostomy B Touke (7o,y0) = (2,2) dbynxkuns F mocturaer

Kak marpuna —F"(2,2) = ( HOJIO?KUTEJLHO Olpe/lesieHa,

10



JiokasibHoro Muaumyma. CrenosaresibHo, B TOUKe (Zo, Yo, 20) = (2,2,4)
dbynxmua f(z,y,2) OCTHraeT JOKATLHOTO MHHAMYMA, PABHOTO —Tj +
+ 61y — 3yi = 4.

Ecnu B 3a1a4e Ha yCIOBHBINA 9kcTpeMyM (1) He ymaercs pa3periuTb
OI'pPaHUYECHHUA, ABHO BBIPpA3UB OJHHU II€EPEMEHHBbBIEC KaK JOCTAaTOYHO IIPO-
cThle (DYHKIINKM JAPYTHX MMEPEMEHHBIX, TO CJAeAyeT HCIOIb30BATH METOT,
muoxkureseit Jlarpanxa.

Onpenenenne. Dynuxyuet Jazpansica g 3anaun (1) HaspiBaercs
byHKIMA

L(z,)) = f(z) + AT g(2) = f(2) + A1 g1(2) + - + A g (@),

A1
r7e BeKTop A = | -+ | HaspiBaeTcs BeKTOpPOM Mmhodicumenets Jlazpan-

Am

orca.

Teopema 1. (Heobxomumble yciopus sxcrpemyMma.) Ilyers a0 —
TOYKA JIOKAJTBHOrO 3Kcrpemyma B 3azade (1). Ilycrs dynkmus f(x)
u BekTop-byukius g(x) HenpepbBHO MudbdEPEHIUPYEMbl B OKPECTHO-
cru toukn x°. Ilycrs Bektopwr grad gy (2°),---,grad g, (z°) mmmeitmo
He3aBucuMbl. Torma cymeCTlgyeT BekTOp MHOkHTenei Jlarpamka A0 €

€ R™ rakoii, uTo TOUYKA SIBJISIETCSI CTAIIMOHAPHON TOYKON (DyHK-

x
)\0
num Jlarpamxa.

Onpenesnenne. Ilycrs BekTop-dbynkmus g(z) nuddepenmupyema B
rouke x°. Torna xacamervrvim nodnNpoCMPaHcMEoM K MHOXKECTBY [OILY-
CTUMBIX TOYEK HA3bIBACTCH MHOXKECTBO BEKTOPOB

Fxac = {dz € R" : dgi(z°) =0 Vie{l,...,m} }.

WubivMu cjioBaMu, KacaTeIbHOE MOAMPOCTPAHCTBO 00Pa3yI0T BEKTOPHI AT,
yIoBIeTBOpsIoIIre mpoanddepeHInpOBAHHBIM YPABHEHUSIM OTDAHUYE-
HUU, T.e. CUCTeMe ypaBHEHUH

%($O)dxl N ngi(xo) dx, =0,

%gT’;‘(Z‘O)dxl N 88%’:(330) dx, = 0.
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20
)\0
— cramuonapHas Touka ¢dyuknun Jlarpamxka. Ilycrts dynkuus f(x)
u BekTOp-byHKIWMA ¢(r) ABaXKIbl HENpepbiBHO auddepeHnupyemMbl B
oxpecrroct Toukn 2. Ilycts BekTopsr grad g1 (z°), - - -, grad g, (2°) mm-
neitno mesapucnMbl. U myers k(dr) = (dx)T L7, (2°,\°) dz — Bropoit
muddepentuan dyuknuu Jlarpanxka mo nepemenasiM . Torma

1) ecim kBagpaTwanas Gopma k(dx) nomoKuTENBHO ONpeeTeHa Ha
Exac, T.e. k(dr) > 0 Vdr € Eyxac \ {0}, To 2° — Touxa crpororo
JIOKAJIbHOrO MUHUMyMa B 3a1ade (1);

2) ecmu kBagparuaHas dopma k(dxr) oTpUIATENEHO OMpeneneHa Ha
Fxac, T.e. k(dr) < 0 Vdz € FEgac \ {0}, To 2° — T04Ka crpororo
JIOKQJILHOIO MakcumyMma B 3azade (1);

3) ecnu kBagparugnas dopma k(dx) 3nakoneonpenenena Ha Exac,
T.e. CYIMECTBYIOT BEKTODHI {1, & € Fyac: k(&) > 0, k(&) < 0, 1o 2° me
SIBJIAETCS TOYKOM JIOKAJILHOIO 9KCTpeMyMa B 3a1a4e (1);

4) ecyTH yCTIOBHSA TIPeIBIIYIIIX MyHKTOB He BBITIOJHEHBI, TO TOUKa, 7
MOKeT ObITh TOYKOIl JIOKAJILHOrO KcTpemyMa B 3aga4e (1), a Moxer u
He ObIThH €10.

JokazarenbcrBa TeopeM 1 u 2 OyayT NpUBEIEHBI TOCTIE PACCMOTPE-
HUST TIPAMEDA.

Teopema 2. (ocrarounbie ycsioBus skcrpemyma.) Ilycrb

IIpumep 2. Jocruraercsa au B Touke (0,0) JOKaIbHBIA 3KCTPEMyM
B 3aj1a4e

Ha skcrpemyM f(z,y) = 3y — 2z no (v,y) ER?: z+e®=y+e?¥? (2)

Pemienne. Ilockonbky ypaBHenune x+e* = y+e2¥ mepaszpemmmo ot-
HOCHUTEJIbHO X WJIH ¥, TO BOCIIOJIH3YEMCS METOIOM MHOXKuTesel Jlarpan-
xa. @ynknus Jlarpamxa nmeer sun L(z,y,A) = 3y — 22 + AM(a + e* —
—y — e?¥). Haitzem cramuonapuble Touku dyHkuum Jlarpamnzxa:

L =0 —24+XM1+¢€") =0,
L=0 & { 3+A(-1-2e)=0, (3)
h=0 T+et —y—e=0.

Tlonmyunnace cucremMa 3 Tpex ypaBHEHUIT JIsi OMPEIe/IEHUsT CTAI[MOHAD-
HbIX TO4Yek ¢yHkumu Jlarpamxka. B gannom mpumepe paccMarpuBaer-
ca touka (xo,y0) = (0,0). Hoacrapnas x = 0, y = 0 B cucremy (3),

12



o 0
mosydaeMm, 910 Touka | Yo | = | 0 | gaBagercsa crarmmoHAPHON TOYKOM
Ao 1
$ynknun Jlarpanzxka. CornacHo Teopeme 2, Telepb Hy?KHO HCCIEI0BATH
3HAKOOIPEIEIeHHOCTb Broporo muddepenmuana dyakmun L(x, y, Ag) =
=3y — 2+ (v + e® —y — e?¥) na Fyxac. Hockonbky d2L(z,y, \o) =
= e%(dz)? — 4e*(dy)?, To d*>L(zg,yo, No) = (dx)? — 4(dy)?. Haiizem ka-
CATEIBHOE TIOITPOCTPAHCTBO:

d
EKACZ{(dz> : d($+€m_y—€2y) :O}:
(z,y)=(0,0)

{8 s} () - wen)

[TosToMy mpu (f;;) € Exac\{0}: d?L(z0,y0,\0) = (%dy)z—4(dy)2 =

= —%(dy)2 < 0. CrenmoBarensno, kpajgparudanasa gpopma d2L(xg, Yo, Ao)
orpunaTenbHo onpenenena Ha Fyac. [Toaromy (0, 0) — Touka J0KATBHOTO
Makcumyma B 3aga4e (2).

3ameuanmne. lIpnMmenenne meToma MHOXKHUTENEH JlarpaHxka He Tpe-
Oyer pasperenus orpanndenuii. OHAKO JOKa3aTeILCTBO TeopeM 1 u 2
OCHOBAHO Ha TOM, 9TO B CHJIy TEOPEMBI O HeABHOH (DYyHKIHH OrpaHuYe-
nug g(z) = 0 MOXKHO Pa3peluTh B HEKOTOPO# OKPeCTHOCTH TOYKH TV,

Ounpegenenne. Bynem ropoputs, uTo B TouKe 2°
6uA A0KAALHOT paspewtumocmu orpanmdenuit g(z) = 0, ecou

1) g(a°) = 0;

2) Bekrop-dyukmmsa g(z) menpepbBHO quddepeHnupyeMa B OKpecT-
HOCTH TOUKH T}

3) Bektopsr grad g (2°), - - -, grad g,, (z°) mwmHeino He3aBHCHMBI.

BBITIOJTHEHbBI Y CAO0-

Tperbe u3 ycaoBuit TOKATHHON PAa3PEIIIMOCTH OTPAHNIEHII O3HATA-
€T, 9TO CTPOKHU MATPHUIlbl JAKOOH

9 9
o agll (xO) T 32 (xO)
Dg(x") = . K
( ) 9gm (xO) ... Ogm (xO)
o0z, Oxy,
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nureitHo HesasmcnMbl, T.e. rang D g(z°) = m. Caemoparennro, cyme-

CTBYTOT M THHEHO He3aBUCHMBIX cTos1610B MaTpuisl D g(2°). Bes orpa-

HUYeHus OOITHOCTH Oy/IeM CYUTATh, ITO MEPBBIE M CTOJOIOB MATPUILHI

D g(2") muneitno nezapucuMbl (€C/M 3TO HE TAK, TO MOMKHO IIEPEHYyMe-

POBATH TIEPEMEHHBIE X; TAK, YTO ITO YCJIOBUE BBINOJHsETC). Paszobbem
1 Ty I

BekTOp = | --- | Ha gBa BekTOopa: y = | -+ | uwz = --- |. Torma
T, T T,

f(x):f(y,z), g(m):g(ywz)’ L(.’E,)\)ZL(y,Z,)\>

Bynem obozmagars

of of
"0, %) = | =L (2%) - (a2
W= <59€1 =) axm(ﬁﬂ )>,
of of
(4", 2") = oy ... 24 (.0
", 2%) = ((‘hm“(x ) axn(m )),
) o )
gt = T,
) )
%(fvo) L Qa0
gL (y°,2°%) = e !
g (7))

[MockombKy TiepBble m cronbmnos marpumsl D g(z¥) mumreitno mezapncu-
MBI, & OHU SIBJIAIOTCS CTOJOIAMH KBAJIPATHON MAaTpPUILI g;(yo,zo), TO
det g;(yo, 29) £ 0.

U3 reopembr 0 HesiBHO# dynkiuu (raasa 12, § 4, reopema 1) nosyva-
€M CJICJLyIOULYTO JIEMMY.

Jlemma 1. Ilycrs B Touke ¥ BBINONHAIOTCA YCJIOBHA JIOKATBLHOM
pazpemmmoctu orparwdenuii. Torma cymecrByior uucna 5 > 0, v >
> 0 u bynknus p(z), nenpepsiro muddepennmupyemas B Ug(2?), Takue,

aro pu z € Ug(2°), y € U,(y°) cucremnr g(y,2) = 0 u y = ¢(z)
SKBUBAJICHTHBI.
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0
IIpu sToM TOuKa JIO = ABJIAeTCAd JIOKAJIbHBIM MHHHMYMOM
ZO

(MaxcumymoMm) B 3agade (1) Toraa m TOMBKO TOTAa, Korua z° sBjser-

Csl TOYKOil GE3yCIOBHOIO JIOKAJLHOrO MUHUMyMa (Makcumyma) (yHK-

man F(2) = f(p(2), 2).

JokaszaTeabcTBo TeopeMsbl 1. 13 yciioBuit reopemsr 1 cireyer, 9to
B TouKe 7 BBLIOIHAIOTCH YCIOBHUS JOKAILHON PA3PELIMMOCTH OIPAHU-
gennii. B cuy memmbr 1 cymmecrByer HenpepbiBHO aud dbepeHnmpyemast

0
bynxuua o(z) Takas, 9To B OKPECTHOCTH TOUKH 10 = zo

9(y,2) =0 = y=p(2).

Tpebyerca pokazars, uro cymectsyer sexrop A\’ € R” Takoii, 410 TOuKa,

yO

20 | aBaserca crammonapHoit Toukoit dbynkmym Jlarpamka L(x, \) =

)0
= f(z) + M\ g(z), Te.

L, (y°,2%,X%) =0,
L (yo 2020 =0,
Lh(y°, 2%, A% = 0.
0
IMockonbky Touka ¥ = ~0 | YAOBIETBODAET OrpaHMdeHmsIM g(x) =
= 0, o LA (y°,2°, X% = (g(2°))T = 0. Cnenmomarennno, ypapmuemnue
LA (y°,2°,\Y) = 0 BbInosHeno aBToMaTHIecKH.
Onpenemum  Bektop A’ u3  ypaBHeHus L;(yo,zo,)\o) = 0
L, (y° 2° /\0) = [1°%2% + AT g,(y° 2% = 0. Iockombky

det gy(y 2%) # 0, To cymecTByer MaTpuma (gy(yo 29))71, m Bexrop A\°

MO2KHO OIpeenThb o (hopmyJie
M) = —f 4%, 2°) (g, (4°,2%))

Ocrasioch moKa3aTh, uTo BhMOHAETCA paserctso L. (y0, 20, \0) = 0.

ITo ycmosmio Teopembr 1 Touxa 2° mocTapaseT TOKaTBHBIH 3KCTPEMyM

B 3amade (1). Orciona u u3 aemMel 1 cremyer, ato 20 — TodKa MOKab-

Horo 6e3ycoBHOro sxcrpemyma Gyukuuu F(z) = f(p(2), 2). TTockonb-
0,

Ky ¥y = ¢(2) — 310 pemenne ypapnenus g(y,z) = 0, To g(p(z),z) = 0,

15



CIIeZI0BATENBHO,

F(z) = f(p(2),2) + ()T g(p(2), 2) = L((2), 2, X%).

0

U3 Teopewmsr 1 § 1 cnenyer, uto z” — cranmonapras Touka dbynkmnm F'(z),

r.e. F/(2Y) =0, a snauur,
/ 0y L0 0y, /(.0 / 0y ,0 \0y _ 7
Ly (p(27), 27, A7) 2 (27) + LL(p(27), 27, A7) = 0.
Orciona u u3 yenosuit y° = ¢(2°), Ly (y°,2°,A%) = 0 caeayer, uro

L (50,29, X0) = 0. 0

JlokazaTeabcTBO Teopembl 2. U3 yciioBuit TeOpeMbl 2 CIIeAYeT BbI-
NIOJIHEHVE YCJIOBUAH JIOKAJIBbHON PA3PENIIMOCTHA OrPAHUYEHUN B TOYKe 20,
B cmiy memmbr 1 Touka ¥ gocTaBiser MOKaTbHBIH MHHAMYM (MaKCH-
My™m) B 3amade (1) TOrga m TOMBKO TOra, KOria To4uka 2z’ j0CTaBiid-
er Ge3ycJOBHBIN JOKaIbHBIH MuaumyM (Makcumywm) byaknun F(z) =

= f((2), ). Tockomky g((2),2) = 0, T0

F(z) = f((2),2) + (AT g(p(2), 2) = L(p(2), 2, A°). (4)
CreoBateno,

FL(2%) = Ly (p(2°), 2% A%) L (2°) + L2 (0(2°), 2%, X%) =

=L, (1, 2%, A% ¢, (2°) + LL(y°, 2°, \°).

0
Y
IMockonbky | 2° | — crammonapuas touka dbyukmun Jlarpamxa, To
)\0
L' (y°,2°,X%) =0, L.(y°, 2°, \°) = 0, cremoparensno, F/(2°) = 0, T.e.

ig

zY — cranmonapHast Touka dbynkuun F(z).

Cormacuo Teopeme 2 § 1, HamHame B TOUKe z° IKCTpeMyMa (YHKITUH
F(2), a 3na4ut, n Hammame B Touke ¥ sKcTpemyma B 3aja4e (1), 3apucut
OT 3HAKOOIIPEIeJeHHOCTH KBajparudanoi dopmbr d?F(2°).

B cuny maBapuanTaOCTH hOpMBI IepBoro nuddepeHImalia, moayva-
em

0

dF(z2) = Ly (y, 2, A°) dy + L(y, 2, \°) dz,

rae y = p(2), dz — npupalieHne BEKTOpa HE3aBUCUMBIX IIEPEMEHHBIX Z,
a dy = do(z). Haiinem d?F(2°):
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d(Ly(y, 2, X°) dy) = Ly, (y, 2, X°) d*y +

0 0
+ (L (y, 2, A7) dy)y, dy + (L, (y, 2, A") dy)’ dz.
Hockombry Ly (y, 2, A°) dy = (Ly(y, 2, A°) dy)" = (dy)" (L} (y, 2, \°))7,
TO (Lg/(y,z,)\o) dy)y, = (dy)T L (y,2,A°).  Amamormuno,

vy

0 _ T 0

(Ly(y, 2, \") dy)’, = (dy)" Ly, (y, 2, A°). TlosTomy
0 _ 0 2
+ (dy)" Ly, (y, 2, \0) dy + (dy)™ L. (y, z, \°) d=.
Amanoruyno, yuntssas, uto d2z = 0, Hoayuaem
d(L%(y, 2, \°) dz) = (d2)" LY (y,2,A°) dz + (d2)" LY, (y, 2, \°) dy.

CitetoBaTesbHO,

d°F(2) = L, (y, 2, \°) d*y + (dy)" L), (y, 2, A°) dy +

2(dy)" Ly (y, 2, X°) dz + (dz)" L (y,2,\°) dz =
= L, (x,\%) d*y + (dx)" LY, (2,\°) da.

IlockombKy — cramuonapuas Touka dysknum Jlarpamxka, TO

20, \0) 0 O3TOMY
d’F(2°) = (dz)T L7 (2%, \°) dz = k(dx).

y = ¢(z) caenyer sKBu-

U3 skeuBanentHoctu cucrem ¢(y,z) = 0 u
»(z). Hockombry dz € R*™™

panenTHOCTH cuctem dg(r) = 0 u dy = d
d
— npou3BoJIbHLI BekTop, dy = dp(z°), To dr = dz> — IPOU3BOJIbHbII

BeKTOD, yaosaersopsomuii ciucreme dg(z°) = 0, T.e. dx — TPOU3BOIDL-
HBII BEKTOpP M3 Fyac. CremoBarebHO, 3HAKOONPEIEIEHHOCTh KBAIpa-
tranoit popmet d2F(20) = (dz)T FY. (2°) dz Takas e, Kak 1 3HAKOOMpe-
JIeIEHHOCTH KBagpaTudHoii ¢opmbl k(dr) ma mommpocrpancTBe Eyac.
IIpumenenue reopembr 2 § 1 3aBepiiaer A0Ka3aTeabCTBO TeopeMbl 2. [
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I'nasa 14

KPATHBI UHTETPAJI

§ 1. Kparusrii uaterpan Pumana.
OrpaHn4YeHHOCTh MHTErpuUpyeMoit pyHKIUN

Onpenenenune. Jluamempom muoxkectsa E C R™ nazwiBaercs cy-
MPEMyM PACCTOSHUN MEXK/ly [BYMsl JIEMEHTAMHU STOr0 MHOYKECTBA!

diam (E) = sup |z —y|
reE,yekE

Onpenenenune. Pasbuernuem ndvepumoro muoxkectsa E C R™ na-
3pIBaeTCA KOHeuHblil nabop muoxects T = {F;}_ | maxux, uro

1) muoxecrsa E; uzmepumbt o 2Kopiany;

2) muoxecrsa E; u E; npu ¢ # j He ©MeIOT OOIINX BHYTPEHHNX TOUEK
(MOryT TepeceKaThCs JIUIIb 110 TPAHUIIE);

I
3) U E;,=E.

=1

1=

Omnpenenenne. Meaxocmvro pasbuenus T = {E;}]_, naspBaercs
MAKCUMAJIbHBII JHAMETD 3JIEMEHTOB 3TOr0 pa3bueHus:

(T) = max diam (E;).

1=1,...,

Oupegenenne. Ilycts 3anansr pasouenne T = {F; }!_, usmepumo-
ro muoxectsa E C R", Beibopka &r = {&}L,, & € E; n dynxmus
[ E — R. Humeeparvroti cymmoti Pumara Ha3biBaeTCs

I

o(f;T;ér) = Z f(&) p(Es).

=1

Onpenenenne. Yucio J Ha3bIBAETCS N-KPamHbim unmezpasom Pu-
mana dyukuun f(x) no uamepumomy muoxkecrsy F C R™ u oboznaga-
ercst

18



n

——

J:/.../f(:c)dxl - da,

E

m o(f;T;ér), e

eciim J = i
£(T)—0

Ve>036>0:VTVér: UT)<6 = |o(f;T;ér)—J|<e.

Ecnu cymecrByer KpaTHbiii naTerpaj GyHKIUN f 10 MHOXKECTBY F, TO
byHKIMA [ Ha3bIBaeTCA uHMezpupyemoti Ha MHOKecTBe F.

Hecnoxno nokasars, 4To onpejenenne nuterpaia Puvana mo orpes-
Ky [a,b], manHoe B raBe 7, SKBUBAJIEHTHO OMPEIEIEHUI0 1-KPATHOrO WH-
Terpasa mo MHOKeCTBY E = [a,b]. Takum 06pa3oM, TOHATHE KPATHOTO
nHTerpasa Pumana asisercsa oboOIeHneM MOHITHSA HHTerpaia Puvamna
0 OTPE3KY.

N3BectHOo, uTO eciiv DyHKIWS OTHOI MEPEMEHHON MHTErpupyeMa Ha,
OTpe3Ke, TO OHA, OTPAHUYEHA HA 3TOM OTpe3ke. Cleayomuii TpuMep mo-
KaspiBaer, 4To dyHkima f(T) MOXKeT ObITh WHTErpUPYEMa HA U3MEpPU-
MOM MHOKecTBe F, HO He OBITH OrpaHnYeHHON Ha F.

Onpenenenue. Jlexapmosovim npoudsederuem muoxkecrs X u Y Ha-
3BIBAETCA MHOXKECTBO Beex map (z,y), tne ¢ € X,y € Y. Ecm z =
= (21,...,20) € R", y = (y1,...,Ym) € R™, 10 mapy (z,y) Gyzem
OTOXKJIECTBJIATD C BEKTOPOM (X1, .+ -+, Ty Yy - -+ Ym) € RVT™,

Paccmorpum B R? MHOZKECTBO

E= ([0, 1] % [0, 1]) U((1,3) X {0}).

f(z,y) =0
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0, z € 0,2,
Myers f(z,y) = { 1/3-z), € E2,3]).
npu ¢ — 3, 10 bynkua f Heorpanmvena Ha maokectse E. [Iycrs T =
= {E;}l_, - pasouenne mmoxecrsa E menxoctu £(T) < 1. IlockombKky
diam (E;) <1Vie {1,...,I}, To ubo E; me mepecekaercs ¢ KBaIpaToMm
[0,1] x [0, 1], mGo E; me nepecekaercs ¢ uarepsaiom (2,3) x {0}. B nep-
BoM ciyuae ((E;) = 0, Bo Bropom — 1j1st m000# rouku & = (x4, y;) € E;
semmosastercst f(&;) = 0. Urak, f(&) pu(E;) =0Vi € {1,...,1}, nosromy
o(f;T;&r) =0 npu £(T) < 1, ciemosaresibuo, uarerpas Pumana dyHk-
muu f mo muOkecTBy E cymecrsyer u pasen 0.

IMockonbky f(x,0) — oo

Teopema 1. Ecmm E = int £ w dbynxuus f(r) waterpupyema ma
mHOXKecTBe F, 1o f(x) orpanndena na E.

HokaszaresbcTBo. IIpeanonoxum npoTuBHOe: (BPYHKIHMA [ HEOrpa-
amuena Ha E. Torna cymecTByeT mocaea0BaTesbHOCTb TOUEK { Tk f oo, C
C FE rakag, uro f(xp) — oo npu k — oo. ITockonbky dbynknusa [ un-
rTerpupyema Ha F, To MHOX)eCcTBO E M3MepuMo, a 3HAYNT, OTPAHUICHO.
IlosTomy MHOXKecTBO E sBjIseTcsa KoMmakToM. CIiel0BaTebHO, U3 10~
caeoBaTenbHOCTH {1, } C E MOYKHO BBIIETUTD MOJIOCTEI0BATETLHOCTD
{ay,}, cxonamyiocs k mexoropomy T € E.

Beibepem npoussosbHoe amcio 6 > 0. O6o3nauum dyepe3 F; mepece-
uenne muoxecrsa E u d-okpecrnocru rouku 7. Ilockomnbky f(2y,) — 00
npu j — oo u xy,; € Ey npm mocrarouno Gombmmx j, TO dymKiusd f

HeorpanudeHa Ha MHoxkecrse I, 13 yenosus E = int E caegyer, 4ro
Z € int F, mostomy Jzy € (int E) () E1, otkyzna caenyer, uro u(Er) # 0.
3 sToro ycaoBus u Heorpanudennoctu Gpyuknun f Ha 7 BbITeKaeT, 9To
nyTeM BbIOOpa Toukm &1 € Fy wncno f(&;) p(E1) MOXKHO ¢IenaTh CKOb
YTOIHO BOJIBIIMUM TI0 MOJLYJIIO.

Jocrpoum paséuenne T = {E;}_, muoxecrsa E rak, urobwt £(T) <
< 20 u MHOXKeCTBO E ABISAIOCH EpBBLIM 3j1eMeHTOM pasbuenus T. Ilo-
CKOJIbKY BbIGOpOM ToukHM &1 cymmy Pumana o(f;T; &) MOXKHO caesaTh
CKOJIb yroziHo 60JbInoii mo Moy, £(T) < 260, a uuciao 0 > 0 — npo-
U3BOJBLHO, TO HE CyNIeCTBYeT KOHEHYHOro Ipejiena e(%n . o(f;T;¢1), Te.

—

byukuusg [ HemHTerpupyeMa Ha MHOXKecTie E. ITosyyennoe nporusope-
qpe 3aBEPIIAET JI0KA3ATETHCTBO TEOPEMBI. O

§ 2. CsoiicTBa KpaTHOTO MHTErpaJa

Onpenenenne. Ilycrs dbynknusa f(x) orpannueHa Ha U3MEPUMOM
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muoxkectBe E C R™ u nmycTh 3a/1aH0 pa361/IeHHe T = {E;}._, vnoxecTra

E. Onpenenum wncna m; = inf f(z), M; = sup f(x), (i = 1,...,I).
zeE; z€E;
Huoicneti u eeprneti cymmamu Japby HA3BIBAIOTCA COOTBETCTBEHHO YHC-

Jia
I I
=Y miu(E),  S(f;T) =) M p(E;
i=1 =1

Csoiicrbo 1. (Onpezenenne unrerpaia Puvana yepes cymmbr Jap-
6y.) Yucao J siBisiercs KpaTHbIM MHTErpajioM PuMana orpaHuyeHHOl
dynkuun f(x) mo usamepuMoMy MHOXKeCTBY F TOrma M TOJNBKO TOLIA,
KOTIA

J:al%?ios(f ;T) :Z(llggoS(f;T).

Csoiictso 2. (Kpurepuii uurerpupyemoctu dyuknuu.) Orpannyen-
Hag bysknus f(x) unTerpupyema Ha uzmepuMoMm MHOXKecrBe E C R”™
TOT/IA ¥ TOJBKO TOTIA, KOT/Ia,

lim (S(f:T) = s(f51)) =

£(T)—0
IIpu sTom

(fT_SfT sz

rne wi(f) =M;—m; = sup |f(a’)— f(2")] — xonebanne dbynkuyn f
P =y of
Ha MHOXKeCTBe F;.

CsoiictBo 3. (Croiicreo muneitnocru.) Ecmm dbysknun f(z) u g(x)
HHTEerpupyeMmbl Ha MHOXKecTtBe F C R"™, 10 1yist sit00bIX dncen o, 8 pyHK-
mua of (x) + Bg(x) unrerpupyema na muoxkecrse F u

[ [+ so@yas - s, =
E
—a/ /f Ydxy - da?n—i—ﬂ/ / Ydxzy -+ da,.
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Csoiicro 4. (Uurerpuposanue nepasencrs.) Eciu dyukiuu f(x)
u g(x) uarerpupyemsr Ha MmHOKecTBe F C R™ m f(z) < g(z) nmst mobbrx
z € FE, to

/---/f(x)dan ~-~dxn§/~-~/g(x)dm1 <o day,.
E E

Csoiictso 5. (Uuarerpupyemocts momyns.) Ecin dbynkuus f(z) un-
rerpupyema Ha MEOKecTBe ' C R™, T0o ynkmmsa | f(x)| Tak:ke maTerpn-
pyema Ha MHOXKecTBe F.

CsoiictBo 6. (Uurerpupyemocrs 1o nopmuoxecrsy.) Eciau dyHk-
s f(x) unrerpupyema Ha MHOXKecTBe E, TO f mHTErpmpyema Ha JIo-
60M M3MEPUMOM TIOJIMHOKECTBE MHOXKeCTBA K.

JokazarenbcrBo cBOiicTB 1-6 aHAJIOIUYHO JI0KA3ATEIHCTBY COOTBET-
CTBYIOIIIUX CBOUCTB WHTerpajia PuMana mo oTpesky.

Teopema 1. (CBoOiiCTBO aJIMTUBHOCTH KPATHOTO MHTErPAJIA OTHO-
CUTEJIbHO MHOYKECTB uHTerpupoBanus.) Ilycrs dyukuusa f(x) orpanu-
geHa u wmHTerpupyema Ha mHOXKectBax X C R"™ u Y C R", me umero-
mux o6mux BHyTpeHHWX Touek. Torma f(z) mETErpmpyema Ha MHOKE-
cree X JY, npuaem

[ [ f(@)day - - dz, =

XUy (1)
=[-[fl@)dxr - dan+ [ [ f(z)dey - dx,.
X 1%

Joka3zareabcTBo. Tak Kak dyHKns f orpannterHa Ha MHOYKECTBe
XUY,103CeR: Ve e XY — |f(x)] <C.

[ycTs 3amano mpomssonbHoe pasbuennme T = {E;}._; muoxkectsa
XUY. Ompenermm X; = XN E;, Y, =YNE;, Vie{l,...,I}. U3
HEIIyCTBhIX MHOXKecTB X; cocraBuM pazdmenue Tx mHokKecrBa X, a u3
HEMyCThIX MHOXKECTB Y; — pa3bmenme Ty mHOXKEeCTBa Y. Paccmorpum
MHOKECTBO MH/IEKCOB

J={ie{l,....I} : BE;¢ XuE;[|X#0}.
Tornma
|s(f;T) = s(f; Tx) = s(f; Ty)| <20 u(E). (2)

i€J
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ITockosbKy 1pu ¢ € J cymecTByOT Touku &,y € E; takne, 9to €
€ X,y ¢ X, To Ha OTpe3Ke C KOHIAMHK B TOYKAX & M Y HalJeTcs TOYKa
z € 0X. Cnenosarenpno, E; C Us, (0X), rme §; = 2diam E; < 2¢(T).
Hosromy |J Ej C Uy (0X). Tak kax p(90X) = 0, 10 B cuity nemmbl 2

i€J
§ 1 rmaspr 7 mumeem 1" (Uzg(ry(0X)) — 0 upu £(T) — 0. Crenosaressuo,

Z.U(Ei) =u (U Ez) < p*(Uze(y(0X)) = 0 mpu  £(T) — 0.

i€J i€J

Orciofa U3 HepaBeHCTBA (2) MOy daeM

lim (s(f5T) = s(f:Tx) = s(£:Ty) ) = 0. 3)

£(T)—0

O60o3Ha9uM

JX=/~)-(~/f(x)dx1 <o day, Jy=/~}-/~/f(x)dx1 <o dxy,.

Tak kak £(Tx) < 4T), 4Ty) < /T) u B culy UHTEIPUPYEMO-

cru dynkmun f wHa MHOX)ectBax X w Y ChOpaBeIuBBI PABEHCTBA,

lim s(f;Tx)=Jx, lm s(f;Ty)=Jy, T0 u3 coornorenus (3)
£(Tx)—0 4(Ty)—0
HOJIy 4aem K(li§n s(f;T) = Jx + Jy. Anajoruyso, mjis BepxHe# CyMMbI
T)—0
Hapby Z(li§n . S(f;T) = Jx + Jy. IlosTomy cymecrByer
T)—

/.../f(gj)dxl-«-dmn:JXJrJY- =

xyy

3ameuanne. [lnsg HeorpaHuyeHHON (PYHKIMKU f U3 MHTEIPUPYEMO-
cru [ na muoxkecrsax X u Y He ciepyer unrerpupyemocrs f Ha X (Y.
Iyers, manpmvep, X = (0,1) x (0,1), Y = (0,1) x {0}, f(z,y) =

1

= { (1),/x zs%o’ ) ITockonbky cymmvbr Pumana dyuxmmn f mo so-
OoMy pa3dmeHuio MHOXKeCTBA X u Y pPaBHBI HYJII0, TO 2-KPATHBIE HHTE-
rpasbl dyukiun f mo MmEOX)KecTBaM X # Y CYIIECTBYIOT W PABHBI HYJIIO.
TMockombky mias muoxkectsa X JY = (0,1) x [0,1) umeer mecTo ycmo-

Bue int (X JY)=XJY =10,1] x [0, 1] u dynkuus f meorpannuena na
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muoxkecrse X (JY, To B cuny Teopembr 1 § 1 dyukuusa f weunrerpupye-
vaua X JY.

Teopema 2. (Jocrarounoe ycsioBue unrerpupyemocru.) Eciu
dbyuknus f HenpepbiBHA HA u3MepuMoMm kommnakte F C R™, to f wH-
terpupyema Ha E.

dokazarenbcTBo. B cuny teopembr KanTopa w3 HenpepbIBHOCTH
dynxmun f(x) Ha KOMmakTe F cremyer ee pABHOMEPHAS HEMPEPBIBHOCTE
HA 9TOM KOMIIAKTE, T.€. MOJyJib HelpephIBHOCTH PyHKIUU f:

w(d) = sup If(@')— f(")| =0 npu &—0.
'z eE, |z —x'|<d
HockombKy s goboro pasémenma T = {E;}L_, wmHOxkecTBa
E mwpun 2',2” € E; somonmsierca wepasenctBo |¢f — 2| <

< diam (E;) < £(T) < 2¢(T), to w;(f) < w(2¢(T)). CnenosarenbHo,

I I

ST = s(fT) = S wil ) () < w(UD)) S p(Ey) =

=w(20(T)) u(E) -0 mpu £(T)— 0,

¥ B CUJIy KpUTepus uHTerpupyemoctu ¢GpyHkius f maTerpupyema na F.
O

Tn+1

Tpy1 = (T1,...,T)

OmnpeneseHue.
MuoxkectBo G C
C R masnBaer-
CS INEMEHTNAPHBIM
OTMHOCUMENBHO OCU
Tpy1, ECHHH  CYIIIEe-

CTBYeT HM3MEPHUMOE v

mHOXKecTBO FF C R™
U HeIpepbIBHLIE Ha,
3aMBIKQHUN E /
bymcumn (),

Y(x) rakwme, w|TO @
plz) <y¢(z) Vze

ek,

Z1
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G={(z1,...,2pny1) : (x1,...,2y) € E,
o1,y Tn) < Tppr < P(1,...,20)}-

Teopema 3. DiiemenrapHoe MHOKECTBO (4) U3MepUMO u

- for- i

Joxkaszareabctpo. Ilycrs T = {F;}!_, - npoussosbnoe paszbuenue
muozkecrsa E. Tna mo6oro ¢ € {1,...,I} obo3nadum

m? = inf ¢(z), M7 =sup p(x), m?: inf (), Miwz sup ¥(x).
zeE; 2€E; zeL; z€E;

Paccvorpum muOXKECTBA

B;=FE; x [mﬁMiw],

B cuuy reopembt 4 §1 ruaBbl 7 (reopeMbl 06 U3MEPUMOCTH LUJIMHJIPA)
CYIIECTBYIOT

(m¥ — MY u(E;), My <m),
0, M? >m?,

a suaunt, p(A;) > (mf — M?)u(E;). TIocKOmbKY TIpH @ # j MHOXKECTBa
E; n E; se nmeroT oOIUX BHYTPEHHUX TOYEK, TO TeM XKe CBOHCTBOM
obanator muoxectBa A; u A;, a rakxke B; u B;. CiegosarenbHo,

I I
p(A) =" p(Ay) =D (mf = MP)u(E;) = s(y; T) — S(; T).
=1 =1
Taxk kak A C G, 1O

1 (G) = pe(A) = p(A) = s(;T) = S(; T). ()
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Tlo Teopeme 2 byHKIMHU U 1) HHTErPUPYEMbI HA H3MEPUMOM KOMIAKTE
E, a snaunt, u na E. Tlosromy (hm (s(; T)—S(p;T)) = J, vne BBEOE-

Ho obosnavenue J = [--- [(¢(z) — p(z)) dzy - - - dx,,. Ilepexons B Hepa-
B

Bercree (5) k npeneay npu ¢(T) — 0, monygaem p,(G) > J. Anamorna-
HO, UCTIOJIL3Y 4 BKIoderne G C B, npuxonum k uHepaseacrsy pu*(G) < J.
Tostomy cymecrsyer pu(G) = J. O

W3 Teopembr 3 u KpuTepus U3MEPUMOCTHU CJIELyeT TAKKe, 9TO I'Pa-
buk ckanapHoil QYHKIMY, HEIIPEPHIBHOM HA M3MEPUMOM KOMITAKTE, Me-
eT Mepy HYJb.

§ 3. CBeneHume KpaTHOTO MHTETrpPajia
K TOBTOPHOMY

Teopema 1. Ilycts 3amamno m3mepumoe muoxkectso 2 C R™, orpe-

30K [a,b] u byuxuma g(x1, ..., Ty, Y), HATErpUPyeMas Ha UIHHADE () =
= E x [a,b] C R HyCTb ISt mi000it TOUKY T = (9:1,.. ,xp) € E
CYIIEeCTBYeT HHTEerpal f g(x,y) dy. Torma bynxuus h(z f g(z,y)dy

WHTErpupyemMa Ha, MHO}KeCTBe FE u cnpaBemnusa d)opMy.na

/-u/g(:cl,...,xn,y)dxl codry dy =
Q
b
:/~~~/dx1 ~~dxn/g(x1,...,zn,y)dy.
E a
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BOJIBHOE YHMCIO § > 0. b
Hycrs TF = {E;}, -
MIPOU3BOJILHOE Pa30ueHne
MHOXKECTBA F MesjkocTm ¥ e
(TF) < 6. Mycers §re =

_ {51}11:1 — NIPOW3BOIb- Z/,{Cil' .............................. l——

Joka3zaresbcTBO. Yy
Sadurcupyem TTPOM3-

Hasl BBIOOPKA, COOTBET- AL
CTByOIIag  pasbmeHmio ., L ... |free] ~estes
TE 1.e. & € E; nna mo- \
6oro i € {1,...,1}. Tak

b
xax h(&) = [9(&,y)dy, >

a
TO O  OIPEIEJICHUIO
nHTErpata Pumana cy-
k1K
T
pasbuenue orpeska [a,b)

TaKoe, WTO 7 JII0OOTO 1
ie{l,....I}
ko k—1
AR, <4é 1
ke{rlr}_e}?fm\yz yi | < (1)
n

<.

K;
h&) = (&l (W — i)
k=1

YMuoxKas mocnennee HepapeHcTBO Ha u(FE;) W cymmupyd 1o i €
e {1,...,I}, momyuaem

I IR
D n(ENE) =D D wE)g (& ur) (v — )| <
=1 =1 k—1
! (2)
< Z/‘L(EZ)(S = uw(E)é
=1
O6o3uaunM
E_ k=1 k Q _ kv = ok i=1,...,1 .
Qi = E’L X [yz > Ui ]7 T6 {Ql}k;}g ) §T69 {(€Z7yz )}kzl, .... z

i

27



3 teopewmsbr 4 § 1 ryaBer 7 (TeOpeMbI 00 U3MEPUMOCTHU IUJIMHIPA) CJIe-
ayer, aro pu(QF) = p(E;) (yF — yr ) TosTromy HEpaBEHCTBO (2) MOKHO
3amucaTh depe3 cymMMmbl Pumamna:

o (0T & ) = o (9,78 a0 )| < w(EDS: 3)

B cuiy teopemsr ITudaropa, ucnonssys mepasencrsa (1) u £(TF) < 6,
HOJTydaeM HepaBeHCTBA

diam QF < \/(diamEi)2 + (yF =y 1) <A\ J(U(TE))2 462 < 5V2.
TlosTomy
UT$) <ovV2—0 upu §—0. (4)
0O603H2°YnM

J:/---/g(:z:1,...,$n,y)d$1 <o dzy, dy.
Q

Tlo ompenenenuto wuHTErpajsia W B Cuily cooTHOleHus (4) umeem
o (g,T(?,ng]) — J mpu § — 0. CrnemoBareanbHO, UCTIONB3Ys HEPABEH-
cTBO (3), mosyuaem

o (0 TF trp) =20,

TO €CTb CyIIeCTBYeT

/--~/h(m)dx1 dz,=J O

3ameuanne. U3 teopemsr 1 ciemyer, uro ecau dyukuus g(z,y) uH-

Terpupyema Ha HpHMOyFO.HbHI/IKe [a,b] X [¢,d] m cymecTByIOT MOBTOPHDIE
d b
UHTErPaJIb fdxfg z,y)dy u fdyfg x,y) dx, TO OHE PABHBI KDATHOMY
a (&
W, CJIEJIOBATEHHO, DABHBI Mex{ﬂy coboit. Ecan e KPATHBI HHTErPAT He

CYIIECTBYET, TO yKa3aHHBIE HOBTOPHBIE HHTETPAJIBI MOTYT CyIECTBOBATD,
HO ObITh pasaumunbiMu. Hanpumep, mns dynkoun g(x,y) = %
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11 11
umeer mMecto | dy [ g(z,y)dx = —7/4, wo [ dx | g(z,y)dy = w/4. [leir-
{ 0 0 0

1

1
CTBUTEIHHO, MHTETPUPYSA TIO HACTAM, TIOTyIaeM f x;i%yz =
0

+

T _
2102
ety 0

1 1

2 2 2 =1
T T Y - _ _ T _
+23[ R dz, cnemoBaTeIbHO, ({ ($2+y2)2d1‘ =— =t

T 4y

=0
11 L
_ y
nosromy [dy [g(x,y)dx = — [ Tro?
0 0 0
Terpasl BBIYHCIIETCS AHAJIOTIIHO.

= —7/4. Bropoit noBTOpHbIH WH-

Teopema 2. IlycTs
1) muO)KecTBO G 3JIEMEHTAPHO OTHOCUTEIHHO OCH Lpy1, T- €.

G = {(‘Tla"'axn+l) : (xla"'vxn) GEa

o(T1, ..oy Tn) < Tpyr < w(xl,...,xn)},

rae PYHKIUU ¢ U 1) HENPEPHIBHBI HA 3aMBIKAHUNA W3MEPUMOr0 MHOXKE-

crBa E m p(z) < Y(x) V€ E;

2) dbyuxmust f(z1,...,%n41) OTPAHAYEHA W WHTETPUPYEMA HA MHO-
xkecree G}
3) auist m0boit ToukM (T1,...,Ty,) € E cymecTByer nHTErpa
'(/)((L‘l,...,wn)
h(zy,...,2,) = f@e, .o Tpgr) dpg.

o(@1;5-052n)

Torma ¢dyuknma h wHTErpHpyemMa Ha MHOXKecTBe I m cmpaBemnimsa
dopwmyra

/.../f(zl,...,xn+1)dxl s dpg =
G
Y(x1,...,Tn) (5)

://dxl da’;n / f(.’]’,‘l,...7$n+1)dmn+1-
E

@(x1,..3Tn)
HoxkazaresnbcrBo. Onpenesmmm wmcna a = min ¢(z), b = max(x)
E zeE

TE
u MHOXKecTBO ) = E X [a,b]. Ha MHOXecTBe §) onpenennm byHKINO

29



_ f($17--~,117n+1), (‘Tlv"'7xn+1)€G
g(l‘ly .a$n+1)— { 0, (xl,...7xn+1)¢G.

TTockosbKy (byHKIUS ¢ OPpaHUYEHA U WHTErpUpyeMa Ha MHO)KecTBax GG
u Q\ G, 10 10 CBOHCTBY aJIIMTHBHOCTH MHTEIPAJIA, OTHOCUTEIHLHO MHO-
KECTB MHTerpupoBanus (DYHKINS ¢ HUHTETPUPYEMa Ha MHOKecTBe {2 u

S Jg(@,.. xpy1)dey - depg =

Q
:/~-~/g(x17...7xn+1)d$1 cdTng +
G

+/.-~/g(x1,...,xn+1)d$1"'d$n+1: (©)
i\e!

:/-~-/f(131,-~-755n+1)dx1 "'dxn+1'
G

b
B cuny reopemst 1 dyukuust h(z1, ..., 2n) = [g(21,. .., Tnt1) dTpir
a

nHTErpupyema Ha F u cupasemnmBa ¢popmysia

/"'/9($17-~-,$n+1)d$1 o dTpgr =
Q

b
:/.../dzl - doy, /g(Il,---,$n+1)d$n+1:
E a

P(T1,0e0sTn)
://dl‘l <o dxy, / f($17~-~,17n+1)dzn+1a
E @(x1,..0yTn)

orkya u u3 (6) noxyaaem (5). O

§ 4. TeomeTpuYeCcKmii CMBICTI MOYJId TKOOUAHA

Onpenenenne. Ilycrs Gynkmus f(x) onmpenenena m HempepbIBHA
ua mEOKecTBe G C R™. Bymem rosoputs, aro dbyukuus f(x) nenpepuiero
npodorrcuma Ha 3aMbIKaHne MHOKecTBa G, €ciu cymecTByer QyHKIusA
f(x), nenpepoisras na G u cosnagaomas ¢ f(x) va G.
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Hanee OyayT paccMaTpuBaThbCs (DYHKIHH, HEMPEPBIBHO auddepen-
IUPyeMbIe HA 3aMBIKAHUAX OTKPBITHIX MHOXKecTB. [lockonbky o mudde-
peHnupyeMocT (DYHKIIUA B TOYKE MOXKHO MOBOPUTH TOJBKO TOIJA, KO-
r1a QYHKIMS OLPEIEIeHa B OKPECTHOCTH 9TOH TOYKH, TO HEIIPEPBIBHYIO
b depeHInpyeMoCcTh Ha, 3aMBIKAHUN OTKPBITOTO MHOXKECTBA, Oy1eM Mo-
HUMATh B CMBICJIE CJIEYIOIIErO OlpPeIeseHusI.

Ounpenenenne. Bynem rosoputh, uto dbyukmus f(r) asusercs k
pa3 nenpepoieno dugddeperyupyemoti Ha 3aMbIKAHUM OTKPBHITOIO MHOZKE-
ctBa G C R", eciin

1) f(z) menpepoisra Ha G

2) BCce YacTHBIE NpOU3BOAHBbIE (GYHKIMU f [0 MOpsAIKA k BKJIIOYHU-
TeILHO cymecTByoT B G M HEIIPepPBIBHO IIPOIOIKUMEL Ha G.

Bekrop-dyHkius HasbiBaercs k pas HenpepblBHO auddeperiupye-
MO Ha 3aMBIKAHWUH OTKPBITOTO MHOYKECTBA, €CJIU BCE €€ KOMMOHEHTHI
00/1aJaI0T 3TUM CBOHACTBOM.

IIycts R?

%v — JByMepHOe apudMeTrnyecKoe IIPOCTPAHCTBO TOYEK

U
U= <v)’ a Riy — JIByMEpHOE apuPMeTHIeCKOe MPOCTPAHCTBO TOYEK

—

x
T = <y> [ycTs 3a7a8E OTKpLITHIE MEOKecTBa G C R2, w G* C Riy.

uv

Paccmorpum orobpaxkenue (Bekrop-dyukuuo) F: G — G*, 3navenus
koroporo F(u) = z(u,v) .
y(u,v)
Bynem npenmosarars, 9To orobpakenne F':

F
R? = G* R? 1
uv - OTgp. - OTKD. < Yy ( )
u3Mep. usMep.

00JIa/IaeT CJIEYIONIMMH CBOMCTBAMMU:
1°.  F B3amMHO OfHO3Ha4HO oTobpazkaer G B G*;
2°. orobpazkenue F mempepoisuo muddepennupyemo na G;
3°.  Jp(@) # 0 pna moboit Touku U € G.

S L (u
3aech Jp (@) — skobuan orobpazkenus F' B Touke @ = <v>:

Jp (i) = det D F(@0) = det (‘;:((Z ZB f, (u,v)
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Jlemma 1. st gro6oro muOoXkectBa E C G 00pa3 rpanunsl F npu
orobpazkennn F' coBmazaer ¢ rpamuneit obpaza F:

F(OE) = 0F(E).

JokazaresabcTBo. 3adukcupyem IPOM3BOJIbHYIO TOUKY g € OF.
Tak kak iy € F, T0o CyliecTByeT mocaenoBaTeabuocts {iy} C E Takas,

uro lim @ = Uy. B cuiy HenpepwsiBHOCTH OTOOpaskenust F' Ha MHOMKe-
k—oco

cte G mveem
lim F(ﬁk) = F(ﬁo) (2)
k—oo
Tockonbky F(iy) € F(E) paa moboro k € N, to u3 cooromenus (2)
CJIeJIyeT BKJIIOYEHUE

F(dy) € F(E). (3)

Tlokaxkem, aTo

F(ily) € OF (E). (4)

Paccmorpum cuauasa caydait iy € G. Tak kKak MHOXKeCTBO G OTKPBI-
10, TO Uy € int G. Torma B cuity BrIO4Yenus iy € OF Haiinercs nocse-

nmosatensroCTh {Wr} C G\ E takas, 910 klim Wy = p. IlockosbKy
— 00

orobpazkenue F : G — F(G) B3aumno ogaosuadno, to F (W) € F(FE)
s roboro k € N, a B cuty HenpepbIBHOCTH F' CIIpaBeIInBO PABEHCTBO
klir& F(wy) = F(dy). Hovromy F(idy) ¢ int F'(F) n B CHily BKIIIOYEHHS
(3) monyuaem Briodenue (4) B ciydae Uy € G.

IMycrs reneps iy € G. Ecim F(iy) € F(E), 10, HCNOAB3ys BKJIIOYE-
Hye (3), onsTh NpUXoANM K BKI04YeHno (4). IIpeanonoxum, aro F(iy) €
€ F(FE), 1.e. cymecrByer BekTop Uy € E C G Takoii, uro F' (i) = F(v).
Tockonbky iy € G, a ¥y € G, 1o Ty # Uy. U3 coornomenus (2) cuexny-
eT, 4To kli_glo F(dy) = F(¥p). B cumy teopembr 06 o6paTHOM 0TOGpazKe-

— —

HUM Hajimercsa nocjaegoBarenbHocTh {U} C G rakas, 9To klim U = Up
—00

u F(0) = F(dy) npu gocrarouno Gompmux k. Torma mpu mocTaToaHO
GosblInx k umeeM Uy # Uk, Uy € G, Uy € G, F(Uy) = F(dy). 910 nporu-
Bopeunt ycaosuio 1°). Urak, skiodenue (4) nokaszano. CienoBareabHo,

F(OE) C OF(E). (5)

Jokazkem obpaTHoe BKIIOUYeHHE. 3adukcupyeM To4Ky Ty € OF (E).
Torna maiizerca mocaenosaresbHOCTE {Zr} C  F(E) rtakag, [rto
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klim Ty = Zp. Hockonpky {Zx} C F(FE), To aaa moboro namekca k €
— 00

€ N maitnerca Bekrop U € E taxoii, uro F(uy) = Z. Tak Kak MHO-
skectBO (G m3MepnMo, TO OHO orparudeno. ClieJ0BATEIHHO, €r0 TOIMHO-
kecTtBO F Takxke orpannaeno. I103TOMy CyIIECTBYET MOIIOCTET0BATE b
HOCTD { U, }, CXOASAMAACT K HEKOTOPOMY BeKTopy o € E. B cuy menpe-
pBIBHOCTH OTOOparkenus F ma MHOXecTBe (G CHpaBeIIMBO PABEHCTBO
F(tdy) = &y. Ecau @y € int F, To B cuity TeopeMbl 06 o6parHoM 0TO6pa-
skeann uMmeeM Ty = F(ig) € int F(E), 9T0 TPOTHBOPEYHUT BKIOUEHUIO
Zy € OF(E). Tostomy g € JE. Cnenosarensro, &y € F(JF). Takum
obpazoMm, BKJIoueHue, obpartoe K (5), TakzKe JI0Ka3aHo. O

Hapsany c menuneiinpiM oToOpakenumeM F' pacCMOTpUM JIMHEHHOE
orobpazkenne F1":

ling— _ U c1\ _ [aniu+appv+a S fu
Fhu) =4 (v) + <cz> - <a21u+a22v + 02> » THE U= <v) ’

" ail a2 C1
3aJaBaeMoe Marpuneir A = U CTOJIOIOM . ajee mbr
az1 a2 C2

OyleM HUCIIOB30BAaTh CAEAYIONINE JBA CBOMCTBA JIMHEHHBIX OTOOpazke-
HUIA.

U3 coiicTBa HOpMbI MaTpuilbl (riasa 12, § 2, jemma 1) caemyer

IlepBoe cBoiicTBO JHMHENHBIX oTOOpakeuwuii. Ilpm muHEiHOM
0TOOpa’KEHNU OTHOINEHUE PACCTOSHUSA MEXK/y obpa3amMu ABYyX TOYEK K
PACCTOSTHHUIO MEKIy MPOo0dpa3aMu HE MPEBOCXOANUT HOPMBI MATPUIIHI JTH-
HEHHOTO OTOOPAXKEHUS:

|F1in(ﬁ1) _ Flin(ﬁ2)|

- <||A| Vi € R?* Vip € R?: il # ilo.
|ty — U]

Bropoe cBoiicTBo JmHeilHbIX oToOpakKeHmil. Eciu det A # 0,
TO JINHEHHOE OTOOpasKeHne ¢ MaTpuieil A MepeBoIuT MapaIelorpaMM
B [apaJjuIejIorpaMM, MpUYeM OTHOIIeHHE IO n 00pa3a K IJIONIA N
npoobpasa paBHO Monyio det A.
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eiicTBUTEIFHO, PACCMOTPUM MapaJiiejorpaMm P, mocTpoeHHbId Ha

- b . b .
BeKTOpax by = bll u by = (b12 . IIpu oro6pazkennn F'™ on nepeii-
21 22

JeT B napaJuiesorpaMmm P nocrpoennsiii Ha Bekropax bj = Aby u by =
= Ab,. Ilnomaap napasienorpaMma P paBHa JJjiInHE BEKTOPHOI'O LIPOM3-

b11 b12
BeJIEHUsST BEKTOPOB | ba1 | w | oo | w(P) = |b11bag — bioba1| = |det B,
0 0

e B = (ZH 212) Amanormano, p(P*) = |det B*|, rme cronbupr Mat-
21 bao

punbl B* paBHBI bt = Aby n 53 = Agg, a 3uaunt, B* = AB. Cnenosa-
TEBHO,

p(P*) _ |det (AB)]
n(P) |det B

= |det A.

Yepes F }1‘0“ () 6ymem 0603HAYATE JIMHERHOE TPUOIUKEHUE OTOOPAZKE-

uust F'(@) B OKpecTHOCTH TOYKHM Uy = (ZO) € G:
0
W (i) = F(tig) + D F(io) (@ — ilp) =
_ (=(uo,vo) + 2, (1o, vo) (u — uo) + @, (uo, vo) (v — vo) (6)
y(uo,v0) + ¥y, (o, vo) (u = uo) + y;, (uo, vo) (v —w0) ) -

2

wy C KOHIIAMHU B TOYKAX U =

Yepes [u, @y] obo3HaunM 0Tpe3oK B R
u - Uug - -
= {,) md =1, ) HawHa sroro orpeska paBHa |U — Up| =
0

=/(u—up)2 + (v —19)2%.
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Jlemma 2.

|F(@) — Fi(a)]
sup @———————

vy =
[i,ig]CG |u — u0|
0<|a—1ig|<s

— 0 mpu 6§ — +0.

JokazaTesabcTBo. 3adUKCHpPyeM TIPOM3BOJILHYIO TOUKY iy € G n
npuMeHuM Teopemy o cpeadem (rnasa 12, §2, reopema 1) K BeKTOpD-
dyHKIIIN .

g(@) = F(@) — Fy}'(@). (7)

Ilomyanm, gTo

|lg(@)| = |g(@) — g(to)| < sup ||Dg(tg)l| @ — o, (8)
6e(0,1)

rie iy = g + 9(’[[— p).
3ameTum, 9TO

Dg(iig) = D F(ilg) — D Fyy (@g) = D F(ilg) — D F(dip).  (9)

IMockombky |y — tp| < |@ — |, TO, Kak caemyer u3 dopmyr (7), (8),
(9),
|F(a@) — Fi'(a) » .
POl o  IDF@)-DF@).  (10)

| — o T #geG, @'eG

o<|i! —ig|<s
B cuny menpepsisroil auddepenmupyemoctn orobpazkenus F na G
11pOozKeHHbIe Ha G YACTHBIE IIPOM3BO/HBIE TOI0 OTOOPAKEHUH HeIpe-
puIBHBI Ha KoMmakTe G. OTciona nmo teopeme KanTopa ciemyer pasHO-
MepHast HEMTPEPBIBHOCTD MPOI0JI?KEHHBIX YaCTHBIX MPOU3BOIHBIX OTOODa~
sxenns F na G, a 3HAUNT, pABHOMEPHAH HEIIPEPBHIBHOCTD ITHX YACTHBIX
npousBoaubix Ha G. ITosromy marpuna Akodbu D F paBHOMEPHO Helpe-

pbiBHa Ha G, T.e. upu d — +0

sup ||[DF(@')—DF(idp)|| — 0.
igeG, i'eG
o<|a@! —iig| <6

Orciopa u u3 wepasencrsa (10) nosyuaem Tpebyemoe yrBepxaenue. [

Teopema 1. (Teomerpudeckuii CMBICT MOIY/IA sSKOOUAHA OTOODA-
sxenus.) ITycrs 3amano orobpazkenue F' (cm. (1)) co coiictBamu 1°—3°.
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. U
Ilpu pazmuanbix gnciaax h > 0 U BeKTOpax ty = (v0> € G 6ynem pac-
0

CMaTPUBATH KBaJPaThI
Qh = Qh(ﬁo) = [uo — h,’LLO +h] X ['UO — h,’Uo +h} C G.

Torma obpasbl KBaapaToB (Qj, mpu oToOpaykeHuu F' ABJISIOTCS U3MEPH-

MBIMH MHOXK€CTBaMu u mipu h — +0 oTHOmEHNHE Mep % CTPEMUT-

csl K MOZyJIio sikobuana |Jp (ty)| paBHOMEPHO TI0 BCeM TOYKaM Uy TaKUM,
aT0 KBamparel Qp = Qn(Uy) comepxarca B8 G:

sup M—\Jp(ﬁo)\ — 0 mpu h — 0.

ﬂg:Qh:Qh(ﬂo)CG /’L(Qh)

JokazarenbcTBo. I3 Teopembl O TPOW3BOIHON CIIOXKHON (DYyHK-
MK CJeIyeT, 9TO 00pa3 HempepbiBHO guddepeHnnpyeMoii KpuBoil mpu
HenpepbIBHO AudpepeHnupyeMoM OTOOPAKEHNH ABJISIETCS HEIPEPHIBHO
muddepennupyemoil Kpusoii. Ilosromy 0b6pas croponbl KBagpara Qp AB-
JISIETCST HEMPEPBHIBHO Aud HepeHnupyemMoii Kpusoii, a oopa3 rpaHuilsl
— KyCOYHO-TVIQJIKOMN, 8 3HAYNT, CpaMsgemMoil KpuBoit. OTciona u u3 Teo-
pembt 3 § 1 rmaser 7 caenyer, aro u(F(0Q,)) = 0, aro BMecTe ¢ semmoii 1
Tekymero naparpada maer pasenctso p(JF(Qr)) = 0. Cnenosarenso,
B CUJIy KPHTEPUs U3MEPUMOCTU MHOXKeCTBO F'(Q),) m3amepumo.

B cuny BTOpOrO CBOMCTBA JIMHEHHBIX OTOOparKeHWit 00pa3 KBaJI-
para (p Tpu OTOOpasKeHUU F}{; SABJISETCA TapaJIeJIOTPaMMOM Sy, =

_ ol
= F"(Qp), npuaem

0

S _ e @) = |Jp (i,
Q) |det D F'(tp)| = |Jr(to)|- (11)
O60o3HaUNM
o(h) = sup sup |F (i) — Fyh ()], (12)

Uo: Qr(Wo)CG  weQn(Uo)

F(@) — Flin(g
b6 = sup L Fa @l
[@,ig]CG |u — u0|
0<|a—1ig|<s

Cortacuo jemme 2

B(6) — 0 mpu § — 0. (13)
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Ilokaxkem, 4aTo
o(h) <V2h-B(hWV2)  VYh>0. (14)

Hns sroro 3adurcupyeM mpou3BoNbHbIE 9ucao b > 0 1 BEKTOD Uy Takue,
L S _
aro Qp(ty) C G, a Takke BeKTOp U € Qp(Up) M MOKAZKEM, ITO

|F(@) - Fi(@)] < V2 h- B(hV/2). (15)

HeiicrBuresibHo, eciu U@ = Uy, 10O B J1eBOil yacTu Hepasencrsa (15) crour
HOJIb U, CJIEIOBATEILHO, 9TO HEPABEHCTBO BLITIOIHEHO. IIycTh 4@ # .
TockoabKy @ € Qp, To |il — | < hv/2. Crenosaresnsbo,

| (i) — Fg' (i)

F(@) — lm —
() — Pl i) =

| —

U*ﬁo‘g

< va n. VU~ Flng)

|4 — o]

<V2 h-B(hV2).

Takum obpaszom, nepasercrso (15) mokasano. Ilepexons B HepaBeHcTBe
(15) k¥ cympemymy 1o BeeM iy Takum, 9t0 Qp(dy) C G, m no Bcem U4 €
€ Qn(tp), nonyuaem nepasencrso (14). I3 nepasencrsa (14) u coorno-
menust (13) caemyer cooTHOIIEHHE

a(h)

" —0 uopu h— +0. (16)

Mycrb pp, — nepumerp napasiensorpamma Sy,. 113 dbopmysnt (12) caenyer,
4YTO «KPHBOJMHEHHBIN mapasienorpamm» F(Qp) conepKurca B 3aMbIKa-
i o (h) — okpectrocTH mapanienorpamva Sy, = Fi™(Qn):  F(Qn) C

C Uqn)(Sh). Tosromy pu(F(Qr)) < p(Us(ny(Sn)). Samernm, uro mio-
w1 oxpectHoctd Uy (py (Sp) oramdaercs or mioma i napasiieorpam-
Ma Sy, me Gomee wem na o(h) pp + wo?(h):

M(Ua(h)(sh)) = u(Sh) < a(h)pn + 7702(h)~

CrietoBaTebHO,

1(F(Qn)) — u(Sn) < o(h) pn + 1o (h). (17)
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vo+h -~

vo—h+--

uy — h ug + h

JokazkeM HEPABEHCTBO

1(Sh) = w(F(Qn)) < o (h) ph. (18)

Ecaun MuHmMaibHas W3 BBICOT MapaJuieaorpamMma Sp He MPeBOCXOIUT
20(h), To u(Sk) < o(h)pp, n Hepasencro (18) BhimonHeHO. ITosTOMY
Oymem mpeanosarath, 9to 20(h) MEHBIIE BBICOT TapaJjuiesiorpaMMa Sy
Torma cymecTByeT mapaJjijielorpaMM Sh, COfIepIKaITuiica B Hapasiieso-
rpamme Sp, W TaKOil, 9TO CTOPOHBI IAPAJIETOrpaMmMa Sy, MapasLIe bHbI
COOTBETCTBYIOIIUM CTOPOHAM NAapaJLieorpamma Sy, U HAXOAATC OT HUX
Ha paccrosiuun o(h).

IIpn awHEHHOM OTOOpasKEHNH Fllj‘;l TOYKA Ug, HAXOAAIIASICS B IIEHTPE
KBajpata (Jp, TepefiieT B MeHTp MapasiesorpamMma Sy, KOTOPBIH 000-
3HAYUM 4depe3 To: Tg = F g;(a'o). U3 onpenesienns napaJjuieaorpamma Sy,
CJIeJIyeT, 9YTO TOYKA Z( SIBJISETCS €ro IMEeHTPOM, a 3HAYUT, Ty € int Sp. U3
dopmynst (6) caeyer, 4To F}{Or‘(ﬁo) = F(dyp). Mostomy Ty = F(ip).

ITokaxkem, aTo

Sn C F(Qn). (19)

TIpeanosoKuM TPOTUBHOE: CYIIECTBYET TOYKA, Ty € §h \ F(Qpn)- Torma
Ha OTpe3Ke [T, T.] Halimercs Touka T € OF(Qp). B cuy gemmbr 1 nnve-
em OF(Qy) = F(0Q},). losromy cymectByer Touka @ € JQ), Takad,
aro # = F(dy). pu srom & € F(Qp) = F(Qp) (Muokectso F(Qp)
3aMKHYTO KaK 00Da3 KOMIAKTA I[P HEIIPEPbIBHOM OTOODAKEHHH) |, CJIe-
JIOBATEJILHO, L1 # Tx.

N3 dopmynsr (12) momy4aem wepasencreo |F(dy) — F}I‘J‘(ﬂlﬂ < o(h).

Tockombky Fi"(id1) € OSh, To paccrostane or Toukn &1 = F(i1) 10 rpa-
HUIBI TapaJjuiesiorpaMma Sy, He npesocxomut o(h). C apyroii cTOpOHBI,
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13 COOTHOIIEHUH T € int gh, T, € §h, Ty € [Zo,%s], T1 # Ty chemyer,
aTo ¥ € int Sy, & 3HAUMT, PACCTOSHAE OT TOUKU &1 [0 PPAHUIB APAJL-
nemorpamma Sy, crporo Gombie o(h). [lomyaennoe TpoTHBOpEYRe TOKA-
spiBaer Braovenue (19). U3 srmovenus (19) u mepasencrsa p(Sp) —
— u(Sy) < o(h) pn cmemyer mepasenctBo (18), KOTOpOE BMECTE C HEpa-
BercrBoM (17) naer oneHky

[u(F(Qn)) — p(Sp)| < a(h)py, + ma®(h). (20)

ITockosbky Tepumerp KBajpara (p, paseH 8h, TO B CHJIy TI€PBOTO
CBOHCTBa MAHEHHBIX oTOOpazkenuit p, < 8h ||D F(up)||. Tak kax otobpa-
semnne F HempepoiBHO muddepernupyeMo Ha KoMIakTe G, TO IO Teope-
Mme Beilepirpacca npoo/izKeHHbIe YaCTHbIE IIPOU3BOIHbIE 0TOOPAXKEHU
F orpanmuenst va G. Crenoparemsno, marpuma SIxko6u D F (i) orpann-

vyeHa Ha G, T.e. sup ||D F(up)|| = M € R. Crnenosarensro, p, < 8 M h.
UG
Orciopa u u3 dopmyan (16), (20) caeayer, uro upu h — +0

sup  |u(F(Qn)) — p(Sw)|/h* = 0.
wo: Qn(to)CG

Bameuas, uro u(Qp) = 4h?, nonyuaem upu h — +0

w(F(Qr))  1(Sh)

sup - — 0.

do: Qn(io)ca | H(Qn) w(Qn)

Orcrona u u3 pasencrsa (11) ciaenyer mokaspiBaemoe yTBepxkaenue. [

§ 5. 3ameHa mepeMeHHBIX B KPAaTHOM HHTETPAJIE

B srom maparpade Tak ke, Kak W B MPEABIAYIIEM, TPEIMOIAraeTcs,
aro orobpaskenne F : G — G* obnamaer ceoiicteamm 1°-3° a G C R2
u G* C Riy — OTKPBIThIE U3MEPUMbIE MHOXKECTBA.

Jlemma 1. Ilycrs P — 3aMKHYyTbIH KBaapar, jJexkamuii B G, CrOPOHbI
KBajpara P mapasesbibl KOOPAMHATHBIM ocsiM. IlycTh Ha MHOXKECTBE
F(P) sanana nenpepbisuas dyukuus f(x,y). Torma

//fmydxdy—//f x(u, v) uw))‘gg:z;

F(P)

du dv.

HdokazareabcTBo. Ilycts a9 — mnmnaa croponbsr kBagpara P. Pas-
o0beM cTOpOHBI KBapara P Ha k paBHBIX wacTeil u mogydnm pa3oueHne
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T ={PF }fil KBajpaTa P Ha KBaapaThl

k E_ @ Qo Q0 Qo
Piz{uifzfvuiJr%}x[%*ﬂ,viJr%~

K2

k
. U;
O603Ha"MM Y = (vfﬁ) 13 teopemsr 1 §4 ciaenyer, 4ro

u(F(Pf))
n(PF)

—|JF(17£“)|‘—>0 npu k — oo. (1)

B cuny aemmbr 1 §4 mmoxecrsa F(PF) u F(P]k) opw ¢ # j MOTYT me-
peceKarhbes JHIIb 10 rpanmie. Paccmorpum pasouenue T = {F(PF)}¥,
muoxkecrsa F(P). Ina pastuenunit T u T onpenenuMm BblbOpku &p =

= {ﬁ?}fil u &g = {F(ﬁf)}iﬁl
Bamerum, aro £(T) = agv/2/k. Cremosarensuo, £(T) — 0 upu k —
— 00. Ilockonbky yHKIHIS

HETPepPbIBHA HA U3MEPUMOM KOMIIaKTe P, T0 OHa HHTerpupyeMa Ha, 3TOM
kommakre. CreaoBaTeabHO,

a(g;T;ﬁﬂ—)//g(u,v)dudv npu k — oo. (2)
P

3 paBHOMEpHO# HENPEPBIBHOCTH OTOOpaxkenus F' Ha kommakTe P cie-
ayer, ato £(T) — 0 npu k — oo, OTciofa u U3 UHTErpupyeMocT (PyHK-
man f(x,y), HenpepbIBHOH Ha m3MepuMoM KomnakTe F'(P), momyaaem

o(f; T; é3) —>//f(:v,y) drdy mpn k — oo. (3)
F(P)
O6ozmaunm M = max x,y)|. Torma
(w,y)eF(P)U( y)|. Torx
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lo(f;T:&5) — o(g; T5 61)| =

k2 k
= D FP@@) p(F(PF) = g(a@f) p(PF)| =
i=1 i=1

k2
= > £(F@) (u(F(PE) = e (@) n(PE) )| <
=1
<MK _max u(F(PE) = |Te ()] n(P)|
Bameuas, uto u(PF) = (ag/k)?, nomygsaem
o(f; T é5) — o(g; T561)] <

pFPR)

U3 dopmya (1), (4) momyuaem, 4ro
lo(f: T:63) —o(g: T:ér)l — 0 upu & — oo,
orkyzna u u3 dbopwmyi (2), (3) caeayer Tpebyemoe paBEeHCTBO. O

Teopema 1. (O 3amene nepeMeHHBIX B KpaTHOM uHTErpase.) Ilycrs
3a/aHbl oToOpaxkenue F'

2 r * 2
R P G R
wo - OTgp. A OTKD. C Y
usMep. u3Mep.

co cpoiicrBamu 1°-3° u dynkuusa f(z,y), HeIpepbIBHAA B 3aMbIKAHIN
muoxkecTsa G*. Torma

/G [ sanaan = /G/ Flatu o) y(wo) |52

HokasarenbctBo. Ilockonbky dyskmmm f(z,y) n g(u,v) =
O(z,

= f((uv), y(u,v)) | 522

u G, 10 o1u Gynxiyum uarerpupyemsr na mux. Cregosarensno, Gynkim

f u g uarerpupyembl Ha uzmMepumMbix noamMHoxkecrBax G* C G*, G C G.
TosTomy unTerpanst B dbopmysne (5) CyIeCTBYIOT.

HEMPEPBIBHBI HA M3MEPUMbBIX KOMIaKTax G*

41



[Tockosbky MHOXKECTBO G M3MEpuMo, TO OHO orpanudeno. CremoBa-
TenbHO, cymectyer 3aMKHyThHIH kBagapar Q¥: G C QU. Pazobbem cro-
poubl kBazpara QU Ha k paBHBIX JacTeil U IOIYIUM pa3bueHne {Qk}k2
ksaapara Q° na xpajparbt QF, ne umeromue obUMX BHYTPEHHUX TOYEK.
Yepes Ay obo3HaUNM KneTquoe MHOKECTBO, COCTOSIIIEE U3 TeX KBAIPa-

ToB QF, KOTOpBIE CoMepKaTcesa BO MHOKecTBe G-

U ef

i:Qkca

[ycrts ag — mmaa cropomsl keagpara Q0. Torma diam (QF) =
= aoﬂ/k. 3amernM, 9TO ecam TOYKa U JEXRUT BO MHOKecTBe G\ Aj,
10 @ € QF, QF ¢ G. Tlosromy, kak cieayer us jemmbt 3 § 1 rasbr 7,
QF¥NOG # 0, a zmawmr, @ € Ue, (0G), rae ), = diam (Q¥) = agv/2/k —
— 0 npu k — oo. Caenosarensro, G \ Ay C U, (0G).

B cmny wmsmepumoctm MHOXKecTBa (G CHPaBEIJIMBO  PABEHCTBO
w(0G) = 0. Tlostomy, Kak caenyer u3 JjemMmbl 2 §1 rmasbl 7,
w(U., (0G)) — 0 mpu k — co. CremoBarenbHo,

w(G\ Ap) — 0 mpm k — oo. (6)

Tak kak orobpazkenue F HempepbIBHO HA KoMmakTe (G, TO OHO PABHO-
MepHO HenpepbiBHO Ha G. OTCI0fa U U3 yCI0BUS klim e = 0 momryuaem,
— 00

Y9TO AJId YUCJIOBOM IIOCJIETOBATEJIbHOCTH

o) = osup (i) — F(d)]
i1 € G, Uy € G :
|U1—’L_[2| < €k

BBINIOJTHAETCS YCIIOBUE hm o = 0.

ITockombky G\ Ay C ng (0G), o F(G\ Ai) C Uy, (F(0G)). B cumy
nemmbr 1 §4 mmeem F(OG) = OF(G) = 0G*. Otciona m w3 Kpurepus
usMmepumocru caeayer paseHcerso p(F(OG)) = 0, uro BMecTe ¢ JeMMoil
2 § 1 rmassr 7 maer coornomenne ((Uy, (F(OG)) — 0 ipu k — oo. Cue-
nosaresbho, u(F(G\ Ag)) — 0 npu k — 00. Tak kak orobpaxkenne F'
B3amMHO omHO3HAUHO, To F(G \ Ap) = F(G) \ F(Ar) = G*\ F(Ag).
TlosTomy

w(G*\ F(A;)) — 0 mpm k — oo. (7)
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u T

B cuny menpepbisoctu dynkiuu f Ha xommakre G* = F(G) cyuie-

creyer uucno M = max | f(z,y)|. Orciona u u3 (7) cnemyer, uro npu
(z,y)€G*
k— o0

[ [ s@wavas) < vuc Fa —o

G*\F(Ay)

I/ICHOIH)ByH AIIATUBHOCTH MHTETPAJIA IO MHOZKECTBY, IMOJIy9aeM

//fxydxdy—//fxydxdy—i— // f(z,y) dx dy,

F(Ay) G*\F(Ag)
MO3TOMY
//fxydxdy%//fxydxdy upu  k — oo. (8)
F(Ar)

AHajioru4yHo u3 HenpepblBHOCTH (PYHKLUMK ¢ HA KoMmuakTe G U yC/IOBUs
(6) crmemyer, uto

//g(u,v)dudv—>//g(u,v)dudv mpu koo, (9)
Apg G

B cuny nemmbr 1 v aANTHBHOCTA MHTETPAJIA TTOTYIaEM PABEHCTBO

// uvdudv—//fxydxdy (10)

F(Ag)

43



U3 dopmya (8)—(10) ciemyer Tpebyemoe paseHCTBO (5). O

IIpumep. Ilycrb B orkpoirom kpyre ) = {(x,y) € R? : 22 +
+y? < 72} 3amana menpepuiHas GyEKIHs f(2,Y), KOTOpas MOXKET GBITH
HETIPEPBIBHO TPOJOJKEHA B 3aMbIKaaue Kpyra ). JIjs Berauciaenus un-
rerpana [ [ f(z,y)dz dy 9acto yao6HO BBECTH MOJSIPHBIE KOODMHATHL:

Q

r>0, ¢€][0,2n], T=7rCcosp, y=rsinep.

7 COS

Orobpazkenue F(r, p) = (r sin o

) HEeNpepsIBHO auddepeHmpyemo,
U ero AKOoOmaH

/ ’ e
Jr(r, ) = det <x7 x;@) = det (Cf’s‘p e 90) =r
Yo Yo sin 7 COS

Orobpaxkenue F : REW — Riy HE $BJISIeTCd B3aMMHO OJ[HO3HAYHBIM,

TaK Kak, Haupumep, Touku (r,0) u (r,27) mepexogdar B OJHY U Ty 2Ke
rouky. Kpome toro, Jp(r,¢) = 0 npu r = 0. YUT06BI yI0BIETBOPUTD
TPeOOBAHUSM B3aUMHOM OJHO3HAYHOCTH U HEPABEHCTBA HYJIIO SKOOWAHA,
PaCCMOTPUM OTKPBITOE U3MEPUMOE MHOXKECTBO

G={(r,o) : m€(0,79), ¢ € (0,2m)},
KOTOpOE Tipu oTobparkeHuu F' mepexoanT BO MHOKECTBO
G*={(z,y) : (0<2®+y*<r})u(y+#0npuz>0)}

B CUJIy T€OpEMbBI O 3aMEHEe TEPEMEHHBIX B KDATHOM WHTETpaJie U TeO-
peMbI O CBEAEHUN KPATHOI'O MHTETPaJia K TIOBTOPHOMY CHPABEIJINBBI Pa-

BEHCTBA,
//f(ac,y)dmdyz//f(rcosgo,rsingo)rdrdgo:
fek G

0 27

:/rdr /f(rcosap,rsingo)dgo.
0 0

ITockonbky Kpyr 2 oriuyaercs or mHoxkecrBa G Ha MHOXKECTBO
MEphI HyJlb, & WHTErPaJj M0 MHOYKECTBY MepbI HYJIb PABEH HYIIO, TO
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[ [ t@dzay= [ [ 1) dedy
Q G*

Takum 00pa30M, BEIUUCICHUE HHTErPaJa Mo KPyry 2 CBOAUTCS K BbI-
YUCJIEHUIO TTOBTOPHOTO WHTETPAJa!

// f(z,y dxdy—/ /f T COS @, T 8in ) de.

r2+4y?2 <r0

s kparaoro waTerpania mo Mmaoxecrsy G C R™ umeer mecro cie-
JIYIOIIAas TeOPeMa O 3aMeHe TePEMEHHbBIX, JTOKA3aTeIbCTBO KOTOPOil aHa-
JIOPUYHO JIOKA3ATEIbCTBY TeopeMbl 1.

Teopema 2. PaccmarpuBaercs mnpocrpanctBo RI Todek x =
= (21,...,2zy) n mpoctparctBo R? Touexk u = (uy, ..., uy,). IlycTs Ha 3a-
MBIKAHUHE OTKPBITOrO m3Mepumoro mHOKecTBa G C R} 3amaHa BEKTOD-
xl(ula s 7un)

dbyukuua F(u) = e , IEPEBOIAIIAS MHOXKECTBO (G B OT-
T (U1, .y Up)

KpbITOe m3mepumoe MuokecTBo G C RY u obsmamaomas cBoficTrBamMu:

1°.  F m3anmmmuO omHO3HAYHO oToOpazkaer G B G*;

2°.  orobpaxkenue F' HenpepwisHO muddepeniupyemo ua G

Bor(u) - o (u)
3. Jp(u) =det # 0 pnst mobeix u € G.
Ger(w) oo G (u)

Iycrs dynkmms f : G* — R wenpepnisra. Torma

[ [ sean / [ #E) et dun -,
.

§ 6. I'eomeTpuyeckmii CMbICTI 3HAKA AKOOMaHa
oToOpakeHusd

Hanomunwm, uto kpusas I' C R™ na3bBaercst riaakoil, eCim BO3MOK-
Ha ee HaTypaabHag mapamerpusamus I' = {g(s) : s € [0, |T'|]} n BexTOpP-
dynxmus o(s) menpepwsrO muddepenmupyema ma orpeske [0, |T'|]. TIpu
arom |¢'(s)| =1 Vs €0,|T]].
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B rnase 5 651710 mokazano, 1To ecin BeKTop-ynKmmsa 7(t) Hempepbs-
HO muddepennupyeMa n He UMeeT 0COOBIX TOUeK, T.e. 7 (t) A0 Vi€
€ [a,b], To xpusas I' = {7(t) : ¢ € [a,b]} — rmankas.

Onpegnenenune. IlycTs 3amanbl 1Ba HEKOJIMHEAPHBIX BEKTOPA HA
- & ﬂ 1

IJIOCKOCTH: T = r ny= o) Byznem roBopurb, 910 mapa BEKTOPOB
2 2

Z, U — npasas, eciu Kpardailiuii I0OBOPOT OT HAIIPABJIEHHUS BEKTOPa T K
HAIIPABJICHUIO BEKTOPA ¥ IPOU3BOIUTCA IIPOTUB YACOBOH CTPEJIKU; HHAYE
napa I, § Ha3bIBaeTCd sae6otll. I3 aHAIUTUYIECKOil reOMeTpUN U3BECTHO,

. 1 Y
9TO B MPaABOi CHCTEME KOOpAWHAT B caydae det " ¥ > 0 mapa
2 2

S z 1
BEKTOPOB T, ¥ — LipaBas, a B ciy4dae det (x z ) < 0 — neBasi.
2 2

Onpenenenne. Ilycrs minockue kpusbie 'y u ['s mepecekarorcs B
TouKe To. IlycTh T, To — BEKTOPBI KacaTeJIbHBIX K KpuBbiM 1, 'y B
TOYKe 7y, HANPABJIEHHbIE B COOTBETCTBHM C OPHMEHTAIMEHl KpUBLIX 11,
I's. Bynem rosoputsh, uro kpusbie I'1, I'y cocrasisitor npasyio (aesyio)
NAPY B TOUKE T(, €CJIU BEKTOPBI T1, T2 COCTABJILAIOT LIPABYIO (JEeBYIO) Lapy.

Jlemma 1. Ilycrs xpuseie 'y u 'y sesxar B obmactn Q C R? u

Uo
COCTABJIAIOT MPABYIO MApPy B TOYKE (v ) IIycrs B obnacru ) 3amaHa
0

HenpeprIsHO Auddepennmpyemas sexrop-dynkimsa F(u,v) = <§E;h 8)

¢ HepaBHBIM Hy/0 skobmaHoM. ITycre F'(I'y), F/(I'y) — 06pa3sl KpUBBIX
T'y, T's npu orobpaxkenun F', opueHTHPOBAHHBIE B COOTBETCTBUHU C OPH-
enTanuei kpusbix 11, 's.

Torma B cayaae Jp(ug,v9) > 0 xpusbie F(I'y), F(I'y) cocrapastor

T\ _ <x(u07v0)

MPaByIO TApy B TOYKE , a B caydae Jp(ug,vg) < 0
paBy Py <y0 y(uo,vo)) y (w0, vo)

— JIeBYIO I1apy.

v Y
I A F(I) F(Y)
Vo Yo
Iy Jr(ug,v0) > 0
U T
Ug Zo
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HoxkazarenanscrBo. llockompky kpusbie I';, 'y mmeror kacarenb-

— U
HyI0 B TOUKe 7 = (), TO 9TH KPUBbIE MOLYT OBITH 3aJaHbI BEKTOP-
0
u;(t)

byuakuuamu 7;(t) = <v‘(t))’ nuddepeHnupyeMbiMu B TOYKE to, TI€
K3

71 (to) = T2(to) = 7o, npuuem 7;(tg) # 0, i = 1,2. Tax kak KpI/IBbIe Ty,
I3 COCTABMSIOT B TOUKE T MPABYIO mapy, TO mapa BeKTOpos 74 (to), 75 (t)

— 1paBas, T.e.
ui (to)  v1(to)
oot (e vhiin) > W

Kpussie F(I';) moryr Gerrb 3amamst Bektop-dbyukmmsavu R () =

x;(t) S, .
= = F(r;(t)),r=1,2.
B cuy Teopembr 0 muddepeHImpoBaHnT CI0KHON BEKTOP-(DYHKITHH

Ri(to) = D F(7%) 74 (to), crenosaremno,

(14000 =N iy (14000 ),

yi(to)  ya(to) vi(to)  vy(to)
MO3TOMY
z1(to) @5(to)\ _ ui(to) us(to)
det(i(m) y§<to>>“’F(“°’”°> det (Uil(to) v§<to>>' @

U3 dopmyn (1), (2) cnenyer, uro npu Jr(ug,vg) > 0 mapa BeKTOPOB
R (to), R5(to) — npasas, . e. kpusbie F'(I'1), F(I'2) cCOCTABIAIOT MPaByIo

apy B TOUKE Zj = F(7), ampu Jg(ug,v9) < 0 — J€By10 mapy B 91O
0

TOYKE. ]

Onpegenenune. IlycTh npocTas 3aMKHyTasd KyCOYHO-TJIQIKASA KPH-
sag I' = {#(t) : t € [a,b]} nexur Ha rpanume obmactu G C R?. Ilycrs
7o = 7(ty) — Touka Taakocru kpusoit [, T.e. cymectsyer 7 (tg) # 0.
Byuem rosoputb, 4o Bextop 7i(tg) € R? apigercs BeKTOpOM 6Hympen-
netl Hopmaau K rparute obnactu G B TOUKe 77, €CIn

1) ﬁ(to)J_Fl(to) nu

2) dp >0:V) € (0,50) — T -I—(Sﬁ(to) € G.

Omnpenenenne. Bygem roBoputh, 9TO IPOCTast 3aMKHYTas KyCOIHO-
rimazakas kpusas I' = {7(t) : t € [a,b]}, mexkaimas Ha rpaHuie obracTu
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G C R?, opuenmuposana noaoscumenbro OTHOCUTEIHHO obgactn G,
mucatb ['F, ecm B Kazk0it Touke 7(ty) rmaakoctn kpusoit I mapa, co-
CTaBJICHHAA M3 BEKTOpa KacaTeabHoi 7' (tp) u BeKTopa BHYTpeHHE HOp-
masu 7i(tg) aBagerca upasoit. Opuentanuio Kpupoit [, HpoTuBoIOIOK-
HYIO TTOJIOYKUTEIBHOMN, OyIeM HA3bIBATH OMPUUGAMEAbHOT 0PUEHMAUUET
M THMcaTh B 3TOM ciaydae '™,

Memee akKypaTHO MOXKHO CKa3aTh, ITO KpuBasa || opueHTHpOBaHa M0~
JIOKUTEJIbHO (OTPULIATEIBHO) OTHOCUTEIBHO obsiactu G, eciu npu 06xo-
ne kpuBoii I' B Hanpasiiennu ee opueHtanuu obaactb G ocraercs ciaeBa
(cipama).

Teopema 1. (Teomerpudeckuil cMbIC/ 3HAKA dKOOUAHA OTOOparKe-
nus.) IlycTs mpocras 3aMKHyTas KyCOYHO-TIagKas Kpusas L' jexut
na rpauute obinacru G C R? u opuenTHpoBaHa MOJIOKUTEILHO OTHOCH-
tennHo obmactu G. Ilyers B obaactu Q, comepyareit kpusyio ['T, onpe-
nesena HenpepbiBHO auddepennupyemas BekTop-gyuknus F(u,v) =

z(u,v)
= (y (u, v))’ 3aJal011as B3aMMHO OJHO3Ha4YHOe oTobpazkenue F : G —
— F(Q) ¢ mepasabM Hymio akobuanoM. Ilycrs kpusaa F(I'T) — obpas
kpuBoit I'" mpu otobpaskennn F', opreRTHpORaHa B COOTBETCTRUN C OPH-
enTanueii Kpusoit I'T.

Torna B ciayuae Jr(u,v) >0 V(u,v) € Q kpusas F(I'") opuentupo-
BaHA TOJIOXKUTETHHO OTHOCUTENBHO obnactu F(G), a B cnyqae Jp(u, v) <
<0 V(u,v) € Q - orpunarensuo. JIpyrux ciaydaes He ObIBAET.

HokazaTenabcto. Ilycrs It = {7 (t) : t € [a,b]}. 3aduxcupyem
NPOU3BOJILHYIO TOuKy 79 = 71(tg) Ha kpusoit ['T. Tlycth 7ig — BeKTOp
BHYTpEHHEH HOpMaJu K rpanuie objactu G B Touke 9. Torma 35y >
>0:V0 € (0,00) = 7o+ 07i(to) € G. U3 nomoxKuTebHON OpUeHTAIIH
kpusoit I'" ciemyer, uro kpusbie IV, Tg = {7 (t) = Fo+ (t—to)fig : t €
€ [to, to + o]} 0OpasyroT mpaByto mapy B TOUKE 7.

IIyctn ﬂK06I/Ia§ orobpaxkenus F' monoxureneH. B cury aeMmbl 1 Kpn-
oie F(I'T) = {Ri(t) = F(71(t)) : ¢ € [a,b]} u F(To) = {R2(t) =
= F((t)) : t € [to,to + do]} oBpasyor npasyio mapy B Touke Ry =
= F(7), 1.e. napa sexropos R} (ty), Rb(to) — nupasas. ITockoubky Vo €
€ (0,80) — Ry(to+0) € F(G), To Bexrop Kacaremsnoit R (ty) nanpas-
JieH B ctopony obsactu F(G). OTciozna ciieyer, 4To BEKTOP KacaTeJIbHOM

R/ (tp) m BeKTOp BHYTpEHHEH HOpMaswm K Tparute obmactu F(G) B Touke
Ry = F(7) cocraBigioT mpasyio napy. [ToCKOIbKY BBIOOPOM TOYKH T
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Ha KpuBoil ['" MOXKHO MoJIyuuTh J1100YI0 TOUYKY Ry = F(7) na kpusoit
F(I'"), ro xpusas F(I'") opuenTupoBana moI0KHTETBHO OTHOCHTETHHO
obnmactu F(G). AHanmoruauo B CIydae OTPUIATETHHOTO AKOOMAHA, KPU-
Bag F(I'") opuenTupoBana OTpUIaTeIbHO OTHOCHTENLHO obnactu F(G).

TTokaxkeM, 4To Ipyrux ciy4aes He GbiBaer. Ecin sikobuan Jp(u,v)
npuHUMaeT B 00sacTu {) 3HAYEHUs PA3JIUYHBIX 3HAKOB, TO MO TEOPEME O
IPOMEXKYTOYHOM 3HAYEHHHU 1 (DYHKIUH MHOTHX II€PEMEHHBIX, HEIpPe-
PBIBHOH Ha CBA3HOM MHOXKECTBE, sikoOuaH Jp(u,v) MomKen obpamars-
¢ B HyJIb B HEKOTOPOil TO4YKe 00/1acTh {2, 4TO IPOTUBOPEYUT YCIOBUIM
TEOPEMBI. O

§ 7. @opwmyna 'puna

HanoMmuuM onpeeenne KpuBOJIMHEHHOIO HHTErPaJia BTOPOro PojIa,
BBenmenHoro B §7 rmasel 7. Ilyers kpumas I' = {F(t) € R* : ¢ €
[a, b]} 3amana menpepbIBHO BekTOP-hyHKIMEdH 7(1), UMeEIOmEei KyCoIHO-
HePepHIBHYIO TPOU3BOIAYIO0, & BekTop-pyHKms f(7) € R Herpephin-
Ha HA MHOXKeCTEe ['. KpUBOMMHEHHBIH HHTErpasr BTOPOro poma (hbyHKIAN

—

f(7) no kpusoii I" onpenenserca dpopmyiioit

b
/ (), d) = / (F®), 7 (1)) dr. (1)

r

Breipakenwne, 3ammcamHOe B JIeBOH  wactum  3Toi  op-
MYJIbL ABJIAEeTCA 0603Ha‘{eHI/IeM KpHBO.HI/IHGfIHOI‘O HHTEerpa-
Jla BTOPOrO poJa, a B TMpaBOil dYacTu JAHHOW  (DOPMYJIbI
3ammcan wHTerpas Pumana  ckamgprod  dymkmum () =

= (f(f'(t)), 7/(t)) mo orpesky [a,b]. 3mech w[epes (f(F(t)), 7' (t))
0603HAYEHO CKATSPHOE IPOU3BEIEHIe BEKTOPOB J | (7(t)) m 7' (¢).

Kaxk 6110 moKa3aHo paHee, KpUBOJIHMHEHHbIN HHTErPA BTOPOrO PoIa
HE 3aBHCUT OT [APAMETPU3AINHU, a PU U3MEHEHUH OPUEHTAIMHA KPUBOI
MeHster 3HaK. QrMeruM, 94TO U3 CBOMCTBA aIMTUBHOCTU uHTErpaa Pu-
MaHa 110 0Tpe3Ky u dbopmynst (1) ciemyer CBOWCTBO aIAUTUBHOCTU KPHU-
BOJIMHEITHOI'O MHTErpaJjia o KPpUBOM:
ecnu KpuBad [’ cocraBnena u3 KpuBbix I'1, ..., 'y, OpHEHTHPOBAHHBIX B
COOTBETCTBHUH C OpueHTarnuei kpupoi [, To
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[to.an =Y [,

i=1 r

k3
s KpuBOJIMHEHHOrO WHTErpaja IO ILIOCKOW KpuBoit ' =

_ {(28§>:te[mM} or pexrop-bymxmm f(z,y) = (g?;w)

,y)
dopmysia (1) nupunumaer Buz

/P(w, y)dz + Q(x,y)dy =
T

b

— [ (Pa).u0)='0) + Qu®).ye) v 1)) dr

B wacrroctu, ecm kpuBast I asnserca rpadbukom Gynkmum y(z),
HenpepbiBHO muddepeHnmupyeMoii Ha oTpeske [a, b], To

/Hamm:jP@M@Mx @)

b
Bawmerum, 9To ay1s cymecrsobanus narerpana | P(z,y(x)) dz mocra-

a
TOYHO TPeOOBATH HENPEPLIBHOCTL (hyuKuuu y(x) Ha [a,b] u HenpepbIB-
wocth yukumm P(x,y) ma muoxecrse I' = {(z,y(z)) : = € [a,b]}.
Tlostomy B caydae, korma KpuBas [’ aBisercs rpadpuKoM HEPepPbIBHON
(a e obs3aTesbHO HenpepbiBHO nuddepeHupyeMoit) QyHKIuM, KPUBO-
JUHEHHDBI WHTErpaJI f P(x,y) dr Gynem moHUMaTh B CMbICIE (DOPMYJIBI
r

(2). Kax moka3aHo BBIIE, B CIy9ae HEMpephBHOH anuddepenmupyemo-
ctu GyHKIWME y(T) ITO ONPENEIeHAEe COBIAIAELT C OOIIUM OIPEIeICHUEM
KPHUBOJIMHEHHOIO HHTErPAa BTOPOrO POJA.

Amanormuno, ecmm kpusaa I' = {(z(y),y) : y € [c,d]} asasercs
rpaduxom byrkuun z(y), HEMPepBIBHON Ha OTpe3Ke [c, d], a dbyHKIUSA
Q(z,y) HenpepbIBHA Ha MHOXKeCTBe 1) TO onpemennm

d

i = [ Q). iy
T c
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Ounpegenenne. Bynem roso-
putb, uro obnacts G C R? snemen-
MapHa, €ClIu OHa 3JIEMEHTAPHA OTHO-
CUTEILHO KayKIOH W3 KOODIAMHATHBIX
oceit, T.e. cymecTByoT GyHKIuU (),
(), menpepobiBEBIE Ha [a,b], 1 GyHK-
man o(y), B(y), menpepoiBHEbIE Ha [C, d],
TaK#e, 4TO

p(r) < ()
a(y) < B(y)

Vz € (a,b),

Yy € (¢, d)

s x e (a,b), p(r) <y <)} =
(c,d), aly) <z < B(y)}.

Teopema 1. Ilycts obmacts G C R? ajnementapHa 1 ee rpanmieit
ABJIAETCA KyCOYHO-TIaAKad Kpubad OG', OpHEHTHpPOBAHHAS IMOJIOMKH-
TeJILHO OTHOCHTENIBHO 00sacT G. ITycTh B 3aMbikannu obmactu G 3a1a-
HBI HEpepbIBHO auddepentupyembie Gyaxmun P(z,y) u Q(z,y). Torma

cupaseJuBa opmyaa I'puna:

oG+

okazaTeabcTBo. Jlokaxkem cHadasa popmyry

/

oG+

Pazobwem kpusyio OGT na Kpusblie

L= () s el
Ly ={(b,y) = ye€[p®),¥(b)]},

D= (@) zefat), 0
Pi={(ay) : yelpl@v@)). )

ol

Play)de =~ [ [ 50wy dody.
G

/mew+@Lw@//C¥@wg@w0M@-
G

(3)

y

r

yiwﬁ
ry G I'y

S
e
xXT
a b



[Mockonpky kKoopamHaTa  Ha OTpe3kax 1o m I'y He mensercs, To
KpuBosrHeiiHble nHTerpansl [ P(z,y) dz no STuM KPEBBIM PABHBL HYJTIO.
Kpusas I'y uMeer opueHTAIINIO, COOTBETCTBYIONLYI0 OPUEHTAIIUN KPHUBOT
OGT, a xpusaa I's — nporusonosoxuyio opuenranuio. CiegoBaresbio,
B CHJIy aJUTUBHOCTU KPUBOJUHEHHONO WHTErPaJa

/ P(z,y) d:c:/P(x,y) dxf/P(x,y) dx =

oG+ ry s

:/ )dz= /P‘W /b( P(z,9(x))— Pz, p(x )))dx.

N3 dopmynsr Herorona—J/leiibuura ciemyer, 9To
()
oP

o(x)

Orciofa 1 U3 TEOPEMbL O CBEJICHIH KPATHOIO HHTErPAJIa K IOBTOPHO-
My HOJIydaeM

b ()
8P oP
P(zx, dxz—/dx — :—//—ac, dx dy.
/ (z,y) y dy 8y( y) dx dy
O0G+ a p(x) G
®opwmyna
/wady—//a (z,y) dx dy (4)

oG+

JokasbiBaerca anasuorudno. CruaipiBas dopmyubt (3) u (4), nosydaem
dbopmyny ['puna. O

Teopema 2. Ilycts

1) obmacts G C R? mMoxeT GbITh TIpejCcTaBIeHa KakK O0beIHHEHHe
KOHETHOTO YHCITA HEMEPECeKAIONTUXCS STEMEHTapHbIX obnacreit G; (i =
=1,...,I) ¢ KycouHO-TIaAKMMK TPaHUIAMEU U KPUBBIX 7, (J = 1,...,J),
Jiekalux Ha BHyrpennux (110 orHouenuio K obuacru G) rpanunax o6-
nacreit Gy;
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2) rpanuna OGT obaactu G COCTOMT M3 KOHEYHOTO HYHUCJIA TIPOCTHIX
3aMKHYTBIX KYCOUHO-TJIQIKUX KPUBBIX Fi (k =1,...,K), opueaTHpO-
BAHHBIX MMOJIOZKUTEIBHO OTHOCUTEJIHLHO obnactu G

3) mycrs byukuuun P(z,y), Q(z,y) nenpepsisro muddepennupyemb
Ha 3aMmbIKaHuu objactu G.
Torga cupasemmBa dpopmyna ['puna:

/ny dz + Q(z,y) dy—//( gj(%y)) dz dy, (5)

oG+

rae

/P(my)dw+Qxy Z/nydx—i—@(xy)

oG+

okazaTeabcTBo. [lpumensis reopemy 1 K 3meMeHTapHBIM 00JIa-
cram G, U3 KOTOpbIX cocroutr objacrb G, 1ojydaem

/ P(I7y)dx+Q(x,y)dy—//<g§2(x,y)g];(x,y)> dx dy.
e

oG;

ITockosbKy KyCOYHO-TJIaJKHE KPHUBBIE 7;, JlesKalllie Ha BHYTPEHHUX
rpanunax obmacreit G;, UMEIOT Mepy HyJb, TO KPATHBIH WHTErpas o
BHYTpEHHUM Tpanuiiam obsiacreit G; pasen nyio. CieIoBaTeabHO, B CH-
Jy aJIJUTUBHOCTU KPATHOI'O UHTErpaJjia

I

Z/ (z,y) do + Q(a,y) dy =
ot (6)

6]
//(av(x,y)g]yj(x,y)> dz dy.
G

3amerum, 4TO eciu KPUBad Y; JIE€KUAT HA IPAHULE cOceiHuX obsacreil G
u Gy, TO TIOJIOKUTEIbHAS OPUEHTAINS ITONH KPUBO OTHOCUTEIHHO 00JTa-
ctu (G; IPOTUBOIOJIOXKHA TIOJIOKUTEIHLHON OPUEHTAIINN ITOM YKe KPUBOit
otHOCUTEeNbHO obnactu Gy.
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Yy CreioBaTeIbHO,  WHTErPAJIBI
1I0 KPUBOW 7; BOIHAyT B cCjarae-
mete [ P(z,y)dz+ Q(z,y)dy =
oG+

[ P(z,y)de+Q(z,y)dy ¢ pas-
oG

HBIMHM 3HAKAMH W IIPU CyMMHPOBa-
HUWM B3aWMHO YHHWUYTOXKATCsA. B pe-
3yJabTaTe B JIEBOM YacTu (HOpMyIIbI
(6) ocraHyTCs TOJBKO HHTErpaJibl
[0 KPHUBBIM, JIEYKAIIUM Ha TPAHUIE
obnacru G, uyro naer opmyiry
(5). O

3ameuanme. @opwmyna I'puna cupaseminBa u g 00JaCTH, KOTO-
PYIO HEJIb3s1 MPEICTABUTh KAK OObHEIUHEHNEe KOHEYHOTO UMCIIA DJIEMEH-
TapHBIX 00/1aCTell U YacTeil ux rpaHull, T.e. BMeCTO ycjaosug (1) Teope-
MBI 2 JOCTATOYHO TPeOOBATH U3MEpUMOCTh 00j1acTu G. Jloka3arejbCTBo
COOTBETCTBYIOIIEH TEOPEMbI JOBOJIBHO TPYIOEMKO, U MbI €r0 TIPUBOIUTH
e 6ynem. Tem Gostee 9TO B MpaKTUIECKUX 3a7adax 0b1acTh, HE yIOBJIE-
TBOpsiioliue ycjaosuio (1) reopembl 2, 0ObIYHO HE BCTPEYAIOTCH.

CueacrBue. (Bbruucsenue miomaau ¢ NOMOIILI0 KPUBOJUHEHHOrO
narerpana.) Ilycrs obmacts G C R? orpanmdena, a ee rparnma OG T co-
CTOUT U3 KOHEYHOI'O 9YUCJIa IIPOCTBIX 3aMKHYTBIX KYCOTHO-TVIaJKUX KPH-
BBIX F;: (k=1,...,K), OpHEHTHPOBAHHDIX MOJIOXKUTEJILHO OTHOCHTE b=
Ho obnacru G. Torga mwiomans (mepa 2Kopaana) obnactu G paBHa cie-
JYIOITUM KPUBOJWMHENHBIM WHTETDATAM:

u(G):/mdy:—/yd:c:%/mdy—ydx.

oG+ oG+ oG+

Hoxka3zaresberBo. Ilpumenss ¢opmyny [puna ama P(z,y) = 0,

Q(z,y) = =z, nonyanm [ zdy = [ [drdy = p(G). Pasencrso
oG+ G

#(G) ocTaJbHBIM KDPHBOJMHEHHBIM WHTErpajaM JOKA3bIBAETCS AHAJIO-

TUYHO. O
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I'nasa 15

ITIOBEPXHOCTHBIE NHTEI'PAJIBI

§ 1. Onpenesienus moBepxHOCTEN

x(u,v)
Onpenenenne. Ilycts BekTop-dbymxkmma #(u,v) = | y(u,v)
z(u, v)
HeTpepLIBHA B 3aMBIKAHUN m3MepnMoit obmactn G C R2, . Torma Mmo-
JKECTBO

S =#(G) = {F(u,v) : (u,v) € G} CR3

TYZ

HA3BIBAETCA  NOGEPTHOCMLIO (3aTaHHON mnapamerpudeckn). Bexkrop-
dyukuusa 7(u, v) Ha3LIBAETCH NAPAMEMPU3ayuet TOBEPXHOCTH S.

Oupegenenne. Ilycrs moOBepXHOCTH S MapaMeTpu30BaHA HENpe-
poiBHO quddepennupyemoit Bekrop-gyukuueii ¥ : G — S (onpenenenue
HenpepbIBHON auddepentupyeMocTu PYHKIUA B 3aMbIKAHANA 00TACTH

obuto mamo B §5 mmaser 14). Touka (ug,vp) € G HaswbiBaeTCs 0c0001

(o, o)
TOYKOI MapaMeTPU3AIAN T, eCIU BeKTOPHI 7, (ug, vo) = | vl (ug,vo) |
2, (1o, vo)
', (o, vo)
7! (ug,vo) = [ ¥l (uo,v0) | KosuHEADHDI, T. €.
2, (uo, vo)

[F;(UQ,UO) X F;(UO,UO)] = 6

Omnpegenenne. [losepxnocts S Ha3BIBAETCA NPOCMOT 2400K01, ec-
JIM CyIIeCTByer Takad ee napamerpusanus S = 7(G), 4o

(1) G — usmepumas obnacts B R2 ;
(2) orobpaskenne 7 : G — S B3aWMHO OTHOZHATHO;
(3) mapamerpusanus 7 HenpepbiBHO muddepeHupyeMa 1 He UMeeT

0co0bIX TOUEK B (.
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B nasnbHeiimeM s KpATKOCTH MO/ CJIOBAMH <«IIPOCTast TJIaKasi Mo~
sepxHocTh S = 7(G)» JOrOBOPUMCS HMETD B BHJIY, 9TO BBITIOTHEHBI YCIIO-
Bus (1) —(3). Xors B 0bmieM cirydae HpocTasi [ajkas HOBEPXHOCTH MO-
ket ObITb napamerpu3osana BekTOp-GyHKuuell, He yJA0BJIeTBODAIOWEH

yenosusim (1) —(3).

v . z
Ble. (u, v)

— |

T

Onpenenenune. O6pa3s rpanunsl 001acTi G HA3BIBACTCS KPAEM IIPO-

cToii Tnagkoit moepxuoctu S = 7(G) m obozHawaercs wepe3 95: 0S5 =

= 7(9G).

Oupegenenne. [ToBepxXHOCTD S HA3BIBACTCS KYCOUHO-24A0K0U, €CTT
ee MOXKHO TIPEJICTABUTh KaK O0beAWHEHNe KOHEYHOTO YUCHIa KYckos S;,
ie{1,...,I}, Takux, 910

(1) Kaxkaplit Kycok S; siBJIsieTCs IPOCTOl I71a/IKOi II0BEPXHOCTHIO;

(2) aBa pasznuuHbIX Kycka S; u S; MOryT nepecekarbCsd JIMIIb 110
Kpadam: Sl N Sj = 851 N ﬁSj;

(3) ecnu mepecedenue IBYX PA3IUIHBIX KYCKOB \S; U S IPEICTABIISET
€060l GECKOHETHOE MHOPKECTBO TOYEK, TO 9TU KyCKH HA3BIBAIOTCS COCEO-
HUMU;

(4) nepecedenue JAByX COCEAHUX KYCKOB COCTOMT U3 KOHEYHOIO YHCIIA
KyCOYHO-TJIAIKUX KPUBBIX W, OBITH MOYKET, KOHETHOTO YHCIIA TOYEK;

(5) mus mOOBIX OBYX PA3IHIHBIX KYCKOB S; U S; CYIIECTBYeT KOHEU-
HBIH HAOOP KYCKOB Sk, Sky, - - -, Ok,, TaKOH, 910 k1 = 4, ky, = j U anis
moboro £ € {1,...,m — 1} xycku Sy, u Sk,,, ABIAOTCS COCETHIMU;

(6) mepecedenue Tpex Pa3NIUYHBIX KYyCKOB S;, S; u Sj cocrout He
60Jiee YeM M3 KOHETHOTO UHCJIa, TOUEK.

IIpu 3TOM Kpaem KyCOUHO-TIIAQIKOM TTOBEPXHOCTH S HA3BIBAETCS 00b-
€MHEHNE BCEX KPMBBIX, KAXKJIAs W3 KOTOPBIX JIEXKAT Ha, KPald OJHOTO 1
TOJILKO OJIHOI'O KYCKa, S;.
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Jaamm ompeesienre KacaTebHOM MIOCKOCTH K MPOCTO TIIa KO 110~
sepxuoctu S = 7(G) B Touke 7y = T(ug,v9) € S, rae (ug,vy) € G.
TMockombky xpusbie 'y, = {F(u,v9) : w € [ug — d,up + 0]} mw 'y, =
= {(ug,v) : v € [vg — §,v9 + d]} neKar Ha HOBEPXHOCTU S, TO BEK-
Topwt 74, (g, vo) U 71, (ug, Vo), KACATEIHHBIE K STHM KDUBBIM, SIBJISIOTCS
HATPABJIAONIMME BEKTOPAME KACATEIHLHON TWIOCKOCTH K MOBEPXHOCTH S
B TOYKE 7.

Onpenenenune. Kacameavnoli naockocms1o K IJ1aJIKOU TOBEPXHO-

ctu S = 7(G) B Touke 7y = 7(ug, vg) € S HABIBAETCS TLIOCKOCTH, TIPOXO-
JIAMAS 9epe3 TOUKY 7o W apajesbaasa Bekropam 7, (ug, Vo), 7, (ug, Vo).

Eanavansrit BeKTOp

!/
Lun vl
=/ =/ b

|[Tu T'U]| (uo,v0)
OPTOTOHAJIBHBIA  KacaTellb-
HOI TIJIOCKOCTH K ITOBEPXHO-
cru S B TOYKe 7, Ha3bIBa-
eTcd eJIMHUYHBIM BEKTOPOM
HOPMAAU K TIOBEPXHOCTHU S B
TOYKE T7.

Oupegenenne. IlycTh Ha 3aMbIKaHWUE U3MepuMoii objactu 2 C

C Riﬁ 3a/1aHa BEKTOP-DYHKIMS R:Q— Riyz. Bynem rosoputsh, 4To

BekTop-pyukuus R(a, 8) 3ajaer donycmumyo napamempusanuio 1po-
cToit raakoil nopepxuocru S = 7(G), ecam CyIecTByeT B3aUMHO OJIHO-

s3HauHoe orobpaxkenue W : ) — (G, 3amannoe HenpepbiBHO auddepen-
) = (u(a,ﬂ)

v(a, B)
Hom u Takoe, uro R(a, 8) = F(u(a, 8),v(a, B))  Y(a, B) € Q.

mupyemoit dynknuein W(«, 8 ) C HEPABHBIM HYJIO SKOOMAa-

Jlemma 1. KacaresbHasi TIJIOCKOCTh U HOPMaJb K ITPOCTOMN TJIa KON
[IOBEPXHOCTH S B 33JaHHOI TOYKe Ty € S He 3aBUCAT OT IIapaMeTPU3alluu

IOBEPXHOCTH S.
u(a, B ))

Hoxka3zaresbero. Ilycrs BekTop-dynkuua Wi(a, 5) = (v(a 3)
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sazaer orobpaxenne W : Q — G, oupesensiomniee I0IyCTHMYIO Tapa-

merpusamo B, 8) = F(u(a, 8), v(a, 8)) nosepxuoctn S = 7(G). Tpe-
OyeTcs JOKA3aTh, 4TO €JIMHUIHBIA BEKTOP HOPMAJIH

[77, (w0, v0) X 7, (ug, vo)]
[, (uo, vo) x 77, (g, vo)]|

B TOuKe 7o = T(up, Vo), OUpeJeNeHHbli 10 napamerpusanuu S = 7(G),
COBMATAET (C TOYHOCTHIO JO 3HAKA) C €IMHUYHBIM BEKTOPOM HOPMAJIN

| [Fi (a0, fo) x Bj(ao, fo)]
[, (0, Bo) x Ry (w0, Bo)|

B TOi1 ke Touke 7y = R, Bo), ONPENETIEHHBIM 0 MapaMeTpu3aImm S =

= R(Q).
ITomp3ysick Teopemoit 0 audhepeHnupPOBAHNN CIOXKHON (DyHKIHH,
OllyCKas apryMeHTbl, MOXKHO samucars Ry, = 77, u, + 7,v,, R =

=73, U + 77, Vg, TIOSTOMY
o/ o/ | 1=/ —/ /A /A N Y] —/
[Ra X Rﬁ} = [r, X 7] (uavﬁ —uﬁva) =, x7,] Jw.
CiietoBaresbHO,

o Jw [7h,(uo, v9) X 72 (ug, v9)]
— :l: u - = :l:_’ & N D
A7) = A 7 T o vo) > 7 (arwo)]] o 00)

Omnpegenenne. I[Tosepxuocrs S HA3BIBAETCH 24a0K01T, €CIH JJIs JIIO-

6oit Touku 7y € S cymecrByer aucyio § > 0 rakoe, uro Us(7o) N S sasms-
€TCd TIPOCTON TJIa/IKON MOBEPXHOCTHIO.

Omnpegenenne. [nagkas TOBEPXHOCTD S HA3BIBAETCS OPUEHMUPYE-
MOTi, €CJIA CyIIECTBYET HEIPEPBIBHOE N0AE eOUHUNHLLEL HOPMAAET K TI0-
BEPXHOCTH S, T.€. CyIIECTBYET HEIPEPHIBHAS HA MHOXKECTBE S BEKTOP-
dbyukuua 7i(7), 3HaYeHHEM KOTOPOH B KaxKI0il Touke 7 € S apjsgercs
BEKTOP €IMHUYIHON HOPMAJM K TOBEPXHOCTH S B TOYKE 7.

JIerko BUIETH, 9TO 111 OPHEHTUPYEMOH TIOBEPXHOCTH S CYMIECTBYIOT
JIBE€ B3aMMHO IIPOTHBOIIOJIOXKHBIE OpueHTanuu. Eciu kakas-mmbo opueH-
Tanus MOBepxHocTu S 3a/aHa, TO MOBEPXHOCTD S HA3BIBACTC OPUEHINU-
POBAHHOTU.
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BameTuM, 9To Jr06asi MpocTas ryagKas moBepxHocTh S = 7(G) opu-
€HTHPYyeMa, TaK KaK KaxXKJIasd U3 BEKTOP-PyHKITHH

o [Pu) X ()]
(") = TiF 0 (w0) < P, )]
(7, (1, 0) x 7, (u, v)] B}

()=~

ABJIACTCA HETIPEPBIBHBIM TIOJIEM €IUHUYIHBIX HOpM&JIefI K ITOBEPXHOCTHU S.

Pow o) x (o) e T o)

CyIecTByoT TJIaiKne HeOpHeH-
TUPYMbI€ TTOBEPXHOCTHU, HAIIPHU-
Mep, muct Mébuyca.

ITpu ompeje/ieHur OPUEHTAIMU KYCOYHO-TJIAIKON IIOBEPXHOCTH, a
rakxke B Teopeme Crokca, 0 KOTOpOit moiiger peub B § 6, uCIOIb3yeTcst
CJIE Ty FOIIEE OHSATHE COrTACOBAHHOCTU OPUEHTAIIUY IPOCTOM TIa KO 110-
BepxHOCTH 7 ee Kpag. Ilycts S = 7(G) — mpocTas T1agKas MOBEPXHOCTH,
rparnmeii obmactn G C R2, apigercs mpocTas 3aMKHyTas KyCOWHO-
rnagkasa kpusas OG = {U(t) : ¢ € [t1,t2]}. Torna kpaem nosepxHocTH S
SABJISIETCA KyCOYHO-TIAIKASA KPUBAsi

05 = 7F(0G) = {F(d(t)) : t € [t1,t2]}.

Badurcupyem Touky iy = U(to), to € [t1,t2], KOTOpasa ABIAETCT TOUKON
raagaxocTn kpusoit OG, T.e. cymectsyer @’ (tg) # 0. IIpm sToM TouKa
7o = () aBngerca Toukoit rmamkoctu kpusoit 0S. Iycers 7 = 7(7)
— BEKTOP KacaTeJIbHOH K KpHBOH OS B TOYKE 7, HAIPABJICHHBIA B CO-
OTBETCTBUM C opueHTaruel kpusoit 95. Tlycrn N - BEKTOD BHYTPEHHEN
(mo orHomenuto K obmactu G) HOpMaau K kpuBoii OG B Touke Uy. Tak
KAaK TPU JOCTATOIHO MajoM § > 0 orpesok [uy, Uy + SN | comepxxurcs B
G, To ero 06pas, T.e. Kpubas

T = {7y +tN): t €[0,4]},

JIEKUT Ha moBepxHOCTH S. ClleI0BaTEIHHO, €€ BEKTOD KacaTeJIbHON

F=G(r) = (i + 1) 1)
t=0

JIEZKAT B KACATEBHOI ILJIOCKOCTH K MOBEPXHOCTH S B TOYUKE Ty, IIPUIEM
BeKTOp [ HANpPaBJIEH «B CTOPOHY» TTOBEPXHOCTH .S.
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X

Onpenenenne. IlycTh opueHTAIMS IPOCTOH TIAMKOH ITOBEPXHOCTH
S = 7(G) 3amana mosjem euMHAYHBIX HOpMaseil 7i(7), ¥ € S, a rpaHn-
neit obmactu G C R, apigerca mpocras 3aMKHyTas KyCOYHO-IJIa/IKas
KpuBas. Bymem roBopuTh, 9o Kpaii 0S5 0puenmupo6an nosoXicumesbHo
OTHOCHUTEIBHO ToBepxHOCTH S, n mmcaTh OS™T, ecan B m060# 7y — TOU-
Ke riagKocTH Kpas ST Tpoiika BekTopos 7(70), B(7o), (7o) aBnsercs
npapoii. nade GymemM roBOpHTh, 4TO Kpail 0S opuenmuposan ompuiya-
meAvHo, 1 mIcaTh 05~ .

MeHee CTPOTO MOKHO CKa3aTh, 9TO Kpait ST opnenTHpoBaH MOJIO-
JKHTEeJILHO TOrJa U TOJABKO TOLA, KOTMa IPH 0bxone Kpad 0ST B Ha-
[IPABJIEHUU €r0 OPUEHTAIMK TIOBEPXHOCTH S OCTAETCS CJIeBa, ECTH CMOT-
pPeTb C TO# CTOPOHBI, B KOTOPYIO HAaIIPABJIEH BEKTOP HOPMAJIM K ITON
MOBEPXHOCTHU. B ciydae, KOrma mMOBEPXHOCTE S «OM3Ka» K TIOCKOCTH,
HOJIOKUTEILHYI0 OPHEHTAIMIO Kpad 0ST MOXKHO OIpeJe/uTh M0 IPABH-
JIy mpa60z20o 6Yypaeuuka: TPYU BPAIIEHUU PYIKHU OypABUIMKA B HAPABJICHUN
opuetaru JST GypaBuuk GyJer ABUTATLCS B HAIlPABJCHUN OPHEHTAIIIN
LIOBEPXHOCTH S.

Jlemma 2. Tlycts cucremsr koopmamnat (u,v) B muockoetu R2 w
(z,y,z) B mpoCTpaHCTBE Riyz — mpasere. Ilycrs S = #(G) — mpocras
I7TaJIKas TTOBEPXHOCTD, a rpanmmeil obnactu G C R? | apagerca mpocTas
3aMKHyTast KyCOYHO-TJIAIKas KpuBas. IlycTb /

(1°) moBepxHOCTH S OPUEHTUPOBAHA T10JIEM HOpMaJIeit 74 = &;Ziig%,]ﬁ

(2°) opuenranus kpas OST moBepXHOCTH S COOTBETCTBYET MOJIOMKY-
TesIbHOM opueHTauy rpanuibl OGT orHocuTensHO obnactu G, 1. e. ecin

npu Bo3pacTanuu napamerpa t Touxa u(t) asuzkerca no rpanune OGT B
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HANPaBJIEHAN €e OPHEeHTAIlNK, TO NPH BO3PACTaHWM Mapamerpa t obpa3
aToit Touku 7(@(t)) ABUKETCS B HANPABICHUM OpUeHTalMKu KpuBoit OST.
Torna kpait ST nosepxuocTy S OPHEHTHPOBAH IIOJIOXKUTEILHO OT-
HOCUTEJIbHO OPUEHTALMU [IOBEPXHOCTH S.
Ecam mapymaercs omno u3 yenosmit (1) —(2°), To kpait 9ST opuen-
THPOBAH OTPUIATEIBHO, eI 002 YCIOBUS — TO TOJOKUTEIHHO.
Ny
N,
oTHoIIeHNIO K obsactn G) Hopmasu K kpusoit 0G = {i(t) : t € [t1,12]}

B TOuKe Uy = U(ty). lycrs @(t) = (Zég . Tlo onpe/iesieHIIO TTOJIOXK K-

HdokazaresabcTBo. Ilycte N = — BEKTOp BHyTpeHHeil (1o

TenbHOl opuenTaruu rpanunbl OGT napa sextopos U (tg), N asisercs

npaBoi, T.e.
u'(to) Ny
det (v’(to) Nv) > 0. (2)

[ycrs 7 — BekTop KacarenbHoit K Kpato ST = {r(d(t)) : t € [t1,t2]} B
TOYKE T, HAIPABJECHHBIH B coOTBEeTCTBUN ¢ oprenTamueii 0S™. Mcnomb-
3ya npasusa quddepernupoBanus Ci0x)uoN dbyukiuu u dhopmymy (1),
IOJIy YaeM

CutetoBaTesibHO,
[rx B = (7l % 71llg, (W/(to)Ne — v/ () Vo).
Tpumenss nepasencrso (2) u ycaosue (1°), nonyvaem

[rx BT [ < ™ )lg, 11 it

TToaTomy Tpoiika BEKTOPOB T, (3, Ti4 SABJISETCS TIPaBO U, CJIeIOBATEIIHHO,
kpaii ST opueHTHpOBAH MOJIOXKUTENLHO. IIpU HADPYIIEHUH OJHOTO W3
ycnoBuit (1°) wim (2°) HanpaBjieHHe BEKTODA 74 UM T U3MEHUTCS HA
POTUBOIIOIOKHOE, M PACCMATPUBAEMAs TPOHKA BEKTOPOB CTAHET JIEBOI.
IIpu onnospemennom napyenuu yciaosuil (1°) u (2°) opuenranus 310ii
TPOHKH, a 3HAYUT 1 Kpad OS™T, He W3MEHUTCA. O
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Omnpenenenne. Kycouro-riaaakas mo-
BEPXHOCTH HA3BIBAETCH  OPUEHTMUPYe-
MoU, eciu ee Kycku S; MOYKHO OpH-
€HTHPOBATH COTJIACOBAHHO, T.€. TaK,
9TO MOJIOKUTEbHBIE OPUEHTAIUUA O0-
IMero Kpas JIIoObIX JIBYX COCEJIHUX IO-
BepxHOCTeR S; U S; B3aUMHO IPOTHBO-
[OJIOZKHBI.

§ 2. IloBepxHOCTHBIII MHTETPAaJI MEPBOTO POIA

ITycrs 3amana mpocrast riaakas nosepxHocts S = 7(G), pasbuenne
T = {G;}_, obmactu G C R2, u mmibopka &p = {(us,vi)},, Tae
(’LLZ', ’UZ') € G;.

Yepes 7;(u,v) 0603HAYAM NWHEHHOE TPHUOIMIKEHNE OTOOPAYKEHWS
7(u,v) B OKpecTHOCTH TOYKHU (U, V;):

Fi(u,v) = Flug, v;) + 7 (i v;) (w—w;) + 71 (ug, v5) (v — ;).
Yepes S; obozuaunm 0b6pa3 muHOKeCTBA (7 MIpU JTUHEHHOM OTOOPAXKEHUN
7i(u,v): S; = 75 (G;). 3aMeTnm, 9T0 MHOXKECTBO S; JIEXKHUT B KacaTelb-
HO¥ TLTOCKOCTH K TOBepxHOCTH S B ToUke (u;,v;). Yepes u(S;) obozma-
quM wioniaap (Mepy ZKopnana wa miockocru) muoxkecTBa S;, a depes
w(G;) — mnomaap MaoxkecTBa Gy C R2 .

Kak n3BecTHO M3 aHAJIWTHYECKON TeOMETPUH, OTHOIIEHUE TUIOIAIETH
obpaza u mpoobpasa MpHu JUHEHHOM O0TOOPAYKEHUH PABHO JIJIHE BEKTOP-
HOTO TIPOM3BEIECHIS 00pPa30B GA3MCHBIX BEKTOPOB OPTOHOPMHPOBAHHOTO

. o 1
6aszuca. [Ipu jmuneiinom orobpaxkenuu 7;(u,v) GA3UCHBIE BEKTOPHI <O

0 ~ S
u (| ] TMEPeXOMAT COOTBETCTBEHHO B BEKTODHI 7 t(ui,v) w7 (ug, v;), mo-

9TOMY
p(Si) i _
TGZ) = [ (s, vi) x 7 (ui, v3)]| -
O6beaunennem MuO)ecTB S; (i =1,..., 1) aBasiercs «derryidaroes

MHOXKECTBO ST, KOTOPOE IPU MaJIOH MeJKoCcTH pasduenus T OJIM3KO K
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nosepxuoctu S. IIpenen maomazeil «9enryivaaTbix> MHOKECTB S Mpu
4(T) — 0 HA3BIBAETCS ILIOMIAIBIO TIOBEPXHOCTH S.

Omnpenenenne. Byjgem roBopurb, 9TO MpOCTas IUIAIKAsA TOBEPX-
HocTh S = 7(G) nMeer naowadv o, ecau

I

ZM(SZ-) — o mpu {(T)—0.
i=1

Teopema 1. Ilnomaas npocroit rmagkoi nosepxuoctn S = 7(G)
CYIIECTBYET U paBHA

// 7! (,0) x 7 (w, v)]| dudo. (1)
G

Hoxka3zaresiberBo. Yepes o(g; T; &) obo3mauum cymmy Pumana
byrxman g(u,v) = |[F! (u,v) x 7, (u,v)]| ana pasouenns T = {G;}1_,
w mtbopic Er = {(us, 1) Ho,y

I I

o(g; T5ém) = D |77 (s vi) X 7 (wgvi)]| pl(Ga) = D p(S). (2)

i=1 i=1

TMockomeky dynkmus g(u,v) HEMPEPHIBHA HA H3MEPAMOM KOMIIAKTE
G, 1o 3ra QpyHKUMa uHTEerpupyeMa Ha G, a 3Hauut, u Ha G. ITosromy
npu £(T) = 0

ol Tier) — [[ 1) x P o)) duds, Q
G

U3 ycnosuii (2), (3) caenyer rpebyemoe yTBepKiIeHue. O

Omnpepenenne. Ilycts S = #(G) — npocras T1a1Kas TOBEPXHOCTD.
Torga kBagparugHas (Gopma

K (du, dv) = |di(ug, vo)|? = |7, du + 7! dv|* =

= |7 2 du® + 27, 7)) dudv + |7 |? dv?
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(e 9acTHBIE TIPOM3BOMHBIE 74, 71 BBIYUCIEHBI B TOUKe (g, Vo)) Ha-

3BIBAETCHA NEPEoti keadpamunnoti Popmoti IOBEPXHOCTH S B TOYKE Ty =
= (up, vo).

3ameTum, 9TO IIMHY BEKTOPHOTO POU3BEIeHus |71, X 71| yIO0OHO BbI-
YUCIATD Yepe3 Ko PUImeHTs! MepBoil KBAAPATHIHON (POPMBI ITOBEPX-

HOCTH:
17, % 7]l = VIFuR - 172 = (7, 7).

IT10maah MOBEPXHOCTH S MOYKHO TPAKTOBATh KaK MAacCy 3TOH MO-
BEpPXHOCTH C TOBEPXHOCTHOM TJIOTHOCTHIO, paBHO# emmuamie. O6obmast
dopumymny (1) ama mromamu NOBepXHOCTH S, MAJAMM OMPEJETECHHE MO-
BEPXHOCTHOTO MHTErpajia mepBoro poxa or dymukmmm f(z,y, z), dpusn-
YeCKUU CMBICJI KOTOPOIO COCTOUT B TOM, YTO OH PABEH MACCE IOBEPX-
HOCTH S C TTIOBEPXHOCTHOH TLIOTHOCTHIO f.

Onpenenenne. Ilycto ¢yakumsa f(7) HenpepblBHA Ha IPOCTOMI

riazkoii mosepxuoctu S = 7(G). Humezparom nepeozo poda // f(™ds

or dyuknun f(7) 10 HOBEpXHOCTH S HA3BIBACTCA KPATHBIA MHTErpaJl

J] 1) 17w x 7 o) dudo.

G

Jlemma 1. Eciu byuxnus f(x,y, z) HenpepblBHa Ha HOBEPXHOCTH
T
S = Azy) = Yy . (z,y) € G p, apnmomeiica rpaduroMm
z(z,y)
HenpepbiBHO quddepennupyemoit dynkuuu z(x,y), TO

[ 1wwzas = [[ st e @+ )2 deay,
S G

0
HokazatenbeTBo. Ilockombky 7/, 1], o
Y 7
7P =14(2,)% 7P =1+(2)?, (7, 7)) = 2,-z,. Ciegosazemnn-

no, [ x 7yl = \JIFL2 - 172 = (7, 7)? = /14 (24)2 + ()%, o
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T10 OIpe/IeJIEHHIO0 TTIOBEPXHOCTHOTO HHTErpaJia ePBOro Pojia JaeT Tpedy-
€MO€e PaBEHCTBO. O

W3 cBoiicTBa a1 IMTUBHOCTH KPATHOI'O MHTEIPAJIA [I0 MHOXKECTBY CJIe-
JIyeT CBOWCTRO AU THBHOCTH WHTErPAJIa TIEPBOT0 POJIA TIO TIPOCTOH TIa-
KOU NOBEPXHOCTH:

€CJIM IPOCTAas TIAJIKASA MOBEPXHOCTD S ABIAETCS 00beINHEHUEM TTPO-
CTBIX TaAKux mosepxuocreii S; (i = 1,...,]), mepecexaromuxcs TOIbKO
110 KpasiM, a PyHKIMsA [ HelpepbiBHA HA MHOXKeCTBE S, TO

JRGEE ﬁ;//m as.
S =g,

Onpenenenue. Hnmezpas nepeozo poda OT HETTPEPHIBHOM (DYHKIINN
f(7) no wycowno-zaadkoli noseprrocmu S OnpeseseTcs Kak CyMMa UH-
TerpasioB or (BbYHKIUH f MO MPOCTBIM TJIAJKUM KyCKaM MOBEPXHOCTH S.

W3 cpoiicTrBa aaIuTUBHOCTH HWHTErPaJja IEPBOrO POAA IO IIPOCTOI
TJIQIKOI MMOBEPXHOCTH CJIEAYET, UITO

a) MHTErpaJI 1Mo KyCOYHO-TJIQIKON MOBEPXHOCTH He 3aBUCUT OT CIIOCO-
6a pa3bueHust STON MOBEPXHOCTH HA MPOCTHIE IVIAIKNE KYCKU U

6) uHTErpaJl MepBOro Poja 10 KyCOYHO-IJIA/IKOM ITIOBEPXHOCTHU TaKIKe
006J1a1aeT CBOMCTBOM A IUTUBHOCTH.

Teopema 2. IloBepXHOCTHBINI WHTErpaJ MEPBOTO POJIa HE 3aBUCHUT
OT TIapaMeTPU3AIUN TOBEPXHOCTH.

JokaszaTeabcTBo. B cuny cBoiicTBa aiuTHBHOCTH HHTErPAJIA TIEP-
BOI'O POJIA JOCTATOYHO JOKA3ATH HE3ABUCUMOCTD OT IIapPaMeTPU3AIUN HH-
Terpajia 1o mpocroil riuaakoit nopepxuocru S. I[lycrs 3amanbl aBe napa-

— —

merpusaiuu nosepxuocru S: S = 7(G) = R(a, 8), npuyem E(a,ﬂ) =
= (u(e, B),v(e, B)), rue Bekrop-dbyukms W(a, f) = <zgz’g;> 3a7a-

eT HempepwhIBHO AudHEepeHnupyeMoe B3auMHO OTHO3HAYHOE OTODPAasKe-
aune W : Q — G ¢ mepaBubiM Hymo skobuanoM. Ilycrs dynkuus f(7)
HerpepbiBHA Ha MHOXKecTBe S. Tpebyercs 10Ka3aTh, 4TO
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J] #0170 ¢ ) s =
G

- // f(R(a, B)) \[ﬁ;(a, B) x Ris(a, B)]| dadp.
Q

Kaxk 6b1710 I0Ka3aHO IpH JoKa3areabcTse jgeMmbl 1 § 1,
[R; x R;,,] = [, x 7] Jw. (5)

B cuny teopembr 0 3ameHe nepeMeHHbIX B KPATHOM HWHTErpaJie moJry-
qaeM

JI 5700 Pt x P ) o =
G

— [[ @00 170 x 7 Ll dads,
Q
orkyaa u u3 dopmyrsl (5) mosydaem paBeHCTBO (4). O

§ 3. IloBepxHOCTHBII MHTErpPajl BTOPOrO pojaa
s ynobcrBa 0003HAYEHU OMPEIEIUM BEKTOD
dydz
dS = | dzdx
dzx dy

Onpepnenenne 1. Uumeepasrom 6mopozo poda

J[ @2, d3) -
S

= // P(z,y,2)dydz + Q(x,y, z) dzdx + R(z,y, 2) dv dy

5
P(x,y,z)
OT HENPEPLIBHOH BeKTOp-pyHKnuu d(x,y,z) = Q(z,y,z) | mo
R(z,y,2)

KYCOYHO-TJIAIKOI TTOBEPXHOCTH .S, OPUEHTUPOBAHHOM TIOJIEM €TMHUIHBIX
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HopMauieii 7i(z,y, z), Ha3bIBaeTCsd MWHTErpaJl MEPBOro POJa OT CKAJIAPHOI
byaxmmn f(z,y,z) = (d(z,vy, z), 7i(z,y, z)) mo nosepxuocTH S:

[[@w2). ) = [[ @2, .. 2)as.
S S

Dusuyeckuii CMbICJ HHTErPaJja BTOPOrO POAA BEKTOP-(BYHKIAN
(BeKTOPHOrO 10Jis1) @ 1O HOBEPXHOCTU S COCTOUT B TOM, YTO OH DaBEH
N0MOKY BEKTOPHOIO MOJIsi @ 9epe3 MOBEPXHOCTh S B HAIIPABJIEHUU HOP-
masu 7(x, Yy, 2), COOTBETCTBYIONIEH OPUEHTAINY TTOBEPXHOCTH S.

HenocpencTBenno 3 onpeesieHus ClaeayeT, YTO TP N3MEHEHWH OpHU-
€HTAIINN TTOBEPXHOCTH WHTETPAJI BTOPOTO POJIa MEHSET 3HAK.

3 croiicTBa aIIUTUBHOCTHA TTOBEPXHOCTHOTO MHTETPAJIA TIEPBOTO PO-
Ja caesyeT CBONCTBO aJJUTUBHOCTH IMOBEPXHOCTHOTO MHTErPAIa BTOPO-
ro poza.

Teopema 1. IloBepxXHOCTHBIN HHTErpaJ BTOPOTO POJa HE 3aBUCHAT
OT TIApaMEeTPU3AIANA TIOBEPXHOCTH.

JokazaTeabcTBo. B cmiy cBOiCTBA aIIuTUBHOCTH TOBEPXHOCT-
HOrO MHTErpajla BTOPOrO POja JOCTATOYHO [0KA3aTh HE3ABUCUMOCTDH
OT TapaMeTpHU3AIMM WHTErpajga BTOPOrO PoAa MO TPOCTOH TIAIKONR
noBepxuocru. B cumy semmbl 1 § 1 enuHUYHBIE BEKTOp HOpMAaIn HE
3aBUCUT OT [apaMeTpU3alluu, cjegoBarenbHo, dynkuusa f(x,y,z) =
= (a(x,y, 2), ii(z,y,2)) He 3aBucuT or napamerpusanuu. Orciona u u3
HE3aBUCUMOCTH OT ITapaMeTPU3aliu MOBEPXHOCTHOTO WHTErpaJa mepBo-
0 poJa MOTyYdaeM TpedyeMoe yTBEp:KICHHe. O

Teopema 2. UWurerpan BTOPOro poja OT HEMPEPLIBHON (HyHK-

b(7)

mm @(7) = | Q(F) | mo mpocroit Tnaaxoit mosepxmoctu S = 7(G),
R(7)
x(u,v)
(u,v) = | y(u,v) | MoxkuO BErMUCIHTL IO dOpMyITE
z(u,v)

[[atwv.2). %) -
S
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3HaK + WM — mepej KPATHBIM WHTErpaaoM mo obiactu G 3aBUCHT OT
opuenTaiuu nopepxuoctu S. OnpesennTh 3TOT 3HAK MOYXKHO, BbIOpaB
LHPOU3BOJIBHYIO <«yJ00HYI0» TOYKY 7o = 7(Ug, Vo) € S ¥ CPABHUB 3HAKH
KOODJMHAT BEKTOPA HOpMaJIH 71(7), 33AI0IIEr0 OPUEHTAINIO TOBEPXHO-
¢ty S, U BEKTOpa

- - —

i J k
[, (1o, vo) % 75, (ug, vo)] = det | 2, (uo,v0)  yi,(uo,v0) 2, (uo,v0) |
xy,(uo,v0)  yy(uo,v0) 2, (g, vo)

rae ;, f, k — 6asucubre BEKTOPBI.

Eciu 3naku koOpauHAT 3TUX BEKTOPOB IO JII00OH U3 KOOPAMHATHBIX
oceil COBMAIAIOT, TO TEpPEI KPATHBIM WHTErPAJIOM CJIEIYEeT MTOCTABUTH
3HaK -+, €CJIU Pa3JUYHbI, TO 3HAK —.

JokazarenbcrBo. Enuandnblii BEKTOp HOpMaJIW, 33JAI0MINNH OPH-
EHTAITUIO MOBEPXHOCTH S, MOKHO BBIYUCIUTH 1O (POpMYJTe

N GACR)EEACRD) .

Fow o) xFo@o e T ()

npwdeM 3HaK + WM — MOXKHO OMPEJEUTh TaK, KaK CKAa3aHO BBIIIE.
Ilonp3ysach ompeiesieHNIMU TTOBEPXHOCTHBIX WHTETPAJIOB MEPBOTO U
BTOPOT'O POJIOB, MMOJIy9aeM

ffon - o s

= //(E(F(u,v)), i (7(u, v))) |71, (u, v) x 71 (u,v)]| du dv.
G

Orciona u u3 dbopwmyist (1) caenyer, 9ro

// (7), dS) // 7! (u, ) % 7! (u, )]) du dv.
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Broipaxkas cmermanHoe MpOW3BeJeHNE TPEX BEKTOPOB HYepe3 OIpeesu-
TeJIb MATPUIBI, COCTABIEHHON M3 WX KOOPAWHAT B MPABOil KOOPAMHAT-
HOH cucTeMe, MOIYyIuM JI0Ka3bIBAEMOe PABEHCTBO. O

Hanum ompemesieHne WHTErpaJsia BTOPOTO POIA / / fz,y, z) dx dy mo
s

MOBEPXHOCTH S, KOTOpasi B3AMMHO OJIHO3HAYHO MPOEKTUPYETCsT HA TIIOC-
KOCTh (,Y).

Omnpegenenne 2. Ilycrs na 3ambikanuu uamepumoii obnactu G C
C R2, 3ajana menpepoisas dynkius z(z,y). Ilycrs ST — pepxusas, a

zy

x —

S~ — HHMXKHAA CTOPOHBI MMOBEPXHOCTH S = Y : (x,y) €G
z(z,y)

Mycrs dbynkmusa f(x,y, z) HenpepbiBHa Ha MHOXKecTBe S. Torma unme-

2paavl 6Mopo2o poda/ f(z,y,2)dxdy u //f(x,y,z) dx dy oupeneis-
-

S+
I0TCST Yepe3 KpaTHbIi nHTerpas no obaacrtu G dopmysaMu

] 1 ydods = - [[ s 2ydzay = [[ 5oy sta0) dzdy.
S+ S- G

Ananoruyno onpejendaoTcsa UHTerpasl / / f(z,y, z) dy dz mo mosepx-
s

HOCTH S, B3AMMHO OJHO3HAYHO TPOEKTUPYIOMEHCS Ha TIOCKOCTD (Y, 2),

U UHTerpa / / f(z,y, z) dz dx no moBepxHOCTH S, B3AaMMHO OJJHO3HATHO
s

NPOEKTUPYIOMIENCA HA IOCKOCTD (2, ).

B cienytoweil Teopeme JloKkazaHa SKBUBAJIEHTHOCThL Olipeje/ienus 1
W ONpemeeHuss 2 I WHTErpaja TMo TIAJKOH MOBEPXHOCTH, B3aWMHO
O/IHO3HAYHO MPOEKTUPYIOIIEHCs HA MIOCKOCTD (T, Y).

Teopema 3. Ilycrb nosepxHocrs S spisiercs rpadukoM QyHKIMH
z(x,y), nenpepbiBHO quddepeHIuPyeMOoii Ha 3aMBbIKAHUE H3MEPUMOi 00-
nactu G C Rﬁy. Mycts dynkuusa f(x,y,z) HeNpepbIBHA HA MHOMKE-

crBe S. [lycrn Sf — IOBEPXHOCTD S, OPUEHTUPOBAHHASA [IOJIeM HOpMaJiei
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ng (2, Y, 2)

fi(z,y,2) = | ny(z,y,2) | Takux, aro n,(z,y,2) >0 V(z,y,2) € S, a
nz(xa Y, Z)

S — Bepxussa cropona nosepxuoctn S. Torma

//f(m,y,z)dxdy://f(%y,z)dxdy.
K S

Hoxka3zaresberBo. Ilonaras, uro 7(x,y) = Y , TIOJTy IHM
y)
i j ok —2Z
[/ x#']=det [1 0 2 —z,
T yl — T y
/
0 1 z
AT
ITosToMy eaMHWIHBIA BEKTOP HOPMATH 7l = \[Fz Fz]\ = | ny | yno-
ny

BJIETBOPSIET YCJIOBUIO 1, > 0 U, CIeI0BATEIbHO, 33a€T OPUEHTAIINIO MTO-
BepxmocTH S
B cuny Teopembr 2

0 0

/ f(x,y,z)dxdy:—i—//det 10

S & 0 1
ITosTomy

//f(:c,y,z)dxdy://f(a:,y,z(z,y))dzdy:/ F@y,2)dedy. O
s G 55

§ 4. Oneparop 'amuaprTOHA

Ounpenenenune. Onepamopom Iamuavmona V (nabia) naspizaercs
BEKTOPHBI OIeparop, KOTOPLIH B MpaBoii HpHMOyI‘O.HbHOI/I cucreme Ko-

opauHAaT %, j, k mveer KOODPIMHATHI ;x, 667;7 EPE
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7
v -0 o
V= |2 | =i 4+7— +k—.
%y 28x+]8y+ 0z
0z

s Toro 4To0ObI PACKPBITH BHIPAYKEHUE, COAEpIKAIee omeparop V,
BEKTOPHBIE TIOJIsi, CKAJISPHbBIE TOJIsT, apUMMETUIECKUE OMEPAIIAN, & TaK-
2K€ OIMEePaIny CKAJIIPHOr0 U BEKTOPHOT'O TPOU3BEIEHUH, JOCTATOIHO PaC-
MHACATH TOKOOPIUHATHO JAHHOE BBIPAXKEHUE, TIPU ITOM C Oneparopom V
MOXKHO JIEHICTBOBATH KaK C OOBIYHBIM BEKTOPOM, 33 T€M HCKJIIOYEHUEM,
YTO HEJIB3sT TMEPECTABIATh MecTaMu (DYHKIMHM U OMepaTop V WU ero
KOMTIOHEHTHI. B pe3ysibrare MOJyduTCs CKAJASPHOE WJIM BEKTOPHOE BBI-
paxkeHue, KaXk7aasi KOOPINHATA KOTOPOrO MOYKET COIEpPKATh OMEPATOPDI
a%, a%’ %, cKangpHbIe QYHKIUA u apudmMerndeckne omeparmn. Kaxk-
JIOE TAKOE CKAJISPHOE BbIPAYKEHUE ONPEIEIAETCS OOBIIHBIM 00Pa30M.

ITockombKy omepaTopst a%, a%, % JEeHCTBYIOT Ha PYHKIUU, CTOSIIITHE
CIIPaBa OT HUX, U HE JEHCTBYIOT HA (DYHKIUH, CTOSIINE OT HUX CJIEBA, TO
oneparop V 00/Ia1aeT 3THM K€ CBOHCTBOM.

P(x7 y’ Z)
IIpumepsr. IlycTs 3a1aH00 BekTOpHOE TIOJE d(2, Y, 2) = | Q(, Yy, 2)
R(z,y,z)
u menpepbiBHO muddepeHnupyeMble ckamspable nons ¢(z,y,z) #
U(x,y, z). Torna

el
0z ¥ Po
) Ve=|&e|=[¢,] =grade.
/
2, ),

2) @, V) = PEo+ QLe+ REp = Pyl + Qu, + Ryl =
= (a@,grad p) = %. Takum 0bpazom, Bbipaxkenne (d, V) ABISETCa ore-
PATOPOM B3ATHUSA NPOU3600HoT no eexmopy a(x,y, z).

oY pals Z

Ve = [ Zov | =¢ [ Ze|+e | &¢ | =vVe+ Vi
o o o
20 FEL4 5z

To obcTosTenbeTBO, UTO nuddhepeHImaNbHbIH onepaTop V neicTByer
Ha Bce (DYHKIMHU, 3AlUCAHHbIE CIPABA OT HEro (IO IEPBOrO 3HAKa +,
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—, =), ObIBaeT HeyZOOHBIM TIPU PACKPBITUM BBIPAXKEHUIH, COIEPIKALIUX
omeparop V. B atom ciiyuae moroBopumcsi Te BEKTOPHBIE W CKAJISPHbBIE
10JIs1, K KOTOPBIM [IPUMEHSIETCS o1eparop V, orMedars crpesikoii J. Ecian
B BBIPAXKEHUM CTPEJIKU HET, TO, KAK U PAHBINE, CAUTACTCs, YTO OIEPATOD
V neiictByer Ha Bce QYHKINHU, 3aMUCAHHBIE CIIPaBa OT Hero. Hampuwmep,

Vgoz/J:Véw—i-Viibgo:wV(p—&-chz/J.

Onpenenenne. J[usepzenyueti HEIPepbIBHO AuddepeHnupyemMoro

P(x,y,2)
BEKTOPHOTO Tonst d = d(x,y,z) = | Q(z,y, 2) | nHasbBaercs ckamspHOe
R(z,y,2)
upoussenenue (V,a):
0 0 0
divi = (V,d) = —P+ —Q+ —R.
iva=(Vv,a) Ox +8yQ+8z

Ounpenenenune. Pomopom (6uzpem) nenpepbisuo nuddepenuupy-
P(z,y,2)
€MOr0 BeKTOPHOTO Tos d = d(z,y,2) = | Q(z,y,2) | Ha3bIBaeTCa BEK-
R(z,y,2)
TopHOe npoussenerue [V X d).
B mpaBoii npsiMoyroJibHOM cucTeMe KOOpAWHAT 4, J, k pOTOp Mo d
BBIpazKaeTcs 1o popMyIe

i
rotd = [V x a =det |2
P

(R _0QY (0P R\ cioQ 0P
B <8y 6z)+y<8z 8m)+k(8m 8y>'

Paccmorpum npuMepbl paCKPBITHS BBIPAYKEHUH, COIEPKAIIUX OTepPa-
Top V.

IIycrs 3amanbl HenmpepbIiBHO auddepeHIupyeMble BEKTOPHOE I0JIe
d=d(z,y,z) u ckajsgpuoe nojue ¢ = o(x,y, z).

1 4+
1) div (pd) = (V,¢d) = (V,9d) + (V,pd) = (@, V) + ¢(V,d) =
= (d,grad ) + @ diva.

@g‘mb‘l
5 Qo =
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1 {
2) rot (¢d) = [V x pd] = [V x@ad] + [V x pd] = —[d x Vy] + p[V x
d = —[a x grad ¢] + ¢ rotd.

[Tycrs Teneps BEKTOPHOE TOJIE @ ¥ CKATISPHOE TIOJIE (0 JBAYKIbI HEITPe-
poiBHO mauddepennupyemor. Torma

k
3) rotgradp = [V x Vy| = [V x V]p = det Ll o=
0
0z

%’\@ Flo =u
o Flo <.

=1 (a%% - %@) o+i (Sgs — guae) otk (%674 - a%é%) - Hom-
3ysiCh TEM, UYTO CMEIIaHHbIe MPOU3BOIHBIE IBAXK bl HEMPEPHIBHO Audde-
peHiupyeMoit GyHKIUKM He 3aBUCAT OT MOpsaka auddepeHnpoBanus,
OJTy YaeM

rot grad ¢ = 0.

4) divrotd = (V,[V x d]) = (V,V,d) =

31ech MBI ONISATH BOCMOJIB30BAJINCH TEM, YTO KOMITOHEHTHI BEKTOPa V
MOXKHO TIEPECTABJISITh MECTAMHU, €CJIU ITU KOMIIOHEHTHI TPUMEHSIIOTCS K
JBAXK bl HEMPEPBIBHO auddeperupyemoii (DyHKINY, B CHILY Y€ro C Ore-
paropom V MOXKHO PabOTaTh KaK C OOBIYHBIM BEKTOPOM U, B YACTHOCTH,
[V x V] =0.

5) divgrady = (V,V)p = (8%2 + a7 T 822) ®.

§ 5. @opmysa Ocrporpaackoro—laycca

Omnpegesenne. MHOKECTBO HA3LIBACTCS IAEMEHMAPHHIM, €CTIH OHO
9JIEMEHTAPHO OTHOCUTEJILHO KaXKION KOOPUHATHON ocu (CM. ompezeste-
Hre B § 3 raassl 14).

P(.’E, Y, Z)
Teopema 1. Ilycts BekTOpHOE Tome d(z,y,z) = | Q(z,y,z2)
R(zx,y,z2)
HeNpephIBHO INdGEPEHITPYEMO B 3aMBIKAHWH 3JIEMEHTAPHOI 061acTn
G C Rzyz, rpaHmma KoTopoit OGT ABafeTca KyCOYHO-IVIAIKON IOBEpX-
HOCTBIO, OPUEHTHPOBAHHON TOJIeM BHEmHUX HopMmaJiei. Torna cripasen-
nuBa gopmysa Ocmpozpadcrozo—Iaycca:

///dlvaxy, dxdydz-// a(z,y, z ) (1)

o0G+
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HoxkazareascrBo. @opmyny Ocrporpaackoro—Laycca, omyckast ap-
TYMEHTBI, MOXKHO II€PEINCAaTb B BUIE

/// (8P 6Q+g§) drdydz =

= //dedz—Fdedx—i-Rdxdy.
G+

JokazkeM paBeHCTBO

/// 25,2 dzdydzf// 2y, 2) d dy, (3)

B cuny anemenTapuoctu obmacta G OTHOCHTENHHO OCH Z CYINECTBY-

2
0T u3mepumoe Muozxecrso B C RZ, u bynxmun ¢(z,y), ¥(z,y), nempe-
PbIBHBIE Ha 3aMblKaHuM MHOxKecTBa E m rakue, uro ¢(x,y) < ¥(z,y)

Y(z,y) € Em

G={(z,y,2) : (z,y) € E, p(z,y) <2z <Y(z,y)}.

T109TOMy MOBEPXHOCTH «KPHBO- A%
JuHelHOro umiauuapa» G co-
CTOUT U3 TPexX YacTeil:
«BEPXHEro OCHOBAHU»

S1={(z,y,9(z,y)): (z,y) € E},
«HUKHEr0 OCHOBAHUS»
So={(z,y, ¢(x,y)): (z,y) € E}
1 «OOKOBOi1 TIOBEPXHOCTH »

Ss ={(z,y,2) : (z,y) € OF,
o(x,y) <z <(x,y)}.

ITockombKy BEKTOp HOpMAJN
n’]’:(x’y7z)

i(z,y,z) = |ny(z,y,2)| x
nz($7y7z)
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«BOKOBOIT TIOBEpXHOCTHY S5 MapaJlIesIeH ILIOCKOCTH TY, TO N, (z,y, 2) =
=0 mpu (x,y,2) € S5, CIENOBATEIBHO, CBOJI MHTETPAT BTOPOTO POIA K
HHTErpajly Ie€pPBOro POJA, HOIydaeM

// R(z,y, z) dx dy =/ R(z,y,2)n.(x,y,2)dS = 0.
S3 S3

ITonb3ysack onpemenenneM 2 N MOBEPXHOCTHBIX HHTEIPAJIOB BTOPO-
r'o POZA II0 BepXHel CTOPOHE IOBEPXHOCTH S1 U HU2KHEH CTOPOHE MOBEPX-
HOCTHU Sa, TIOyYIaeM

[ #ev 2y dway = [[ Revviw) dod,
S E

//R(a:,y,z) drdy = —//R(x,y,gp(x,y)) dz dy.
Ss E

CrenoBaTesbHO,

//ny, alavdy—/Racy7 )dz dy +

oG+

//Ra: Y, 2 dxdy+//Rx y,z)dxdy =

// (e, 6(,9)) — Rz, 0(,9)) ) da dy.

[Moawszysicy dopmynoit Herorona—/leiibruria, momydaem

//R;Ey7 dxdy—//dxdy / 5 (z,y,2

G+ (z,y)

OTcroga 1 U3 TEOPEMBI O CBEJEHUH KPATHOTO MHTErPasia K IMOBTOPHOMY
caenyer dbopmyia (3).

AHAJIOrMYHO, IIOJIb3YACH 3JIEMEHTAPHOCTHIO 061acTu G OTHOCUTEILHO
oceit T M Y, MOYKHO MOJIYIUTh PABEHCTBA
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/// (p.2) dwdydz = [ Pla,y.) dy (4)

G+
///8 T, Y, 2 dmdydz-//Qxy, dz dx. (5)

G+
CkitaapiBas DPABEHCTBA (3)—(5), oIy 9aem dbopmyy
Ocrporpaackoro-Taycca (2). O

Teopema 2. Ilycrtb

1) obmacts G MOXKHO MPEJCTABUTH B BUE OOLEIUHEHHUS KOHEUHOTO
YHCJIa HEEPECEKAIOIIUXCs dIeMeHTapHbix obnacreit G; (i1 = 1,...,1) u
KyCOYHO-IVIQJIKuX nosepxuocreit S; (j = 1,...,J), jexKaumx Ha IpaHu-
nax obnacrei Gj;

2) rpanuna OG obnacru G ABIgETCA KyCOYHO-IVIAIKON T1OBEPXHO-
CThIO0, OPUEHTUPOBAHHON MOJE€M BHEINTHUX HOpMAaJeit;

3) BekTOpHOE TIOJIE @(T, Y, 2) € R? menpepwBHO MnddepernmpyemMo B
3aMbIKaHuu obsactu G.

Torna cupasenusa dpopmyna Ocrporpazackoro—Taycca (1).

JokazaresabcTBo. B cumny Teopembl 1 i KaxK10i 3/1€MEHTAPHOR
obnactu G; cupasemyuBa dpopmyna Ocrporpasgckoro—Laycca

// divad(z,y, z dxdydz—// a(x,y,z ) ie{l,...,I}.

aGt

ITockombKy 3s1eMeHTapHBIE O6HaCTI/I G, I/I3MepI/IMbI ro u(0G;) =

= 0. Orcioga u uz ycmosus G\ U G, C U 0G; caenyer, 4To

=1

u (G\ U Gi) =0 ¥ B CHJly aJTATUBHOCTH KPATHOTO WHTErPaJa
=1

/// diva(z,y,z) dvdydz =
_zj:///dlv“wy’ dxdydz—z// d(.y.2). dB). (6)

dG*

76



Yepes Sle 0003Ha4MM OOIIYI0 TPAHUILY COCEIHUX IJIEMEHTAPHBIX 00-
nacreit G; u Gy, OPUEHTUPOBAHHYIO II0JIEM HOpMaJieil, BHEIIHUX II0 OT-
soutenuio K obnacru G;. Torna opuentanun nosepxuocreii S U S& B3a-
MMHO IIPOTUBOIIOJIOKHBL U, CJIEI0BATENbHO,

[ @.v.2).d8) =~ [[ @a.v.2).d).

ash, asy,

ITosToMy IpH CyMMHPOBAHHH HMHTEIPAJIOB HO mnosepxHoctam OGT;
MHTErpaIbl O OOIMUM I'PAHUIAM COCETHUX OOJIACTeH B3aUMHO YHHYITO-
JKAIOTCSA W OCTAETCA WHTerpaJs 1o rpanuie obnactn GG. Takum obpasowm,
u3 dopmyist (6) caexyer dbopmyraa Ocrporpazackoro-Taycca musa obia-
cru G. O

Ormerum 0e3 mokazarenbcTBa, 49ro Qopmyna OcTporpaackoro—
Taycca cunpasegnusa u s obsnactu (G, KOTOPYIO HEIb3sl IPEJICTaBUTH
KaK OObeInHEeHre KOHEYHOrO YHCJIa dJIEMEHTAPHBIX obJsiacTeil W dacTei
uX rpaHul, T.e. BMecTo yciaosus (1) Teopembl 2 nocrarodno TpeboBarh
M3MEepUMOCTh obacT G.

Teopema 3. (Teomerpuueckoe oupejenenue guseprenuuu.) Ilycrs
BekTopHOe mose a@(7) € R? menpepwsro auddepernmpyeMo B obIacTy
QC Riyz Ilycrs 7 € €, Sgr — cdepa paauyca d ¢ HIEHTPOM B TOUKE T,
OPMEHTHPOBAHHAS T0JIeM BHeIHuX HopMadeit, a Vs = u(Us(7)) = 3md®
— obwem mapa Us (7). Torma

diva(i) = lim — // a(7), dS).

5—+0 Vs

JokazaTeabcTBo. 3 menpepwuiBrOi nuddepeHInpyeMoCTH OISt
d(7) cnenyer uenpepbiBHOCTL dyHKIWMY div @(7), mosTOoMYy

g(d) = sup |diva(F) —diva(rp)| =0 mpm § — +0.
7eUs (7o)

CrietoBaTenbHO,
/// div a(7) de dy dz — Vs divd(ip)| =
Us (7o)
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/// (diva(F) - diva(o)) dz dy dz </// ) de dydz = Vs <(5).

Us 'r‘o) Us (7’0

N3 reopemsr Ocrporpaackoro—laycca mosydaem, 9o

([] div a(7 dxdydz—izy (7), dS).

U§ (’I‘o

CiietoBaresbHO,

// (7),dS) — diva(7)| < e(6) =0 mpn & — +0. O

Sameuanmne. IlockonbKy moTOK / / (@(7), dS) ne 3aBucur or cucre-
55
MBI KOODJIMHAT, TO B CHJIy T€OPEMbI 3 AUBEPTEHINs BEKTOPHOIO MOJIs He
3aBUCHUT OT CHCTEMbI KOODAWHAT.

Omnpenenenne. Byjiem ropopurs, 4T0 IOBEPXHOCTD S 02PaHUMUGA-
em obnacts G C R3, ecrm
1) S—=0Gu

2) G — orpaHUYEHHOE MHOXKECTBO.

Ounpenenenune. [loepxHocTh HA3BIBAETCH 3GMKHYMOU, €CJIU OHA
OTPAHUYIHUBAET HEKOTOPYIO 00JACTh.

Onpenenenne. HenpepsiBHoe BeKTOpHOE Tose a@(z,y, 2) € R? ma-
3BIBAETCHA COAEHOUDGALHBLM B OOacT ), eCii MOTOK IOJISA @ Yepe3 JIro-

6y10 BAMKHY Ty KyCOYHO-TJIAIKYI0 IIOBEPXHOCTD S, JIEXKAITYI0 B 00/1aCTH
(), paBeH HyJIIO:

// a(z,y,z),dS) =0 YV 3aMKH., Kyc.-rag. S C Q.
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Onpegenenne. O6macts ) C R3 masbiBaerca o6semmo 00HOCEA3-
HO1l, ecau [T JTI000# 3aMKHYTO# mosepxuocTu S C €2 obnacts G, orpa-
HUYEHHAs [OBEPXHOCTBIO S, comepzkurcs B 2.

O6pasmo roBopsi, 00 bLEMHAST OTHOCBSI3HOCTE 0bIacTH {2 03HAYAET, YTO
obacTb {2 He MMeEeT «BHYTPEHHUX MOIOCTEMH>.

Teopema 4. Ilycts BekTopHOe mome d(w,y,z) € R® mempepniBHO
muddepennupyemo B obsactu 2. Torna yciiosue

diva(z,y,z) =0 Y(z,y,2) € (7)

SABISIETCS HEOOXOMUMBIM, & B ClIydae 00beMHOMH OJHOCBSI3HOCTH 00JIaCTH
) — ¥ JOCTATOYHBIM YCJIOBHEM COJIEHOM/IAJILHOCTHU II0JIs d.

HoxkasarenabcrBo. 1) Heobxomumocrs ycnosust (7) s coenou-
JaJILHOCTH TIOJIS @ CJIEyeT HeMOCPEIACTBEHHO U3 TEOPEeMbI 3.

2) Ilycrs BhImosnHeHO ycaoBue (7) n obmacthb ) 06bEMHO OTHOCBSI3-
Ha. IlycTh 3aMKHyTast KyCOYHO-TIIAIKAS TMOBEPXHOCTH S OrpaHMIUBAET
obnacrs G. Torga B cuiy obbeMHOM ogHocBsa3HocTH oOnactu 2 G C
C Q, nosromy divd(z,y,2) =0 VY(z,y,2) € G. Orcroga u u3 Gopmy.ibl
Octporpajckoro—T'aycca cieyer, 9To TIOTOK TOJIsE d Y€pe3 MOBEPXHOCTh
S paBeH HyJIIO. O

3ameuanne. U3 ycnosus (7) s 06beMHO HEOJHOCBAZHOM 001aCTH
) He caenyer comeHOMAANLHOCTD nons d. Ilycrs, manpumep, a(7F) = G

— 3JEKTPHYECKOe TIoJIe TouedHoro 3apana, 2 = {7 € R® : 1 < |7 < 3},
S={FeR3 : |f] =2}. Toraa

ivi= (V.5 ) = v+ (79 ) =
- () =2 () o
T.e. yenomme (7) Bemomeno. OfHaKo

/S/(a,dﬁ):/s/(a,ﬁ)dsz/! (If?”’ ?) =
// =S o
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§ 6. ®opmyna Crokca

Omnpenenenne. KpuBonumueifinplii HHTErpag  BTOPOTO  PoOja
J(@(z,y,z),dr) or Bexropmoro moms d@(z,y,z) € R® mo 3amxmyroit
r

kpusoit I' naspiBaeTcs yupryaayued.

Teopema 1. Ilyctb
1) S = 7(G) — upocras riia/Kas OPUEHTUPOBAHHAA IOBEPXHOCTD;
z(u,v)
2) BekTop-dynkmus 7(u,v) = | y(u,v) | gBasKIbI HEMTPEPHIBHO ANd-
z(u,v)
dbepenmmpyema B G
3) rpauuneii obmactu G ABIAETCA MPOCTast 3aMKHYTas KyCOYHO-
rJIaKas KpUBast;
4) xpait mopepxuoctu OST OpUEHTHPOBAH MONOKUTETHHO;
5) BekTOpHOE TIONE (T, Y, 2) € R® menpepwiBHO MudbepernupyeMo B
Hekoropoit obsacru ) C R3, conepzxaineit mosepxuocrs S.
Torma MOTOK POTOPA TOJISA @ Yepe3 MOBEPXHOCTH S paBeH IUPKYJISIITT
nosd @ mo kpusoit 0ST, T.e. cupaseguBa Bopmysa Crnoxca:

/ / (rot @z, y, 2), dS) = / (@(@,y, 2), dF). (1)
S

aS+

HokazatesnbcTBo. Ilpencraum BekTOpHOE TONE d(T,Y,2) =
P(z,y,z2) P

= | Q(z,y, 2) | Kak cymMMy Tpex BeKTOpHbBIX moJieit a1 = [ 0 |, ds =
R(z,y,z) 0
0 0

=1Q|, as=|0|.dna nokazareascria dpopmyasi CTokCa q0CTa-
0 R

TOYHO JOKa3aTb, 9YTO

// (rotai,dfs*) - /(di,df), i=1,2,3. 2)
S

a5+

Hokaxxem dopmyity (2) upu ¢ = 1. Ilycrb noBepxHocTh S OpueHTHPO-
B

BaHa [OJIEM HOpMaJeh 7l = ATl kpusag OGT opmeHTEpOBaHA MOJIO-
I, 7 0,11

JKUTEIbHO OTHOCUTEIbHO obstactu G, a cucrema KoopauHar (u,v) — Ipa-

pas. Torma cormacHo jJemme 2 u3 § 1 kpait ST = 7(OG™) nosepxnocTn
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S OpUEeHTHPOBAH TMOJIOKUTENbHO. [lycTh KpuBas

oG+ = {(gg;) te [a,ﬁ]}

" u(t) "
napaMeTpu30BaHa BeKTOp-DyHKIMEH o(#) ) UMerored
KYCOYHO-HETPEPHIBHYIO MTPOM3BOTHYIO. Torma oS+ =

z(u(t), v(t))
= y(u(t),v(t)) | :t€lo,f]p. CaenoraresnnHo,
z(u(t), v(t))
/ (dy,dr) = /Pdm—/Pﬂ:tdt
s+ s+

:/P(x;u;er;v;)dt: / Pzl du+ Pz dv.
e} OG+

Otciona B cuity Teopembl I'puna nosydaem

/(al,dm://((Pz;,);f(m;);) du dv.
G

as+
ITockonbky
(Pal,), — (Pal,), = Pyaf, + Py, — Pyay, — Py, = Py, — Pya, =
= (PLal,+ Pyl + PLal) @l — (PLal, + By, + PL2l) al, =

—P’a< )+PE ;

Y 9(u,v)
/al,df') //( Y +Pég§ ;) du dv. (3)

C apyroit cTopoHbl, B cuily Teopembl 2 §3 u dopmyabl rotd; =

= Py(ay gy, — v, y,) + PU, 2, — 2, 2,) =

i j k
= det 8% 8% % = j P, — k P, nonyuaem
P 0 0
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P, —P

0
. y
//(rot a,dS) = // det |z, v, =z, | dudv=
& x/ / !/

s Y z

I(z,y) 9(z,x)
=/ (-P P .
// ( Y O(u,v) s d(u,v) du dv
G
Orciona u u3 dopmyist (3) noiygaem dpopmyny (2) upu ¢ = 1. Ilpu

1 = 2,3 dopmyna (2) nokazsiBaercs anagorudso. CkiaabiBas GOpMyIIbL
(2) mpu ¢ = 1,2, 3, mosmyuaem opmyny Crokca. O

3ameuanme. Teopemy 1 MOKHO JOKa3aTh, HE IPENOIATAsT, 9TO BbI-
nonHseTcs ycaosme (2), T.e. orT BeKTOp-DYHKIuHU 7(U, V) JTOCTATOTHO
TpebOBaTh HEMPEPHIBHYIO AuddEPEHIINPYEMOCTh, & HE HEMPEPHIBHOCTH
€€ BTOPBIX MPOM3BOIHBIX, HO JIOKA3ATEIHCTBO OyIeT 3HAYUTETHHO CJIOXK-
HEe.

Eciu noBepxHOCTD S COCTABIEHA U3 KOHETHOTO YHUCIA TPOCTHIX TIaI-
KHUX TOBEPXHOCTEH S;, TO IPU CyMMUPOBAHUYU KPUBOJUHEHHBIX HHTErPa-
nos [ (d,dr) uaTerpabl mo O6IIEMY Kpaio ABYX COCEIHMX TOBEPXHO-

S
creit S; BOIAYT ¢ IPOTUBOMOJIOKHBIMU 3HAKAMU U B3aUMHO YHUYTOXKAT-
csa. CkaaapiBas popmysasl CTOKCA IS TIAIKUX TTOBEPXHOCTEMH S;, MOXK-
HO TOJTyunTh popmyay CTokca [jisi KyCOUHO-TJIAIKOM OBEpXHOCTH S.

Wrax, cnpaeemmuBa ciaeayomas teopema Crokca st KyCOYHO-
DJIAJKOM MMOBEPXHOCTH, TOJHOE J0KA3aTeJIbCTBO KOTOPO BBIXOIUT 3
PaAMKWM HAIIEro Kypca.

Teopema 2. IlycTh S — KyCOYHO-TJIaIKasl MOBEPXHOCTH, KPail KOTO-
poit ST COCTOMT M3 KOHEYHOTO YHCJIa IMPOCTLIX 3aMKHYTLIX KyCOTHO-
[JIQJKAX KPUBBIX, OPHEHTHPOBAHHBIX IOJOKHTEIBHO. IIycTh BEKTOpHOE
nose @(x,y, z) € R® nenpepoisuo auddepennupyeMo B HeKOTOPOit 0bia-
et Q C R3, conepsxameit mosepxuocTs S. Torma crmpasenmsa dopmyaa
Croxkca (1).

Teopema 3. (Teomerpuueckoe onpezenenue poropa.) Ilycrs Bek-
topHroe nosie @(7) € R menpepsisro muddepentupyemo B obnactu G C
C Riyz. IIycrp 3amambl Touka 7o € G u equHmgHbi BeKTOp 71 € R3.
IMycrs S5 — Kpyr paguyca d ¢ MEHTPOM B TOUKE T U JIEKAIIWHA B TJIOC-

KOCTH, MEPIEeHIUKY/IIpHOil BekTopy 7. Torma
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1
rotd(rp),n) = lim — a(r), dr
(rot (o), ) = lim — [ (@(7), ),
asy
riue 85; — TpaHWIa Kpyra Ss, OPUEHTHPOBAHHASI COTJIACOBAHHO C Ha-
MpaBJIEHHEM BEKTOPA 71 1O MPABUJIY «IIPABOTO OypaBUMKA».
JokazaTeabcTBo. U3 HenpepwiBHON mudpepeHnupyeMocTs moIs

@ crnemyer HenpepbBHOCTH byHKIum (rot d(7), ) B TOUKE T(, MOITOMY
I BEJIMYUHBL

e(9) = sup |(rot a(7), ) — (rot d(y), 77)]

TESs
BoIIOJIHAETCA yeaoBue lim e(d) = 0.
0—+0

W3 onpenenennst BeandnHbl £(J) Caeayer, 9To

//(rot a(r),m)ds — //(rota(Fo)ﬁ) ds| < //5(5) ds = n6%e(6),
Ss S5 3

// (rot G(7), ) — 702 (rot @(Fo), 71)| < w62 ().

B cuuy cbopMyﬂbl Crokca

// rota().d%) = [ (@, )

asf
CJIeTOBATEITHHO,
1 - Lo o
— [ (@)~ otaro). )| < <(0),
ast
YTO BMECTE C YCIOBHEM hm £(9) = 0 moxkasbiBaeT TEOPEMY. O

—+0

3ameuanne. ITockoNbKY MUPKY/ISIUs OIS @ HE 3aBUCUT OT CHCTE-
MBI KOODJMHAT, TO U3 TEOPEMBI 3 CJIEAYeT, ITO s JTI000T0 BEKTOpa 7l €
€ R? pesnuuna (rot @(7y), 1) ne 3aBucuT o1 cucrembl Koopaunatr. [Tosro-
MY POTOP BEKTOPHOTO TOJIsi HE 3aBUCUT OT CHCTEMBI KOODIHHAT.
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Bagaua 1. Ilycts G — obaacts B R3, nose @ : G — R3 nenpepsisuo
muddepennupyemo. BepHo s, uro nose b = rot @ conenounganibio B G7

§ 7. YcaoBug HE3aBUCUMOCTUA KPUBOJUHEHHOTO
MHTerpaJja OT NyTH UHTErPUPOBAHULA

Teopema 1. Ilycrs B obmactu G C R™ 3a0aH0 HEMpPEPHIBHOE BEK-
topuoe noJie @ : G — R™, Torna ciaeaymompe yCioBus 3KBUBAJIEHTHDI:

1) Kpusosnuneiinsit uarerpan [ (@(7),dr) e sasucum om nymu un-
r
mezpuposanua I' C G, T.e. 1JIst TOOBIX JBYX KYCOYHO-TJIAIKAX KPUBBIX

'y, C G, umeomux obIee HAYAJIO U OOIIUi KOHEI, CIPABEeIINBO Pa-
BEHCTBO

2) [upkynsius f 7), dF) mo J11000#i 3aMKHYTOH KyCOYHO-TJIAIKOMN

kpusoit ' C G paBHa HYJTIO.
3) Bekrophoe nosie @ nomenyuaabho B obnactu G, T.e. CyIecTByeT
ckanspHas GyHKIEs @ (OHA HA3BIBAETCS NOMEHUUAAOM) TAKAL, ITO

a(7) = grad o(7) Vi e G,

MJIA, 9TO TO YK€ CAMOE, MOIBIHTErPAIHFHOE BHIPAYKEHUE SIBJISI€TCS TIOJIHBIM
nuddepennuanoMm QyHKIHA @:

@), di) = dp(F) V7€ G.

JMokazaTeJibCTBO.

3) = (2). [Mycrs (@(7), dr) = dp(7) w mycts T = {7(t) :
€ la,b]} — 3amMrHyTas Kycouno-rmagkas kpusag. Torma 7(a) = 7(b )
CJIEJIOBATEITHHO,



(2) = (1). ITycts xycouno-raaaxue xpussie 1'1, 'y C G umeror
obmume Hatano u komern. O6o3mauuMm wepe3 I'; KpHUBYIO, HMOIy<IeHHYTO
U3MEeHEeHueM OpueHTanuu Kpusoii ['s, a wepe3 I' — 3aMKHYTYIO KpUBYIO,
cocrassiennyo u3 kpusbix I'1 u I';. Toraa

/< (7). ) - / (7). ) =

=/<a‘<f>,dﬂ+/<mdm / (7). dF) = 0.

I

(1) = (3). Badurcupyem pOU3BOMLHYI0 TOUKY 7o € G. nsa
moboit Toukm 71 € G onpegenum (7)) KaK KPUBOJMHEHHBIH HHTETPAIT

J(@(7), dr) no xycouno-rnaaxoii kpusoit I' C G, nauanom KoTopoii spis-
r
ercs ToYKa 7y, a KOHIOM — Todka 7. Takas kpusas [’ cymecTrsyer, Tak

Kak objiactb G SBJISIETCS CBSI3HBIM MHOXKECTBOM. B CHJly HE3aBHCHMOCTU
KPUBOJIMHEHHOrO MHTErpa/ia OT IIyTH MHTErPUPOBaHUA 3HadeHue (7 )
HE 3aBHUCUT OT BLIOOpa KpuBoii I

[Tycrh 3amanbl Mpou3BOJIbHBIE TOYKN 7] € G u 75 € G. Ilycts ' —
IPOM3BOJIbHA KYCOUYHO-IJIIKas KPUBas C HAYAI0M B TOYKE 7] ¥ KOHIIOM
B TOYKe T, ['| — Npou3BOJIbHAs KyCOYHO-IJIaAKas KPUBasi C HAYAJIOM B
TOYKE () U KOHLOM B TOYKE 71, a KpuBas Lo cocrapieHa u3 KpuBbIX 1'q
u I', Torma

o) — () = [@@,an) - [@@,an = [@m.an. @
I I

Badukcupyem mpou3BOJILHYIO TOUKY 71 € G u mokazxkem, 910 @(7) =

= grad (7). Tlockonbky obsactb G — OTKPBITOE MHOXKECTBO, TO CYIIe-

cryet okpectroCTh Us () C G. Ilycrs £ € R™ — npon3BOIBHBIN BEKTOD

emuEnaHON mwmael, a I = {F(t) = A +t¢ : t € [0,0]} — orpesok ¢

KoHuamu B Toukax 71 u 71 + 6. Torpa B cuiy dopmysbt (1) mist siroboro
€ (0,6) nmeem

P(7i + 0 — o) = [ (@), dr) = /w 0 dr.

r
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CrenoBaresbHO,

li 200 —0) _ gy, 1 @m0 = (@0,

t—+0 t t—+0 ¢

T.€. CYIIECTBYET IPOM3BOHAS 110 HAIIPABJICHUIO %—f(f’l) = (d(™),£).
Orciona v U3 HEMPEPHIBHOCTH BEKTOPHOTO TOJIS @ CJIELyeT HempepbIB-

Has auddepernupyeMocTs cKaasapHoil pyuknuu ¢ B obsactu G. I1osTo-

My I 1000 Touku 7 € G 1 A7 1000ro eauHuIHOro Bekropa £ € R™

N Oy, S
(@(7),€) = 57 (7) = (grad p(), ),
cremosarensHo, d(™) = grad () Vi € G. O

Onpenenenne. HenpepoiBao auddepeHimpyemMoe BEKTOPHOE 01
@ naswsBaeTcs Gezeurpesvm B obnactn G C R3, ecnn

rotd(r) =0 Vregq.

PaccMoTpuM CBA3b IOTEHIUAILHOCTA B OE3BHXPEBOCTH BEKTOPHOIO
noJig d B obmactu G.

Onpegenenne. O6nacts G C R® nasbiBaeTcs noseprrocmuo 00-
HOCBA3HOU, €CaU JJIs JTI000H 3aMKHYTON KyCOYHO-TJIQ KO KpuBoit I' C
C G cymuiecTByeT KyCOYHO-TJIQIKasi OpUEHTHpYyeMast MoBepxHoCcTh S C G,
KpaeM KOTOpPOil siBjisiercst KpuBas I

O6pasmo roBOps, TOBEPXHOCTHAS OJHOCBSI3HOCTEL 0b1acTu G o3Hava-
et, 94To 00sacTh G HE UMEET «CKBO3HBIX OTBEPCTHI».

Teopema 2. Ilycrb BekTOpHOE mOJE @ HEnpepbIBHO auddepeHiu-
pyemo B obactu G C R3, Torma 6essuxpesocts @ B G sBisieTcs HEOO-
XOJMMbIM, a B CJIy4ae MOBEPXHOCTHOM ofHOCBst3HOoCTH Obnactu G — u 10-
CTATOYHBIM YCIOBUEM MOTEHIMAIBHOCTH MOJisi @ B obmactu G.

Hoxka3zaresbero. 1) Eciu nosie @ noreHnuaibHO, TO B CHIIY TEOPE-
MbI 1 HUPKY/ISIU MO @ 1O JI000H 3aMKHYTOM KyCOYHO-TJIAIKON KPH-
Boit I' C G paBua mymo. OTciofa ¥ U3 reOMETPUIECKOTO OIPEIEeTIeHIsT
poropa ciieayer 0e3BUXPEBOCTh 110 @ B obnactu G.
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2) Ilycrs mosie @ — Ge3Buxpesoe. B cuiy Teopembr 1 i 10Ka3aTe b
CTBA MOTEHIUAJIBHOCTH TOJSA ¢ JOCTATOYHO MOKA3ATh, YTO IUPKYIAINS
110 JIt00OM 3aMKHYTO# Kyco4uHo-Iyiaakoi Kpusoit I' C G pasha nysio. 13
[MOBEPXHOCTHON OiHOCBsA3HOCTU Obstactu G ciiestyer, 4ro juist JII000i 3a-
MKHYTOH KyCcOuHO-TJIaaKoM KpuBoii I' C GG cyImmecTByer KyCOTHO-TIaIKasT
moBepxHOCTh S C G, KpaeMm KOTOpoii siBjisiercs Kpusas 1. 13 dopmysst
Crokca u 6e3BUXPEBOCTH TOJsL @ CJIEIYET, 9TO MUPKYIANUS MO 4 O
kpuBoii I' paBHa myJti0. O

3ameuanune. U3 6e3BUXPEBOCTH TMOJIST @ B MOBEPXHOCTHO HEOIHO-
cBs3HON obnactu G He clieyer MOTEHIUATLHOCTh moJist d. [lycrh, Ha-
upumep, a(z,y,z) = =z | G= {(z,y,2) : 1<a?+9y?<9, 2z €
0
€ R}, T'={(2cost,2sint,0) :t € [0,2n]}. Torua

i J k
rotd = det a% 8@ 8@

—Yy_  _zT _
24y zty

i (9 N_9(_ v \\_5
B Ox \ 22 + 12 Oy \ 22 + y? 7

OJTHAKO
d d 7
o yax ray .2 2
i) — + - t+cos®t)dt = 27 # 0,
/(a, T R > /(sm cos” t) T #
r 0

ITockoIbKy mupKyaanms mosd d@ 1o 3aMKHyToil kpusoii I' C G me pasna
HYJIIO, TO B CHJIy T€OpeMbI 1 Tojie @ HemoTeHIma bHo B obnactu G.

PaccmoTpuM Tenepb HEOOXOAUMbIE M JIOCTATOYHDIE YCJIOBUSA IIOTEH-
- P(z,y)
[MAJIbHOCTH JIByMEPHOIO BEKTOPHOIO mojid a(x,y) = ,  3a-
Q(z,y)
JTAHHOTO B TLTOCKOH obmactun G C R2.
Omnpeneienne. Bymem rosopurs, uro 3aMkHyTasg Kpusas I C R?

ozpanunusaem obnacts G C R?, eciu
1) I = 0G,;
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2) obnacts G OrpaHuveHa.

Cupaseyusa cieayiomas reopema 2Kopaana, KOTOpyIO Mbl IIPUMEM
0e3 J10Ka3aTe/bCTBa.

Teopema 3. (Teopema 2Kopnana.) s 11060ii mpocToil 3aMKHY TOi
kpusoit I' C R? cymectsyior orpanmaennas obmacts (2 C R? u meorpa-
mmdennas obmacts ' C R? akme, ato 0Q = 00 =T u QU UT =
=R2,

N3 reopembr 2Kopaana ciaemyer, 9To 1Jist JIF000# MPOCTOM 3aMKHY TOM
kpusoit I' C R? cymecTByer 061acTh (), OrpaHnueHHas 3TOi KPHBOIL.

Omnpenenenne. O6nacrs G C R? masbiBaerca 0dnocea3noti, eciu
JIst JII00OH 1pocToil 3aMKHYTOR Kpusoit I' C G obnactb {2, orpannyen-
nasg kpusoii I', comepxurcs B obmactn G.

O6Gpa3Ho roBops, OIHOCBI3HOCTL obmacTr G C R? o3mauaer, 410 00-
jgactb G HE UMEET «JIbIP».

Teopema 4. Ilycrs B obnactu G C R? 3a1an0 nenpepsisuo audde-

PEHIMPYEMOEe BEKTOPHOE TIoJie a(z,y) = (ggi’ zg) Torpa ycnosue
oQ 0P

SABJIAETCS HEOOXOIUMBIM, a B CIyUae OJHOCBA3HOCTH objactu G — W J0-
CTATOYHBIM YCJIOBHEM MOTEHIMATBHOCTH BEKTOPHOTO MOJS .

HoxkazaresberBo. 1) Ilycrs nosie @ norennuasnbuo B obaacru G,
T.e. cymecrsyer dyuknus ¢ @ G — R takas, yro d(z,y) = grad p(z,y)
ast moboit Toukm (x,y) € G. Hosromy P = ¢, Q = ;. Tax xak nome
a wenpepbiBHO auddepennupyemo B G, To MYHKIWSA @ JIBAYKIBI HEIPE-
peiBHO guddepeniupyema B G. Vcnonn3ys TeopeMy O HE3aBUCHMOCTH
CMEMIAHHBIX MPOU3BOAHBIX OT MOpsAKa auddepeHnupoBanns, aIsi JIro-
6oit Toukn (v,y) € G nmonyuaem Q. (v,y) = ¢, (z,y) = ¢, (z,y) =
= Pj(z,y), T.e. BRITOTHEHO yCcaOBUE (2).

2) IIycre BeimosnHeHo yeaosue (2). B cuy Teopemsr 1 ais mokasa-
TETHCTBA TOTEHITHATFHOCTH TOJIS @ TOCTATOYHO TIOKA3ATh, 9TO ITUPKYJIs-
uus [ (@(F),dr) no moGoit 3aMKHYTO KycouHO-I1aakoil kpusoit [' C G

r
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paBHa HyJ0. B cuny omrocssznocTn obmactu G 067acTh ), OrpaHudeH-
nag kpusoii ', conepxxurca B G. Ilpumenss ¢popmyny I'puna u ucnosib-
3yst yciosue (2), mosydaem

/(a(m,dm _ /FP(aj,y)dw—i—Q(x,y)dy _ j:// <g§ - gj) dady = 0.

r

O

§ 8. Muddepenmuanabubie (popmMbl u obIIAS
Teopema Crtokca

Omnpepesnenne. Ilycrs G —usmepumasn obsnacrs B RY', orobpaxenue
71 G — R% mempepwisro muddepennupyemo, u 1s moboit Toukn U €
€ G marpuna Ako6u D 7(%) nmeer panr m. Torna muOXKecTBO S = 7(G)
HA3bIBACTCA M-MePHbIM 2Aa0KUM MHo2000pasuem B R, Kpaem MHOrO-

obpasus S = 7(G) maseBaeTcsa o6pa3 rparuns obaactu G: 0S5 = 7(0G).

Hamnpumep, rimagkas kpuBasg B R™ gBiasercs OZHOMEPHBIM IJIAIKHM
MHOTrO00Opa3meM, MpOCTas TJIAKas MOBEPXHOCTb SBJISETCS IBYMEDHBIM
raagknM MHOroo6pasumem B R3, m3amepumast o61acts B R™ sBiisercst n-
MEpHBIM TJIaIKuM MHOrooOpasuem B R™.

Omnpenenenne. Ilycts miis 100010 yrnopsaaodeHHOrO HAOOPa HHIEK-
COB i1 ... 1%y, IJIe KAKIBIL nHAeKC 3; € {1,...,n}, onpenerena (pyHKIMI
i, ...i,, : RE — R. Torma rosopar, uto ma RY ompenenena dugpdepenyu-
anvras Gopma nopadka m:

n

w = i . Z aiy. i, (Z)dx;, ... dx; . (1)
i1=1

=1

OyHKIUU a;, . 5, HA3BIBAIOTCA koadPuyuenmamu muddepennnanbHOit

dopMBI W.

m

Oupenenenne. Humezparom [w or auddepennuansuoii hopmbl
s

(1) mo rmagkomy muEOro06paszmio S = 7((G) HA3BIBAETCS KPATHBIN WHTE-
rpaJ o obnactu G or GyHKUIUU
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i1=1 =1 U1, .- lUm
/w:/~-~/F(ﬂ)du1 Aty
G
e Oz, B,
Niys -y Ti) _ det 671 W
(U1 Um) owiy  Omiy |
Ouy O
21 () uy
A= - |, a=
2 () Um

3amernmM, 9TO eciaum KO3 PUIHeHThl auddepeHnnaabHoi HopMbl W

HEIPePbIBHBI, TO MHTErpaJl f W MO TIAJKOMYy MHOroodpasuio S cyiie-

S
cTBYyer.

ITockosbKy pu IEpecTaHOBKE MHIEKCOB 4 < ik, j 7 k dAKoOHaH

LICREEL) MEHSIET 3HAK, TO MPU MEPECTAHOBKE ITHX WHIEKCOB B aud-
(UL, tim) > p p A pit

depennmanbaoil Gopme w mHTErpan [ W MO MOGOMY TVIAJIKOMY MHO-
s
roobpasuio S M3MEHHUT 3HaK. Ilo3TOMYy cuMTaeTrcs, 4TO IpHU Iepecra-

HoBKe audhepeHnnaaoB HE3aBUCUMBIX TEPEMEHHBIX AuddepeHnuaib-
nas dbopma a;,. 4, (¥)dz,, ...dz,;,, menser 3uak. Hanpumep, dzo dzy =
= —dxydzxy. Orcioma Takxke ciemyer, 9To eciau auddepeHnagabHas
dopma a;,. i, () dz;, .. .dx;,, conep:kur HeckoabKO auddepenuanon
OJIHOM ¥ TOM Ke He3aBHCHMOH mepeMeHHoi, To 3Ta aunddepeHnuaibHast
dopma pasua nyso. Hanpumep, dry dzry dre = 0.

HpI/IMepr 1) KpuBosuneiinpii uHTErpaJ  BTOPOrO PO
Ja1(@)dxr + ... + an(T)dz, no rmagkoii kpueoit I' = {F(t) =
r
= (ml(t) .oxn(t) + t € [a,b]} C R sBuslercs MHTErpajoM OT

n
;[H(b(bepeﬂuﬂanbﬂoﬁ dbopuer w = 3 a;(Z)dr; mepsoro mopsimka.
i=1
HeificTBUTETBHO,
b, 5
— Z; —
/w = Zai(r(t)) 8; /a1 Ydz1 + ...+ an(Z) doy,.
T a =1 r
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P(z,y,2)
2) Iycrs @(x,y,z) = | Q(z,y, 2) |. lloBepxHOCTHBIH UHTETPAT BTO-

R(z,y,2)
poro pona

//(&'(x,y,z),d_g) = //dedz+dedm+Rdxdy
5 5

1o MpOCTO# rIaakoii mosepxuoctu S = 7(G) C Riyz SIBJISIETCST MHTErPa-

Jgom ot auddeperuaabHoi (POPMBI BTOPOTO MOPSIKA,
w = P(z,y,2)dydz + Q(z,y, 2) dzdz + R(x,y, z) dz dy. (2)

JleiicTBUTENIBHO, CONIACHO Teopeme 2 § 3 umeem

Jo= [ (5 -5y + w5t ) oo -

://det z, Yy, 2, dudU://( (2,9, 2),dS).
G v Yo A

Yo #

L

Onpenenenune. Jlugdepenyuarom or nuddepeHunaaibHoi (GopMb

n n
w= g e g iy .4, () day, ... dx;,,

i1=1  im=1

opsAaKa M C HempepbIBHO anddepeHnnpyeMbiMi  Koah duimenTaMmm
@i, .., Ha3bBaercsd auddepennnanbias dopma

- =~ daj,..q,, (T
Z Z_: Wda:j dxi, ... dz;,

mopsaka m + 1.
Teopema 1. (O6uas reopema Crokca.) Ilycrs B R™ 3agana qudde-

peHnuasibHasg PopMa w MOPSIKA M € HEIPEPBIBHO auddepeHupyeMbl-
mu ko3 dunumenramu. Ilycrs S — raakoe (m—+ 1)-meproe MEHOrOOGpasue
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B R", kpaem KOTOPOrO SIBJISIETCS KYCOYHO-TJIAIKOE 1M-MEPHOE MHOTr000-
pasme 0S™, OpEeHTHPOBAHHOE COITACOBAHHO ¢ OPHEeHTaIHedl MEOroo6pa-
3ug S. Torna cupasemyuBa obwas dopmysa Cmoxca:

He 6ynem paccmarpuBarh 00IIIee TOHATHE OPUEHTAITUH 1A KOT0 MHO-
roo0bpasust U ee COIJIACOBAHHOCTH C OPHEHTAllMeil Kpask MHOroodpasusi.
TTokazkem jurb, uTo hopmysasl Ocrporpaackoro—Ilaycca, Crokca u ['pu-
HA ABJIAIOTCA YaCTHBIMU CJydasaymu (hopMmysibl (3).

Popmysna Ocrporpaackoro—Il'aycca. Paccmorpum B Riyz madde-
penuainbHyio ¢Gopmy Broporo nopsika (2). Torua, ucuosnb3ys pase-
cTBO HY/IO auddepeHnuaaIbHbIX (HOPM, COTEPIKAIMINX HECKOJIHKO Tud-
depeHInaIOB OHOM U TOM K€ HE3ABUCUMON TEPEMEHHOMH, MOy IaeM

dw = (P, +Q, + R.)dvdydz.

[Ipumenssa dopmyay (3) ansa muddepennuanbhoit bopmbr (2) u riagko-

ro MHOroobpasusi pa3MepHOCTH 3 B Riyz, T.e. obnmacru S = G C Riyz,

monyvqaem dopmyny Octporpaackoro—Taycca:

/ dedz—l—dedx—i—Rda:dy:/(Pa’;—&-Qly—FRlz)dacdydz.
oG+ G

®Popmysna Crokca. Temepn B ngz paccmorpuM auddepeHInab-
Hy0 (POPMY IEPBOTO MOPSTKA:

w=P(z,y,z)dz + Q(z,y, 2) dy + R(x,y, z) dz. (4)
Torma
dw = (Pydx 4 Pydy + Pldz) dz + (Q,dx + Q,dy + Q dz) dy+
+(R,dx + Rydy + R.dz) dz =

= (R, — Q.)dydz + (P, — R,)dz dz + (Q), — P))dx dy = (rot a@,dS),
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P(z,y,2) dydz
e @(z,y,2) = | Q(z,y,2) |, dS = | dzdx |. Hpumensis dpopmyay (3)
R(z,y,z2) dx dy
s muddepernuanbaoi GhopMbl (4) U 719 TPOCTOH TIaIKOH MOBEPXHO-
ctu S (IBYMEPHOrO IJIajIkoro MHOroo0pas3us B Riyz), MIOJIy4aeM paHee

nokazannyio ¢popmyny Crokca:
/ (@,dr) = / (rot @, ds).
a5+ s

®opmysia I'puna. [Ipumenum dopmyiy (3) mis auddepennuasb-
Hoit dopmbt w = P(z,y)dr + Q(x,y) dy w mua AByMEpHOro TJIaJIKOrO
MHOrooOpasus (T.e. u3MepumMoit obsactn) S = G C Riy. Tak Kak dw =
= (@), — P,)dx dy, To dbopmyna (3) naer dbopwmyny ['puma;

/ Pla, ) dz + Qa, y) dy — / (@(2,y) — Pl y))de dy.
oG+ G
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I'naBa 16

PAIblI ®YPDBE

§ 1. Onpenenenue paga Pypwe
MO0 OPTOTOHAJILHOM CHCTEME

MBI XOPOIIO 3HAEM, UTO JJI PabOTHI ¢ BEKTOPAMH B KOHETHOMEPHOM
JIMHEHHOM IIPOCTPAHCTBE YI00HO BBecTH 6asuc {€) }1_; B 9TOM IPOCTpAH-
CTBE W 3aJ1aBaTh BEKTOPBI KOOPAWHATAME B 3TOM 0Oa3mce: @ = a1€y +
+ - @By

Ocobenno ymo6HO paboTaTh ¢ OpTOrOHANBHBIM Gasucom {€;}, T.e. ¢
rakuM, 4ro (€;,€) = 0 upu j # k. B srom 6asuce koopauHarsl BEKTOPA

(@ex)
(€k.er)”

QOyHKIMY, KAK U3BECTHO, SABJISIOTCS JIEMEHTAMHU OECKOHEYHOMEDHO-
ro JuHelHoro npocrparcrsa. QOcHOBHaAs ujes Teopun psigoB @ypbe co-
CTOUT B TOM, 9TOOBI 3a4aBaTh (pyHKIUH depe3 Koddduimenrol yphe,
KOTOPBIE UTPAIOT Ty K€ POJIh, IYTO U KOOPIUHATH KOHEYHOMEDHOTO BEK-
TOpA.

a paBHbI (), =

JlJ1st HerTpephIBHBIX Ha OTpe3Ke [a, b] dbynkumit f(x) u g(x) ckamsapuoe
npousBeieHne onpeaeauM mo hbopmysie

b
(f.9) = / f(@) g(a) de. (1)

Jlerko nposepursb, 4T0 HaHHAA HOPMYJIA AEHCTBUTEIHHO 33/1a€T CKAJIAP-
HOE IIPOU3BE/ICHNE B TPOCTPAHCTBE HENPEPBIBHBIX HA [a, b] hyHKIHMI, T. €.
BBIMOJIHAIOTCS BCE AKCHOMbBI CKAJIIPHOTO Mpomu3Beaenus. Mbr Oymem uc-

nosb3oBarb obo3nadenue (1) u B Gosiee obieM ciydae, Koraa QyHKIuu
b

f(z) u g(x) moryr e Gbirh HenpepbiBubiMy, a unrerpan [ f(z) g(x) da
a
CYIIECTBYET B HECOOCTBEHHOM CMBICJIE.

Jyun (a, +00), (—00,a), rae a € R, u unciosyio npsamyio (—oo, +00)
OyJieM HA3BIBATD OeckoHeuHbLMU UHMmepsasamu. HamoMuaum onpeeienue
abCOJIIOTHO WHTErPUPYEMOii (DYyHKITAN.

Onpenenenne. Qyukiys [ HA3bIBACTCA GOCOAOMHO UHMEZPUPYe-
Mol Ha, KOHEYHOM i GecKoHeunoMm uutepsase (a,b), ecau
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1) dyskuus f umeer Ha (a,b) He GoTee KOHEYHOTO YNCIIa, OCOOEHHO-

CTef, T.e. CymECTBYIOT Zg,...,Lr € R = RU{—o0,+o0}: a =20 <
< x1 <...<zy=b rakme, aro mag modoro i € {1,...,I} u qua mo6o-
B

ro orpeska [a, 3] C (x;—1,x;) marerpan Puvana [ f(z)dz cymecrsyer
[e3
B COOCTBEHHOM CMBICIIE;
b

2) narerpan [ |f(z)|dx cxomures.
a

Jlemma 1. Eciu byukius o(z) abCOMIOTHO MHTErpUpyeMa Ha KO-
HEeIHOM Wi GeckoneaHoM mHTEpBante (a,b), a Gynxmms (x) HEMpepHIB-
Ha u orpanmiena Ha (a,b), To bynkuus ¢(z) Y (r) abcomoTHO MHTErPHU-
pyema Ha (a,b).

HokazatesnbeTBo. TockonpKy dyHKIms () aBCOTOTHO HHTETPH-

pyema ua (a,b), TO CyIIECTBYIOT Zo,...,Z; € R Takue, 9ro a = x¢ <
<z <...<zr =b, u p(r) nATerpupyemMa B COOCTBEHHOM CMBICJIE HA
mobom orpeske [a, f] C (xi—1,2;), i = 1,...,I. TlockonbKy mpoussee-

HIE UHTErPUPYEMBIX (PYHKIHUI €CTh (PYHKIUSI HHTErpUpyeMasi, TO PyHK-
st o(x) 1 (x) nHTErpUpYeMa B COGCTBEHHOM CMBICIIE Ha JIIOOOM OTpe3Ke
[a, B8] C (wi—1,;),i=1,...,1, 1. e. aua byuknuu @(x) () BBIIOTHEHO
TIepBOe YCJIOBHE OMpeIesIeHrsT aOCOMIOTHON WHTErPUPYEMOCTH.

N3 orpamwuennoctn ¢yakmum (x) W CXOMUMOCTH HWHTETDATA

b
J lp(z)] dz mo mpusHaky cpaBHeHHs TIOIyYaeM CXOJMMOCTH MHTErpasa
a

b

[ lo(x) ¥(x)| dz, r.e. nna dynxuun p(z) ¢(z) BHIMOTHEHO BTOPOE YCIO-

a

BHUE ONMPEIEICHNs a0COTIOTHON HHTETPAPYEMOCTH. O
Onpenesnenne. Ilycrs Ha oTpeske [a, b] 3anana cucreMa HeMpPePbIB-

HBIX M HE PABHBIX TOXKJeCTBeHHO Hymo (yunxuuii {ey(x)}32,, oproro-

HaJIbHAsS B CMBICIIe cKassipHoro nponseenenns (1). Ilycrs dyukims f(x)
abCcosII0THO MHTErpupyeMa Ha unrepsase (a,b). Torna yucia

ak:M keN’

(ex,ex)’

HasbIBalOTCA Koappuyuenmamu Pypve GyHKUMKM f 10 OPTOrOHAJIBLHON
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b
cucreme {ey}. 3nech, cormacuo dopmyme (1), (ex,ex) = [ei(x)du,
a

(f,ex) = fbf(x) er(z) dz.

o0
@ yHKIMOHATBHBIN pAn » . axer () HaspBaercs padom Pypve GyHK-
k=1
wun f(2), 9TO 3alUCHIBAIOT B BUJE

)~ Y e ()
k=1

3amevanme. st 11000i aOCOTIOTHO WHTErPUPYEMOil (DYHKIINU KO-
s burmentor Pypobe cyrnecTByIOT. JleficTBUTEILHO, TOCKOJIBKY (DYyHK-
mn e, (x) HereprBHbI ¥ HE PABHBI TOXKJIECTBEHHO HYJIIO, TO HHTEIPAJIBI

(ex,ex) f e; (x) dx cymecrByior u He pasubl Hy110. 13 menpepsiBHOCTH

dyHKIuii ek(x) Ha [a,b] cremyer Takke OrpaHMYIEHHOCTH ITUX (DYHKIIHIT
a (a,b). Orcrona n u3 abcomoTHON cxomumoctn f Ha (a,b) Mo Jemme 1
cremyer a6COHIOTHaH CXOIMMOCTD, a 3HAYHUT, U TPOCTO CXOIUMOCThH WH-

rerpanos (f,ex) f flx x) dz. TIosToMy CyHMIECTBYIOT 4MCIA Qf =

_ (fiew)
(erser)”
Psyx @ypbe abcomorHo unTerpupyeMoii pyuaknuu f(x) B obmmeM ciry-

4ae MOXKET PACXOAUTHCS WU CXOAuThes He K dyukimuu f(x). Ilosromy
o0

o0
u3 yenoeust f(x) ~ Y. aper(x) me cnenyer, uro f(z) = > apex(z). B
k=1 k=1

JAJIbHEHIIIEM MBI OyIeM W3y4aTh BOMPOC O CXOAMMOCTH psiga Pypre.

Onpepenenne. Tpuzonomempuueckoli cucmemoti HA3BIBACTCS CH-
crema QyHKITHH
1 . 7z T . mkx wkx
—, sin —, cos -, sin ——, cos ——, ---,

2’ ¢ ¢’ Y4 Y4
rae £ — PUKCUPOBAHHOE IMOJIOKUTEILHOE YHCIIO.
JlemMma 2. Tpuromomerpuyeckasi CHCTEMa OPTOTOHAIbLHA HA JFOO0M
oTpesKe AIuHbL 2/.

JokazareabcTBOo. s jit000ro AefiCTBUTEIbHOrO YUCaa d 1 JIF0ObIX
HATYPAIbHBIX uuces n, k (n # k) nmeem
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d+2¢
. 7wkx ™
sin —— cos — dx =
14 14

d

d+2¢ L .
1 _
= — | sin mn+ k)z — sin m(n ) dr =
2 14 ¢
d
14 m(n+k)x d+2é+ 14 m(n — k)x |t 0
=— cos cos =0,
2r(n + k) 1 a 2n(n — k) 1 J
TaK KakK, HAaIPUMeEp, COS %M = cos (W +27(n + k)) =
= cos "R A panormamo, Beramcnss mHTEr @
= - , paJibl, Jerko yoeauThes,
9T0
d+2¢
™I ™I
in — ——dx =0,
/ sin —— cos ——dz
d
d+2¢ N d+2¢ )
/sin@singdxzo, /cos@cosgdaczO (n # k),
l 14 l l
d d
d+2¢ d+2¢
1 1
/ §cos7rlgdx:0, / Esin%?xdo::(). O
d d
ITockonbky

d+2¢ 2 d+2¢ 2 d+2¢ 2

/ 1 d _{ / . wkx do — / Tkx de — ¢
5 1‘—2, Sln—g T = COS—K x =1/,

d d d

o ko3 dummenter Oypbe abCOMOTHO WHTEerpupyemoil Ha [d,d + 2]
dynxmun f(x) onpenensiorcs mo dopMymam

d+24

1 k
ak:Z/f(x)cosLéxdx, k=0,1,2,---,
d
1d+2£ 5
bk:*/f(CU)Sian% k=12,---.
Y l
d
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Psayx @ypbe dyukuuu f(x) 10 TPUrOHOMETPUYECKOH CHCTEME UMEET
BU/

f(x)wazoJr;(akcosW;erbksinT). (2)

IIpu ¢ = 7 TpuUroHOMETPUIECKAS CUCTEMA HA3BIBACTCS CMAHIAPMHOU
mpuzonHomempureckoli cucmemoli U umeer Haubdbosee MPOCTON BUI:

> sinx, cosz, ---, sinkz, coskx,

Bamenoit * — %F M3 CTaHJAPTHOH TPUIOHOMETPUYECKOH CHCTEMBbI
MOXKHO TIOJIyYUTh TPUTOHOMETPUYECKYIO cucTeMy o0Iero suzma. ves B
BUJIy 3Ty 3aMEHy, JJIs MPOCTOTHI OyIeM DPACCMATPUBATHL CTAHIAPTHYIO
TPUTOHOMETPUYECKYIO CUCTEMY.

Ecau 3amana meoproronanbHas cucreMa QYyHKIHIA, TO ee MOXKHO Op-
TOrOHAJIM30BATH COMJIACHO CJIEAYIOIIEH TeopeMe.

Teopema 1. (Ilpomecc oproronamusanuu.) IlycTh B €BKIMIOBOM
npocrpascTBe (T.e. B JMHEHHOM IPOCTPAHCTBE CO CKAJSPHBIM [IPOM3-
BEJICHUEM) 3a/IaHa CHCTEMA 1eMEHTOB { fj; }72 1, m00asd KOHEIHAS MO
cucTeMa KOTOPOH JIMHEHHO He3aBuCHMa. 1oryja CymecTByeT OPTOHOPMH-
posannas cucrema {ex}7>, (r.e. Takas, 4ro (ey,e;) = 0 upu j#k un
(er,ex) = 1), KasKBIit 3T€MEHT €}, KOTOPOI SIBJISETCS JIMHEHHOH KOMOU-
Hamyel 3J1eMeHToB f1, ..., fk.

JlokazaTeabcTBo. U3 numHeiiHON HE3aBHCHMOCTH KOHEIHBIX HA0O-
POB 3JIEMEHTOB [}, CJIEIyeT, 9TO CPEIM IJIEMEHTOB [ HET HYJEBOIO 3Jie-
menTa. Oupenenum

e B
1= .
Vv (f1s f1)
Torma (er,e;) = 1. Ilycrs ompemeneH OPTOHOPMUPOBAHHBIN HAGOD
{e1,...,en—1}, KAKIBIH JIEMEHT €} KOTOPOrO SABJIAETCS JIMHEHHON KOM-
OuHAaIMel 3JIeMeHTOB f1, ..., fr. Oupenenum 3jemeHT
€n = fn—1€1 — ... — Qp_1€n_1,

riae KO3(PpUIUEHTBI (v, ONMPEIEUM U3 yCIOBHS OPTOTOHATBLHOCTH 3JIe-
MEHTa, €;,, 3JIEMEHTaM €1, .. .,Cn_1: 0 = (en,er) = (fn,ex) — ax, Toe
MBI BOCHOJIb30BAJIUCH OPTOHOPMUPOBAHHOCTHIO Habopa {ei,...,en_1}.
TosTomy uckombie K03hdunuentsr paBubl o = (frn, €x)-
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IlockombKy 3/1eMenT aie] + ... 4+ Q16,1 ABASETCA JTUHEHHONU KOM-

OuHalueil 31eMeHToB f1,. .., fn_1, a IO YCJIOBHIO TEOPEMbI IIOIACHCTEMA,
{f1,..., fn} TUHEHO HE3aBUCHMA, TO €,, ABJIAETCS HEHYJIEBBIM SJIEMEH-
rom. Oupejennm
€n
bn = — r——r-
(€nsen)
Torma mabop {e1,...,€,} ABIACTCA OPTOHOPMUPOBAHHBIM, & KAZKIIBIH
JIEMEHT €}, sIBJIAETCs JIMHEeHHOM KoMOMHAUued 371eMeHTOB f1,..., fk.
JefcTBys 0 MHAYKINU, ONPEIEINM UCKOMYIO CHCTeMY {eg 52 . O

JIlemma 3. Muozouaenn, Jlesicarndpa

1 da

Wdziﬂ(x2 - 1)“7 n e N, LO((I}') =1

Ln(z) =
COCTABJISIIOT OPTOTOHANBHYIO CHCTEMY Ha oTpeske [—1,1].

JokazarenbcTBo. Tpebyercs mokasarh, 9TO mpu n > k CrpaBe-
JIUBO PaBEHCTBO

1
dr o a5 k
J:/—(as —1)”-ﬂ(x —1)" dz=0.
21

Iockombky (22 —1)" = (z—1)"(z+1)", To HEIYKIHEH 1O j JerKo J0Ka-

3aTh, 9To mst moboro j € {1,...,n—1} %(12—1)" = (z—1)""g(x),
rae g(x) — HekoTOpHIil MHOTOUsIEH. ClleIoBATEIILHO, %(:ﬁ - 1)"‘ =
=1
=0 npu j < n — 1. Anajoruuno, %j(xQ—l)" =0mpu j <n-—1.
=1

WNurerpupys Beipakerue J MO 9acTsM, TOJIYIaeM

dn—l 5 dk+1 ) K

_ n ] _ —

J__/idan(x -1 .d:c’”l(x —1)fde=---=
41

k+n
n d

=(-1)" /(ch -1 m(zz - 1)kd;v.

Iockonpky muorowren (x2 — 1)* umeer cremens 2k, a k +n > 2k, 10
k+n
A (z2 — 1)k = 0, crenosarensro, J = 0. O
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3ameuanme. MOXKHO MOKA3aTh, YTO B PE3y/IbTATE TPUMEHEHWS
npornecca oproroHanuzanuu K cucreme dbynknuit {1, 2,22, ... 2%, ..}
Ha orpeske [—1,1] mosyuurcs oproHopMupoBaHHas cucrema yHKIM
{ex(2)}32, D/1eMEHTDI KOTOPOI ¢ TOYHOCTBIO 10 YUCIEHHBIX KObduum-

€HTOB COBIQJAIOT ¢ MHOrOWIeHamu Jlexannpa: e (z) = Li(x) /k + %

Jlajiee B OCHOBHOM MbI OyJeM paccMaTpuBarh psaabl Dypbe 1Mo Tpu-
TOHOMETPUYECKON CHUCTEME, XOTS MOXKHO PACCMATpUBaTh psaabl Oypbe
10 JTI000i OPTOrOHANBHON CHCTEeMe, HAIPUMEpP, MO0 CHCTeME MHOrOUjie-
unoB Jlexxamapa.

§ 2. Teopema Pumana 06 ocuusiagmumm

Onpenenenne. @yuknusa [ : X — R massiBaerca gurnummoii, ecin
CYIIECTBYET OrPaHuIeHHOe MHOKeCTBO Xo C X Takoe, aro f(x) = 0 mna
moboro x € X \ Xo. B wacraocru, ecim MHOKeCTBO X OrpaHHYEHO, TO
nobas dyukmus f: X — R dunnrHA.

Oyukiusa f, 3aJaHHas Ha YHCJIOBOM TPOMEKYTKE, Ha3bIBAETCS
KYCOYHO-NOCTMOAHHOU, €CTTN CYIIECTBYET PA30MEHIe STOrO MPOMEXKYTKA
HA KOHEYHOE YHCJIO MPOMEKYTKOB, HA KAXKIOM M3 KOTOPbIX QyHKIHs f
MOCTOSTHHA.

Teopema 1. Ilycrs pyuknus f abcooTHO HHTErPUPyeMa Ha KOHEY-
HOM mym Geckoneanom mHTEpBane (a,b). Torma ms moboro wucta € > 0
cymecrByer (pUHATHAA KyCOYHO-TIOCTogHHAaA dyHkmus fe : (a,b) — R
TaKas, 9To

b
[ 1@ - @) <. g

HokaszareabsctBo. IIlar 1. [Iycrs chagana a,b € R u dyskiusa f
uHTETpEpyeMa Ha OTpe3ke [a,b] B cobcTeenHOM cMmbicne. Ilo ompenmene-
HUIO WHTerpajia Pumana s moboro uncia € > 0 Haiimercss pa3onenme
T = {z;}]_, orpesxa [a, b] Takoe, aTo

b
/ f(x)dz — s(f;T) <e,

I
rne s(f;T) = >, (z; — x4-1)m; — nmkaaAa cymma Pumana GyHKmum
i=1
fyam; = [inf | f(x). OnpenenuM KyCOYHO-NOCTOAHHYTIO (DyHKIHIO
TE|Ti—1,T4
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fe(x) = m; upu z € (z;—1,;), B TOUKax ; 3HaYenus dbyHkyu [ onpe-
JIeJTAM TPOU3BOJBHO (HA MHTETPAN 3HAYECHUS B KOHEYHOM YHCJIE TOUEK
He nosausior). Torga

b b b
/‘vurqumwx=/(ﬂm—ﬁ@DM=i/f@Mx—ﬂﬁﬂ<w.

HTar 2. [Iycts Teneps dyukims [ nMeeT 0COOEHHOCTH HA OTHOM W3
KOHI[OB KOHEYHOTO WJIM OECKOHEYHOrO uHTEepBasa (a,b) u He umMeer 0Co-
OeHHOCTENl BHYTpHU TOr0 WHTEpBaJa. llycTh mjisi OmpeaesieHHOCTH OCO-

b

Gennocts B Touke b € R U +00. Tak xak nurerpan [ |f(z)|dz cxonnr-
a

cd, TO muig goboro yucna € > 0 Hafigerca Touka b € (a,b) rakas, 4To

b

[ 1f(@)|dz < 5. IlockonmbKy dyHKIuEA f mETErpEpyeMa B COOCTBEHHOM

b/

cMbIce Ha [a,b], To, KaK moOKa3aHO Ha Imare 1, CYIECTBYeT KyCOYHO-
nocrosiaaas Gyskmus f- : [a,b'] — R Takas, 9ro

€

y
| 5@ - @l < 5

Hoonpenensis Gyukmuio f.(x) = 0 mpu x € (b',b), nomyuaem, aro hyHK-
mast f. : (a,b) — R duHETHA, KyCOIHO-TIOCTOSHHA W YIOBJIETBOPSIET
HepasencTsy (1).

IITar 3. Paccmorpum tenepb obmmii caydaii. Ecoun pyukuus f He
nMeeT OCOOEHHOCTEH, TO TpebyemMoe yTBEpPIKIEHUE JTOKA3aHO Ha mmare 1.
Nnaue pazobbem unrepsal (a,b) Toukamu x;: a = xo < 1 < ... < Ty =
= b tak, uto s jodoro ¢ € {1,..., I} byakmus f nmeer 0COGEHHOCTS
JIMIIb HA OJJHOM W3 KOHIOB WHTEpBana (T;_1,Z;) W HE WMEET OCOOEH-
HOCT€ll BHYTpHU 3TOro MHTEpBasa. Torga, Kak IOKa3aHO Ha miare 2, Jjis
Kaxkaoro i € {1,..., I} naiinerca punuTHAA KyCOYHO-IOCTOAHHAA (DYHK-

Zj
s fL: (w1, ;) — R rakas, aro [ |f(x) — fi(z)|dz < §. Onpene-
Ti—1
M Ha (a,b) GEHATHYIO KyCOYHO-TIOCTOAHAYI0 byHKImMO f-(7) = fi(x)
upu x € (x;_1,2;); B TOYKAX T; 3HAYEHUHA fe ONPEIECJUM HIPOU3BOJIBHO.
®yukiys f. : (a,b) — R ynoemersopsier HepasencTny (1). O

Teopema 2. (Teopema Pumana.) Ilycrs dynxmus f(z) abGeomorno
HHTErpupyeMa Ha KOHEYHOM M OecKoHedHoM uaTepsase (a,b). Torma
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b b
/f(x) sinwz dz “=3 0, /f(ac) coswz dz “=3 0.

HokazarenbcrBo. 3adurcupyeMm npomsBosbHOE [dnciio € > 0. B
cuity Teopembr 1 Hafiercs pUHATHAS KyCOYHO-TIOCTOAHHASA (DyHKINS f¢
b
(a,b) — R raxas, uro [ |f(z) — f-(2)|dx < §. Torga

a

b b
[ (@ - f@)eoswrda| < [1f@) - f@lde< 5 @

Tax kak dyskuusg f. (QUHUTHA, TO CYNIECTBYET KOHEYHbLIH HHTEPBAJ
(ap,bo) C (a,b) Takoit, aro f.(z) = 0 mma moboro x € (a,b) \ (ag,by).
TTockonbKy dyHKUUs fo KyCOYHO-IIOCTOSIHHA, TO CYILIECTBYIOT pa3dueHue
{x;}1_, orpesxa [ag, by] m mabop wmcen {C;}._, maxme, uro f.(x) = C;
JUIst MOOBIX x € (T;-1,%4), ¢ € {1,...,I}. Torma

b I
[ e eas=3 e, |

z;
T=x;—1 "
i

1

cos wr dx = — E Ci sinwz|i_
w

-1 =1

CiieoBaTenbHO, fab fe(x) cos wx dx‘ < %Zle |C;|. Boibupas gmcmo

2 I €
we > 0 Tak, uro 3> i |C4] < §, noayuaem HepaBeHcTBO

€
<3 Yw : |w| > we.

b
/ fe(x) cos wx dx

Orciofia 1 U3 HepaBeHCTBA (2) MOTydaeM

€ €
<-4+ -=¢  Yw: |jw>w..

b
/a f(x) cos wx dx 513

b
Hostomy [ f(z) coswzdr — 0 mpm w — oo. CoorHomrenne
a

b

J f(z) sinwz dz — 0 npm w — 0O IOKA3BIBAETCS AHATIOTHYHO. O
a
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Cueacrue. Eciu dyukius f(z) abCoaOTHO MHTErpUpyeMa HA UH-
tepBazne (—m, 7), To Koabunuentor Pypoe

1 T
—f/f(x) cos kx dz, k=0,1,2,---,
T

1 T
:*/f(:r) sin kx dz, k=1,2,---,
s
CTpeMSATCs K HYJIo 1pu k — 0o.

§ 3. CxogumocTts paga Pypbe B TOUKeE

3aMeTuM, dYTO HOCKOJIBKY cbyHKm/H/I sinkx u coskx 2m-
nepHOAMYHEL, TO cymma paga Pypee 2 + Z ay, coskx + by sinkz) (8

CJlydae CXOJMMOCTH Dsifia) SBJISI€TCs 27r—nep1/10m/1qec1<01/1 dyukrueii. Tlo-
9TOMY mepuoudHocTh GyHKnuu f(x) ¢ mepuomsom 27 gBjserca Heob-
XOIUMBIM yCJIOBHEM cxoaumocTu psiga Pypbe dyukimuu f(z) K camoii

byukuuu f(x).

[Ipu BBIYKCIEHUN UHTETPAJIOB OT TIEPUOAMIECKUX (DYHKITHI MOJIE3HO
UMEeTh B BUY, 9TO HMHTErPAJI IO OTPE3KY, JINHA, KOTOPOT'O PABHA, MEPUOLY
dyHKIINN, HE 3ABUCUT OT PACIOJIOXKEHUS ITOTO OTPE3KA.

JlemMma 1. Eciu dyHKINS (0 mepruoandHa ¢ mepuoaoM 1’ u HHTerpu-

pyema (B COBCTBEHHOM MM HECOOCTBEHHOM CMBICJIE) HA OTPE3KE JIJIMHON
d+T
T, 1o narerpan [ ¢(x)dz ne 3apucur or d.
d
HokazaresberBo. I10CKOIBKY J11060i OTPE30K MOYKHO MMOKPHITH KO-

HEYHBIM YHCJIOM OTPE3KOB JJINHON 1, TO B CHIIYy aJUTUBHOCTH WHTErPa-
J1a QYHKIHS © HHTErpupyeMa Ha Ti000M orpeske. Vcrmoab3yst mepuogmd-
HOCTH (DYHKIUH (0, TOJLYIaeM

d+T

T d+T
/ /gp d:c—l—/go(x)d:c:
d

d

T d T
:/<p dx—i—/go z/go(x)dx. O
d 0 0
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Obparumcst K Bompocy o cxoaumoctu psaga Pypbe. CxoauMocTs psiaa
Dypbe 03HAYACT CXOTUMOCTD MOCIENOBATEIBHOCTH €0 YACTHIHBIX CyMM

Snp(z) = % + Z (ay coskx + by, sinkx) . (1)
k=1

JIemma 2. Ilycrb dynkims f(x) sBasgercs 2m-neproAnvHOil n ab-
COJIFOTHO MHTErpupyemoii Ha uaTepsane (—m, 7). Torma 1yist 9acTHIHBIX
cymm pana Pypee byuxmun f(z) cnpasemmmsa dbopmya

™

Sulw) =3 [(Fe+0)+ fle = 1) Dty

0

rae Gyukuus D, (t) = %Jrcos t+- - -+cosnt HassiBaercs Adpom Jupuzae
OPSIIKA N.

HoxkazarenbcrBo. 3adwukcupyem npoumsBosbuHoe © € R. B cuy
seMMbl 1 Ko uruentsl Pypbe pyHKIUKM f MOXKHO 3aIKMcaTh B BUIE

1 "
ak:f/f(u)coskudu, k=0,1,2,---,
™

T+
1
by = — /f(u) sin ku du, k=1,2,---.
™

CrenoBaresbHO,
1 T+ 1 n
Sp(x) = = / f(u) (2 + kzﬂcos ku cos kx + sin ku sin km) du =

—T

x4

x+T n
:% / fu) <;+ZCOS]€(“$)> d“:% / f(w) Dy, (u — ) du.
T—7 k=1 i

Henas 3aMeHy nepeMeHHON MHTErpupoBaHus U — ¢ = U — &, TOJLy9UM
Sp(z) = L [ f(z+t)Dy(t)dt. Homssysics wetHOCTBIO Apa Jupuxie,
—T

nMmeem
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0 T
[ s+t Dawydrs [ s payan| =
0

([ _
-~ [sw-0p +0/f A (8)dt

> [ta s+ fa - 1) Do . -

0

CsoiicTBa sapa Jdupmuxie.

HokazarenbcrBo. 1) [Dy(t)dt = 5 4+ Y [cosktdt = 5 +
0 0

2) 2siniD,(t) = sini + Zn: 2sini coskt = sini +
k=1
+§:(sin(k—k%)t—sin(k—%)t):sin(n—k%)t. O
k=1

Teopema 1. ([Ipunnumn yo- y=g()
kasusanuu.) Ilycrs byukiun
f(z) m g(x) — 27-nepuonmaHBI
u abCOMIOTHO HMHTErPUPYEMBI
na (—m, 7). I[ycrs cymecrByer
qucso § > 0 rakoe, uro f(z) =
=g(z) Vz € (9 — §,z0 + ).

y=f(z)
T

Lo

zo— 0 zo+ &
Torma B Touke xo pagbl @ypre bynxmmit f(z) n g(r) cxomares unm pac-
XOJAATCA OJHOBPEMEHHO, & €CJIM CXOAATCA — TO K OJMHAKOBBIM 3HAYCHH-
AM.
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Jokaszarenbcrso. O6ozmaunm gepes Si(z), S9(z) qacruanbie cym-
Mbl psagoB Oypore pyukumiit f u g. B cuny neMmmbr 2
S5 (x0) = S(x0) =
1 ™
= — [ (F@o+ )+ f(zo = 1) — glao + ) = glao 1)) Da(t) .
0

ITo ycnosuio teopemst f(xg +t) + f(zo —t) = g(zo +t) + g(xo — t) mpn
t € (0,9), nosromy
53 (20) — S(wo) =

s

- %/(f(%“)”(xo—t)—g(:vo+t>—g(mo—t)) D (t) dt.
5

Tonb3ysck coiictBoM (2) aapa Iupuxiie, moaydaem

S (o) — (o) = ;é/ﬂh(t) sin <n + ;) L, @)

rae

f($0+t)+f($o—t)—Q(SUO-H)—Q(fo—t).

1
2sm§

h(t) =

2si
HO# mHTerpupyemoctu byukuun f(zo+t)+ f(xo—t) —g(xo+t)—g(xo—1t)
no jsemme 1 § 1 crepyer abeonornas uarerpupyemocts Gyakumu h(t) Ha
unrepsase (0,7). B cumy Teopembr Pumana u dopmyssr (2) momyuaem
Sf(xg) — S9(x0) — 0 mpu n — oc. O

W3 menpepbiBHOCTH (DYHKIIAH ﬁ Ha OTpe3ske [0, 7| u u3 abCooT-
2

Teopema 2. (Ilpuswmax duwmwm.) Iycrs dymxmua f(z) — 27-
Hepuoau4Ha U abcomioTHO MHTerpupyeMa Ha (—m, 7). Ilycts B TOY-
Ke To CyIIECTBYIOT KOHEYHBIE OTHOCTOpOHHWE Tipenenst f(xg + 0) =

= x—l>lxr-?+0 () m f(xg —0) = Jb_lgon_of(x) Iycts cymecrByer wmcio

d € (0,7) makoe, uro dbyHKIH

f(zo +1) — f(zo +0) + f(wo — t) — f(x0 — 0)
sin%

p(t) =
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abcosorHo uHTerpupyema na unrepsase (0,0). Torpa psag @ypoe byHk-
uuu f B TOYKE T( CXOAUTCH K GHUCITY w.
JokazarenbcTBo. 13 abcomoTHO nHTErpupyeMoctu QyHKIyn f

Ha (—7,7) U HENPEPBIBHOCTU (DYHKIIUU Si;% Ha OTpe3Ke [d, 7] mo Jemme

1 §1 ciaemyer abCOMIOTHAS WHTErPUPYEMOCTh (PYHKIIUN @ HA WHTEPBAJIE
(6, 7). OTciona u w3 ycmoBmit TeopeMbI OMydaeM, 9o GyHKIHUs @ abco-
moTHO mHTerpupyema ua maTepsane (0,7). B cury Teopemsr Puvana

[ 1
/go(t) sin <n+2>tdt—>0 opu n — 00.
W3 nemmbr 2 ciepyer, 910
—71Tf< .%‘Q+t f(.%‘0+0)+
0

+ flag—t) — f(zo — 0)) Dy (t) di + {2001/ (@0=0) [ Da(t) dt
0

T

Ionb3ysce cpoiicrBamu sapa TQupuxne [ Dy (t)dt = u D,(t) =
0

[ME]

Sil’l(’ﬂ+%)t
= W, IIoJIy1aeM

Sn(fo) _ f(10+0)-5f(930—0) _

_ 1 [ St @040+ @)= F@0=0) G (1 1 L) ¢ gt —
7r ‘({ ( 2)

sin £
2sin 3

= [o(t)sin(n+3)tdt—0 npu n— oo.

O—x

+f(z0—0)

5 pu N — 0. O

CteoBarensno, Sy (zg) — Lzt

Teopema 3. (O cxomumoctu psga Pypbe B Touke.) [Tycrs dbyuxims
f(z)  2m-nepuopmuna u abcomorHo uuTerpupyema Ha (—m, ). Ilycrsb
B TOYKE Z( CYMECTBYIOT KOHEYHBIE OMHOCTOpOHHME Tpenensr f (g + 0),
f(zo — 0) n KOHEUHBIE OHOCTOPOHHUE MTPOU3BOHBIE

Filwo) = Jim flwo+1) . flwo+0)
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o) = i 20D =S00=0)

Torna psnag @ypoe ¢yHKuum [ B TOYKE T CXOOUTCA K YHCILY

w, B 4aCTHOCTH, B CIy4ae HEIpPEepbIBHOCTH (DYHKINH [ B

TOUYKE T — K 3HadeHuio f(xg).
HdokazaTeabcTBo. Ilockonbky

flzo+1) = f(wo+0) + f(xo —t) — f(x0 — 0)

tlil}rlo ; = fi(zo) — f(w0),
ro gna  byukuuun - o(t) = f(w0+t)ff(wo+05)i:]%”(w07t)7f(w070)
CyIIEeCTBYy€eT KOHEYHbIi peje tliIEO p(t) = tlirilo ﬁ X
«  lim f(ﬂco+t)—f($o+0)i‘f($0—t)—f(ﬂfo—o) _ Q(ﬂr(330> _ fi(xo)). Ce-

t——+0
noBarebHo, Gynkuus ¢(t) orpanndena ua nekoropom unarepsage (0,9),
rae 0 € (0,7). Orcrioga u u3 abCOMOTHON MHTErpupyeMOCTH (DyHKIUH
f ma (—m,7) ciemyer abCOMIOTHAs WHTErPUPYEMOCTH (DYHKIUH ¢ HA
(0,9). Tlo mpusnaky Junn momydaem TpefyeMoe yTBEPKICHHE. O

Samerum, aro ecsu GyHkims [ onpejesnena u nuddepeHnupyema Ha,
unTepBase (o, 1) U B TOYKE o CYIIECTBYIOT KOHEUHBIE TIPEIETIBI CIIPABA
dyHKIME f ¥ ee MPOM3BOIHOI, TO B TOYKE T MIPABAast IPON3BOAHASA (DYHK-
nun f CymiecTByeT W paBHA IPaBOMY mpejeny npoussopHoi: fi (xg) =
f(fﬂo-i-t);f(fo-*-o)

= f'(xo + 0), rme no ompenenennio f (xg) = lim ,

t——+0
f'(zo+0) = tgrjrgo ' (zo+1t). DroT dakT cremyer u3 Teopemsr Jlarpanxka

o cpemuem (rmasa 3, § 4). Amamornano, ecmu cymectsyer f'(xg—0) € R,
r0 cymectsyer £ (z0) 1 f(z0) = f'(v0 — 0).

Hamomunwm, uro dynkmus f(x) HA3BIBAETCS KyCOYHO-HETPEPHIBHON
Ha oTpeske [a,b], ecm cymectyer pazomenne {z;}_:a =29 < 11 <
< ... < xr = b orpeska [a,b] Takoe, aTO B MOGOIH TOUKE OTpE3Ka [a, b],
KPOME TOYeK ¥;, MYyHKIMsA [ OUpPEeIeIeHa U HEIPEPhIBHA, a B TOYKAX T;
CYLIECTBYIOT KOHEYHbIE oguocroponnue npeaenst f(z;+0),i=0,...,1—
—1lwu f(z;—0),i=1,...,1. IIpu sToM B camMux TouKax x; pyukuusa f
MOYKeT OBITH HEOIIpeIesIeHa.

Hampumep, ecnu ¢dynknusa f u ee mnpoussogHas [/ KycodHo-
HEMpPEPBIBHBI Ha OTPe3Ke [a, b], To B TOukax pas3peiba GyHKIUE f ee mpo-
U3BOJHASA HE CYIIECTBYET, HO CyNIECTBYIOT OJHOCTOPOHHUE IIPOU3BO/IHBIE,
PaBHBIC OIHOCTOPOHHHUM MPEIEIAM MPOU3BOIHOM.
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Teopewma 4. Ilycts dynknus f(x) u ee mpoussoguast f'(r) Kycoano-
HenpepbIBHBL Ha oTpeske [—m, 7]. Torma psag @ypre bynkmun f(z) cxo-
autes B Toukax @ € (—m,7) K suadennto 3(f(z 4+ 0) + f(z —0)), a B
Toukax +7 — K uucay 3(f(—m+0) + f(7 —0)).

HokasaresasctBo. Ecin f(—7) # f(7), To n3MeHnM 3HaveHME
dbyukuun f B Touke T TaK, 4yrobnl f(—7) = f(7). [Ipu srom roadbu-

s s

muentsr Oypoe ar = + [ f(z) coskzdr, by, =21 [ f(z)sinkzdzr ue

U3MEHATCS, & 3HAYWUT, He u3MeHuTcd n pag @ypwe. I[Ipomomxum dyHK-
muio [ 27T-MepuoaMYecKd Ha BCIO YHCIOBYIO OChb. 3 Teopembr 3 cie-
myer, aro pan Oypoe Gynkmun f(x) cxoamures B TouKax xo € (—7, ) K
snavenuto 3 ( f (o —|—10) + f(zo —0)), a B Toukax +7 — k unciy 3(f(7 +
+0)+ f(r = 0)) = 3(f(=7 +0) + f(m = 0)). O

3amevanme. CylmecTBYIOT HENPEPBIBHBIE U 27T-TIEPUOIUIECKUE
dyukun, psaapt Pypbe KOTOPHIX PACXOIATCH B HEKOTOPBIX TOYKAX.

2m—1 3m
cos kx cos kx
Bagaua a. 1 [lycte  Q(z,m) = E "y E 7
= 2m — k it 2m — k

=1
272 .132”

Jokazarb, a0 (dyHKIUA [ HEMPEPHIBHA U 2T-TIEPUOIUIHA, HO €e DSl
®ypbe HE cxonuTcd B ToUke T = 0.

Psn @ypbe 10 TPUrOHOMETPUHYECKON CUCTEME MOXKHO 3AIIUCHIBATH
iz —iz
B KOoMIUIEKCHOH (popme. Ucnonb3ys dopmyiibl Ditnepa cos z = %,

iz —1z
€55, HoMy4aeM CreLyiomee BhIPazKeHue J/1d JaCTHIHON CyM-

mbt (1) psaga @ypbe byuxuuu f:

ap " ar — 1k pe Ok F 0K .
g (5 238 )

k=1

sinz =

Bsong obo3nauenus

ap ay — iby, ax + by,

o= -5 Cr = 2 ) C_k = 2

5 Vk €N, (3)

TIOJIyIaeM CJIeIYIoIIee BhIPAXKeHNe IS YaCTUIHON cyMMbI psaga Oypbe:
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Sp(x) = En: crett?.

k=—n

TTosromy psad @ypve N0 craHFaPTHON TPUTOHOMETPHYECKON CHCTEME 6
KOMNAEKCHOT opme uMeeT BU,

oo

fa)~ 3 aette. (4)

k=—o0

U3 pasencts (3) u panee Moy YeHHBIX BHIPAYKEHU /171 KO3 DUImenTon
Dypre

1 7 1 7
ar = — / f(z) coskx dx, by = — / f(z) sinkx dz
7r 7r

MOJIydaeM CJeayolnee Bhipaxkenne s KodddunrentoB Pypbe B KOM-
TTeKCHOM bopme:

1 (7 ;
ck = %/ﬂrf(x)e*””dx vk € Z.

IlockonbKy cxomumocTh paga @ypbe, T. €. CXOTUMOCTHh YACTUIHBIX CYyMM
Sn(z), He 3aBUCHT OT UX POPMBI 3AIUCH, TO TEOPEMbBI O CXOAUMOCTHU P
Dypbe 10 TPUIOHOMETPUIECKOHN CUCTEME CIIPABEIJIUBBL U 1 pana (4).

§ 4. TTounennoe auddpepeHupoBaHme
U MHTEerpupoBaHue paga Pypse

Teopema 1. (O mounennom muddepennupoBannu paga Dypbe.)
IMycrs dynxkuma f(z) mempepwisaa, a ee npomssommas f'(r) KycowHO-
HENpepPbIBHA HA OTPe3Ke [—7,7| W BBINOJTHSIETCS PaBeHCTBO f(—7) =
= f(n). Torpa pan @ypoe dynkuuu f'(x) nomydaerca GopMasbHbIM
nouwrennbiM nuddepenrnuposanuem paga @ypoe dyukimuu f(x).

Hoxka3zaresnbcrBo. O6o3naduM depes aj, bj, koabdunuentsr Dypne
byuxmuu f'(z). aTerpupys mo 9acTsam u yIuThiBas ycaosue f(—m) =
= f(7) ¥ YETHOCTH KOCHHYCA, MOy IHM

=T

1 7 1
bk:f/f(x) sinkx dx = — — f(x) coskx +
0 wk

T=—T
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™ s
1 1 1
t / f'(z) coskxdx = = / f'(x) coskxdr = Ea;“
Ananornuno mokasnisaercs hopMyna a = —%b;c. Taxkum 06paszom,

al, =kby, by=-kay VkeN.

1

U3 ycnosus f(—m) = f(m) takzke caexyer, 410 af = % I f(z
= 2 (f(m) — f(=m)) = 0. Hosromy psin Pypre bynkumn f'(z):

/ o0

% +Z ajy, coskx + by, sinkx) = Y (b k coskx — ay k sin kx)
k=1

k=1
nonaydaercsa (popMaIbHBIM IMOYIEHHBIM Tu(EPEHIMPOBAHNEM PsiIa,
Dypbe byuxuun f(x):

oo

N——i—z by sin kz + ax, coskx) . O
k=1

Teopema 2. (O nowiennom unrerpupoBanuu psaa Pypoe.) Ilycrs
dyuxmua f(r) Kycouno-nenpepsiBHa Ha orpeske [—, 7. Torma nms mro-
Goro x € [—m, 7| cupasemnuBa (HopMysIa MOYIEHHOrO WHTETPUPOBAHUS
pana Oypbe:

Ay ap > sin kx cos kx
/f b= 2*2(% P )

=1

rae ak, by — koappunuentor Pypoe Gyakmuu f, a Koacranra Ag onpe-
JeseTcs mo popMyaam

Aozljé(x)dx, /f dt—M

m
-

JlokazaTeabcTBo. Tak Kak

B(m) — B(—7) = / F(#)dt—agm =0,
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T0 B cuiry Teopembl 4 §3 dyukuua P(x) paBHa cymme cBOEro pszaa
dypnbe:

A oo
= ?-1-2 (Ay coskx + By, sinkz), (1)
k=1
rae Ay, By — koaddummentsr @ypre dyukmun @ (), B wacraocrn, Ag =
s
= 1 [ ®(z)dz. B cuny Teopembr o mounentoM jucddepeHuposauu

psna @ypoe Ay = —+by, B, = 1ay, uro BMecte ¢ dbopumyoii (1) gaer
TpedyeMoe paBeHCTBO. O

§ 5. Ilopanok yobpiBanus Ko3dPuineHToB
dypbe u ocrarka paga Pypbe

JIemma 1. Ilycre byrknus f(x) n ee nponssomnas f'(x) Kycouno-
HenpepbIBHLI HA OoTpeske |—m,7w|. Torma myns kosddunuentos Pypne
dyukiuu f cupaBeuBbt onerku:  ap = O (%), b, =0 (%), T.€.

JCER: VkeNo Wg%, |bk\g%.

okazaTesabcTBOo. IloCKOIBKY U3 KyCOUHON HEMPEPBIBHOCTU (PYHK-
wit f u f’ caenyer ux OrpaHMYEHHOCTD, TO cymecTByoT yucaa Cy, Cy €
€ R rakue, 94T0

If(x)] < Co, |f'(2) <Cy Vo € [—m, 7).

Mycrs zg,..., 27 (-7 =29 < 1 < -+ < Ty = T) — TOYKU PA3PHIBOB
byukuun f. Torna

T I o
1 1
:;/f(;t) sinkxdx:—%; / f(;zj)dcoskx:
- T xia
=—— f(z) coskx — / f(x) coskx dx
Tk 4 o
i=1 r=x;—-1+0

Ti—1

2Co I4+27Cy _ 1 _ 1
HosTomy |by| < =252t me. by = O (E) Onenka a = O (E) JIOKa-
3bIBAETCA AHAJIOIUIHO. O
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Teopema 1. (O mopsiake yObiBanus koddduuuentos @ypbe u
ocrarka psga Pypwe.)

1) ycrs byuxmua f(z) u ee npoussommbe 10 ¢ — 1 MOPAIKA BKITIO-
YUTENbHO HEIPEPBIBHBL HA OTPE3KE [—7, 7] U yJA0BJIETBOPAIOT YCJIOBUIM
f@ (=) = f@(x) mpu p = 0,1,...,q — 1, tne ¢ € N, mmbo ¢ = 0.
[Tycrs npoussogubie ¢-ro u (g + 1)-ro nopsiakos GyHKIuU f KycouHO-
HenpepwbBHBL Ha [—7r, ], Torga cnpasenmmBa clieIyomas OmeHKa CKOpo-
cru yobiBanusa kodgpuimenros Pypbe GyHkuum f:

1
|ak|+|bk|20(kq+1). (1)

2) TIpu sTOM CHpaBeIuBa CJIEAYIONas OlEHKA CKOPOCTH yObIBAHUS
oo

ocratka psama Oypee r,(x) = Y. aj coskx + by, sinkx:
k=n-+1

1
sup |rp(x)| =0 () .
mE[—TrJr] | ( | nd

3) Ecm byskmus  f(9(z) umMeer HeycrpaHuMbLii  paspbiB
(fD(xg —0) # fD(xo+0)) B mexoropoii Touke ¢ € (—m,7w) WA
f@(r —0) # f@(=7 +0), To onenka (1) HeyaydITaeMa B TOM CMBICIIE,
49TO

1
Ve >0 |ak|+|bk|?é0(kq+1+5)'

HoxkaszatesnberBo. 1) O6o3nauum vepes a b(p ) k03 duruenTo

®ypre dbynkmmn fP)(z). B cmay Teopemsr o moumenroMm guddepen-

nupoBannm paga Pypbe a;p) = —%b;f’—H), bép) 1 (p+1) npu p =
=0,1,...,q — 1, cnienoBareabHO,
x| + bl = 1 (o + 2], 2)

IIpumensas gemmy 1 K byHKIMN f(q) (), mosygum OneHKu a§f) =0 (%),

b(q) O (), uTo BMecTe ¢ paseHcTBOM (2) TOKa3bIBaeT onenky (1).

2) U3 ouenku (1) ciemyer cymecrBoBanue KOHCTaHTbI C' Takoil, 4TO
|ag| + [bx| < 75+ VK € N, crenosarernsto,

oo oo
1
swp ra(@)| < D (lawl + ) <C D0
z€[—m,m] k=n+1 k=n-+1
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UHTerpupyst HEPABEHCTBO oot < 777, CpaBemBoe npu t € [k — 1, k],

[OJIyYUM HEPaBEHCTBO kq—lﬂ < f tqd%. CiieioBaTesibHO,

k—1
t 1
sup |7“n / = /7 T ne
eClom] ngn;lk X tq+1 J tat+l qg n4
T e. sup |rp ()] = O (77)-
z€[—m,m]

3) Tperbio 9acTh TEOPEMBI JOKAKEM METOJIOM OT TIPOTUBHOTO. [Ipes-
TOJIOXKWUM, YTO JJIS HEKOTOporo umcjaa € > ( cropaBenjmBa OIEHKA

lag| + |bx| = O (7s3=). Orciona u u3 pasencrsa (2) HodydaeM, 4To
o0

|a,(€q)\ + |b§€q)| = O (#7r=), CileJ0BaTebHO, YUCIO0BOM psit » (|a,(€q)\ +
k=1

+ |b§€q) |) cxommres. B cuny npusnaka Beifepmrpacca paBHOMEPHOR €¢XO-
IIMOCTH (byHKuHOHaanblx PAI0B HOJTy4aeM PaBHOMEPHYIO CXOIUMOCTD

paga Oypoe 29— + Z ( D coska + b(q) sin kw) bynxmun f(9(x). Tax

KaK CyMMa paBHOMepHo cxopgierocss (byHKIUOHAIBHOTO Psijia, YJICHbI
KOTOPOTO SIBJISIIOTCST HEMTPEPHIBHBIMU (DYHKIIUSIMA, €CTh (PYHKITUST HETTPe-
peiBHag (rmasa 10, § 3, Teopema 2), To cymma psga Pypbe dyHKIuM
@ (z) mempepsiHa.

Ecmu f(9(zg —0) # f(9 (29 +0) B HexOTOpOI TOUKe Ty € (—7,7)
i £ (1 —0) # f(9 (=7 +0), 10 B iy TEOPEMBI O CXOAUMOCTH Psi-
aa Oypbe B TOUke cymma psaga Pypoe dyHKIUN f(‘I)(z) Oy/z1leT UMeTh
Pa3pbIB B TOUKE T WU B TOYKAX 7 cOOTBETCTBEHHO. [loyuentoe mpo-
THUBOPEYNE 3ABEPIIAET T0KA3ATE]IHCTBO TPEThEH JaCTH TEOPEMBI. O

§ 6. CymmupoBanue paga @ypbe meToaom
cpegHnX apudmMeTudecKmnx

Ounpegenenne. Cymmamu Petepa oy, (r) bynkuun f(r) HazbBa-
1orcs cpeanue apudmerndeckue cymm ®@ypoe Sy, (z) dyakuuu f(x):

_ So(x) + Si(x) 4 ... 4+ Sn(2)
on(z) = n+1

Pan ®@ypre Gynkmum f(r) HASBIBACTCA CTOOAUUMCA 6 CMBICAE CPEO-
HUT aPUPMEMUECKUT, eCIId CXOAUTCH 1I10C/Ie10BaTebHoCTb cymM Deii-

epa dbyukmuu f(x).

., n=0,1,2---.
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B mammom maparpade Oymer mokaszama teopema QDeitepa, yTBEp-
KIAMOMIAsI, 9TO MTOCAEIOBATENLHOCTL cymMM {Deiiepa HempepbIBHON 27-
nepuogmaeckoit byuxmuu f(x) cxomurea k bynknum f(r) paBHOMEpP-
o. Ilosromy cymmbr @eitepa J11000i HEIPEPHIBHONW 27T-IIEPHOINIECKOHN
GYHKIME MOTYT CJIYKUTH PABHOMEPHBIMHU MTPUOINKEHUSIME 3TON (hyHK-
nuu. [ToCcKOIbKY TOC/IeI0BATEIbHOCTE cyMM Pyphe HempepbIBHON 27-
nepuoamIeckoil GyHKImn f(2) MOKET PACXOIUTHCS B HEKOTOPBIX TOY-
Kax, TO cyMMbI Dypbe He MOTYT CIYKUATH MPUOIMKEHUIMA TaKO#H Py HK-
wun f () B 9TMX TOYKax u TeM 6ojiee paBHOMEPHO.

Jlemma 1. Jna cymm @eiiepa HeNmpepbIBHONW 2T-TIEPUOIMIECKO
dbyukuun f(x) cupasemyusa dopmyna

™

oule) =+ [(Hlat )+ f =) Furdt, n=0.1,2,--

0
e (pyHKIms

Do(t) + D1(t) + ...+ Dy(t)
n+1

Fn(t): ) n:071a27"'a

paBHas cpegHemMy apudmMermdeckomy siaep Jdupuxie, Ha3bBAECTCI AIPOM
Detiepa OPSIIKA N.

Joka3sareabcTtBo. B cuiy nemmbr 2 § 3 yactuunas cymma @ypbe
BhIpazKkaercs depe3 aapo dupuxie mo dpopmyie

s

Si(z) = %/(f(x 1)+ f(z — 1)) Di(t) dt.

0

CnemoBaresbHO,

1] 1<
=7T0/(f(x+t)+f(m—t)) <n+1sz<t>> it =

™

== [UG+0+ fa- 1) Py 0

0
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CBoﬁCTBa aapa Peiiepa:
(1) f Fo(t)dt = 35

1— cos(n+1)t .
(2) Fn (t) (n+1)4sin?(t/2)’
(3)  Fu(t) =2 0;

(4) max F,(t) =30  Vée (0,n).

te(d,n)
Hoxka3zaresbcrBo. 1) B CI/IJIy TIepBOTO CBOI/ICTBa Aapa ,ZLHpHxne
™
{Dk(t) dt = %, cienoBaresbHO, an n+1 E ka
2) TIOCKONbKY —COTJIACHO — BTOPOMY CBOI/ICTBy Aapa Z[npnx—
sin(k+ 4 .
ge umeeM Dy(t) = %, 0 (n + 1)4sin®(t/2) F,(t) =
2
n n
= 2sin(t/2) Y sin(k+1)t = > (coskt — cos(k + l)t) =1-
k=0 k=0
— cos(n + 1)t.

3) Cnexyer u3 Broporo cpoiictsa aapa Deitepa.
4) 3 Broporo cBoiicrBa Takke cieayer, uto F, (t) < WM,

noaromy st goboro § € (0, 7) nmeem

1
max_F,(t) < =30,

el (n +1)2sin*(5/2)

Teopema 1. (Teopema Deitepa.) Ilycrs dyukuus f HenpepbiBHA
Ha [—m, 7] u f(—m) = f(7). Torma mocrenosaremprOoCTh cymm Deiiepa
byukuun f cxomures K Gynkuuu f paBHOMEPHO Ha OTpesKe [—r, 7).

Hoxka3zareascTBo. Tpedyercsa mokasarh, 9To

sup |on(z) — f(x)] =0 opu 71— 0. (1)
z€[—7,m]

TIponomxkum 2m-nepuoguano dyukuio f #a R. U3 ycmosuit Teopembr
CJIeJlyeT HempepbIBHOCTL MpOIoJKeHHoM (yukiuu f. B cury jgemmbr 1
u nepBoro croiicTBa sapa Peiiepa

T T

oule) = f@) = 3 [+ + fa-0) Falt)di—2 fo) [ Fat)at =

0 0
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:ij0@+ﬂ+f@—ﬂ—ﬂwﬂﬂﬁwt

IlosTomy, ncnonb3ys TpeTbe cBoOUCTBO sapa Peiiepa, morydaeM

T

|%wr¢u»g%/vu+w+fu—w—wuwama.<m

0

Hust jokazaresnbersa coornowenus (1) pazobbem uHTerpas B 1PABOi
YacTH HepaBeHCTBa (2) Ha JBa WHTerpasia 1o orpeskam [0, 6] u [0, 7).

13 menpepwsiBHOCTH dyHKIUW f Ha OTpeske [—2m, 27| mO Teopeme
KanTopa cieayer paBHOMEpHas HEIPEPBIBHOCTD f Ha 3TOoM oTpeske. ITo-
TOMY, OOO3HAYTAS

w@)=  sup |f(2') = f(=")],
! z! e[—2m,2m]
|o/ —a"| <6

IIOJTy4aeM COOTHOLICHHE
li 0)=0. 3
s 1m0w( ) (3)

TockombKy myst mo6eix § € (0,7), * € [—m, 71| cnpaBeIIuBbl HEPABEH-

CTBa
)

/H@+ﬂ+f@7672ﬂwﬁuwﬁ§
0
)

=< /(If(ff+t) —f@)+f(@—t) = f2)]) Fult) di <

0

) s
gm@/ﬂ@ﬁg%@/ﬂ@%

TO B CHJIy IIE€pBOro cpoiictsa anpa Deitepa g modbx § € (0,7), © €
€ [—m, 7] nmeem

)

/U@+ﬂ+fw—ﬂ—2ﬂﬂﬁuﬂﬁ£wwﬁ- (4)

0
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B cmry menpepbiBrOCTH QyHKIAN f Ha O0Tpeske [—27, 27| cymecTByer

qucno M = [max | |f(2)]. Hoaromy mna mobeix & € (0,7), x € [—7, 7]
re|[—27,27

CIIPaBEJTMBO HEPABEHCTBO

teld, ]

/|f(:c+t) + flz —t) —2f(z)| F,(t) dt <4M © max F,(¢).
5

Orciona u u3 Hepasencts (2), (4) aya moboro § € (0, 7) noxygaem

sup |on(z) — f(z)| < w(d) +4M max F,(t).
z€[—7,m] te[d,n]

Ucnonb3ys coornorenue (3), a1st 11060ro ancaa e > 0 onpeaeuM 9ucyio
d =0(¢) € (0,7m) Tax, uro w(d) < 5. B cuay werBepTOro CBOHCTBA AIPA
Deitepa cyuecrsyer Homep N = N(g) rakoii, uyro s awboro n > N

crpapeJIJIuBO HepaseHcTso 4M m[(sax] F,(t) < 5. Ilosromy
te|o,m

sup |on(z) — f(x)| <e Vn > N(e),

z€[—m,m]

TO ecTb BblosHseTCs ycsosue (1). O

§ 7. Ilpubnu>keHus HeNPEPHIBHBIX (QYyHKIUIH
MHOTOYJIEHAMHU

Oupegenenne. Ilycrs Ag, Ay, ..., Ay, Bi,..., B, — HEKOTOpbIE Be-
LIECTBEHHbIE uKciia, npudeM A, # 0 wm B, # 0. Boipaxkenne

T.(z) = Ao+ Z Ay coskx + By, sinkzx
k=1

Ha3bIBACTCA MPULOHOMEMPUUECKUM MHO20MNEHOM CTEIICHHU T1.

Teopema 1. (Ilepsas teopema Beitepmrpacca.) Ilycrs byuxius
f(z) nenpepsisua Ha [—m, 7| u f(—m) = f(7). Torma nas nwo6oro € > 0
HaliIeTCst TPUrOHOMETpHYIeCKuit MEOrOUIeH T, (1), pABHOMEPHO TIpUOIHA-
kafommit Gyrkmwo f(x) Ha [—7, T| ¢ TOYHOCTBIO &, T. €.

max |f(z) — Th(z)| <e.

z€[—m,m]
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ﬂOKaBaTeJIbCTBO. HOCKOHbe JaCTUYIHbIEC CyMMBI CDypbe ABJIAIOT-
Csl TPHTOHOMETPHYECKAMH MHOTOWIeHaMu, TO cymmbr ®eiiepa o (z),
paBHBIE JUHEHHBIM KOMOWHaIuAIM cyMM Dypbe, TakxKe ABAAIOTCS TPHU-
roHoMeTprudecKuMu MHOrodienamu. 13 teopembr @eitepa ciemgyer, 910
st moboro € > 0 maiimercs unciao n € N takoe, ITO max | flz) —
x

e[—m,7]
— on(z)| < e. Honaraa T),(z) = o, (x), momyaaem TpeGyemMoe HEPABEH-
CTBO. O

Teopema 2. (Bropas teopema Beitepmirpacca.) Ilycrs dbyuxius
f(z) nenpepsiBEA HA OTpe3Ke [a,b]. Torma mus moGoro & > 0 Haiizercs
muOrowneH P, (x) = ap+a x+. ..+ a, 2™, pABHOMEPHO TPUOTHZKAROIIAL
dyuxmmo f(z) ma orpeske [a,b] ¢ TouHOCTBIO €, T. €.

max |f(z) — P,(2)] < e.

z€[a,b]
JdokazarenbcTBo. IIpon3Bojs 3aMeny mepeMeHHOi

b—a

r=a-+ t, 0<t<m, a<z<hb, (1)

noayuum gyukuuio F(t) = f ( + b*Tat), HEIIPEPBIBHYIO HA OTPE3Ke
[0, ]. TIpomomkuMm d)yHKLu/I F(t) na orpe3ok [—, 0] yeTHBIM 06pa3oOM.
TMomyunm HEMpepBIBHYIO Ha [—7, 7] Gyrkmmio F(t), yIoBIeTBOPSIONyO
yenosuo F(—7) = F(7).

B cuy Teopemsbr 1 gyist mro6oro € > 0 HaliIeTCs TPUTOHOMETPUYIECK Ui
muorousen Tp, (t) Takoii, 4To

F(t) — Ty <f 2
s [F(t) = Tu(0)] < ©)

[Mockoabky dyukmun sin kt, cos kt packnaabiBaroTcs B psasl Teitaopa
¢ paguycom cxomumoctu R = +o00, To dyukius T,, (t), paBHas KOHETHOH
JIMHEHHO! KoMOuHanuu (GyHKui sin kt, cos kt, Tak:Ke pacK/iaIblBaeTcs
B pan Teitopa ¢ R = +00. Tak Kak CTEMEHHON Psifi CXOAUTCA PABHO-
MEPHO Ha JII060M OTpe3Ke, COIEPKAIIEMCS B MHTEPBAJIE CXOANMOCTH 3TO-
ro psza, To psz Teitnopa dyuknuu T, (t) cxomurca k dyuxiuu T, (1)
paBHOMEpHO Ha, oTpeske [—7,7|. CiremoBaTeNbHO, HARIETCS MHOTOWICH
Qn(t) =co+crt+ ...+ ¢y t" Takoit, aro ter[nax | T (t) — Qu(t)| < §

-,

Orcrofa n w3 HepaBeHCTBA (2) MOIyYaeM, 9To
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max |[F(t) — Qn(t)] <e.
te[—m,m]

[Ipomssoasa obparnyio k (1) 3ameny mepemenHo: t = 72— (z — a),
HOJLy IMM HEPABEHCTBO

F(b”a(x—a)) —Q, (b”a(x—a))’ <e.

T

b—a

max
z€[a,b]

Omnpeznenns MHorownen P,(x) = @Qp ( (x — a)) M 3aMedasi, ITo

flz)=F (ﬁ(m - a)), HoJIy9aeM TpebyeMoe HepaBEHCTBO. O

§ 8. IIpocrpancrea Cla,b], RLi[a,b], RLya,b]

Hanomuum (cM. § 1 ruiaBbl 5) onpeesieHusi JMHEHHOr0, HOPMUPOBAH-
HOI'O ¥ €BKJIKJIOBA IIPOCTPAHCTB.

Onpenenenne. MuoxkectBo F' Ha3bIBaeTCs 8eujecmeentovim SUHeT-
HOLM TPOCTPAHCMEOM, eclin B I ompenenensl omepannm CIOKEHUs W
YMHOXKEHUS Ha, 9UCJI0, YIOBIETBOPSIOIINE CASIYIOIMINM aKCHOMAM:

DVfigeF— f+g=g+f;

2)Vf,gh € F— (f+g)+h=f+(9+h)

3)J0e F: VfeF— f+0=f;

HVfeFI—feF:f+(—f)=0
5)Vfe FYa, e R— a(Bf) = (apf) f;
6)Vfe FVa,eR— (a+B)f=af+8];

NVf,geE FYaeR— a(f+g)=af+ag;
YyVfeF— 1f=f,tnel eR.

Onpenenenune. JluneiiHoe BelecTBEHHOE MPOCTPAHCTBO F' HA3bIBA-
eTCs HOPMUPOBAHHBLM, €CJIA B TIPOCTPAHCTBE F' Ompe/iesiena HopMa, T. €.
Kaxkaomy asementy f € F mocraneno B coorsercTrue uncio || f||, mpu-
YeM BBITOHSIOTCS AKCUOMBI:

DVfeF— |f]|=0;

2)VaeR VfeF < |af|=lal-[fl;

) Vfge F = If+gll < IfII+llgll;

HVfeF:|fl=0— f=0.

Onpenenenune. Jluneiinoe BerecTBeHHOE IPOCTPAHCTBO F' HA3bIBaA-
eTcst e6KAUJOBBLM, €CTTH B HEM OITPEIeSIEHO CKAJIsTPHOE MPON3BEICHNE, T. €.

120



mobbiM 3nementam f, g € F mocrasieno B coorsercrsue yucio (f,g) €
S R, HpI/Iqu BBIIIOJITHAIOTCA aKCUOMBI:

DVfeF < (f,f)>0
Q) Vf,ghe FVa,F eR— (af+pBg,h)=a(f,h)+F(g,h);
3)VfgeF— (f,9)=1(91);
HVfeF:(f,f)=0— f=0.

B § 1 rimaBsr 5 ObLIO TOKA3aHO, UTO
a) J11060e eBKJIMI0BO IPOCTPAHCTBO SIBJIAETCS HOPMUPOBAHHBIM OT-

HOCHTENMBHO eBKIua0BoH HOpME! || f|| = /(f, f);

6) B J1I060OM EBKJIUIAOBOM HPOCTPAHCTBE BbIIOJIHSAETCS HEPABEHCTBO

Koum-Byusakosckoro (f,9) < +/(f, f) v/(g9,9).

Onpenenenne. Yepes Cla,b] Gymem 0603HAYATE HOPMUPOBAHHOE
npocTpancTBo GyHKImi f (), HEMPEPBIBHBIX HA OTPe3Ke [a, b] ¢ HOpMOik

@)1

I fllctas = nax

[IpoBepky BbITIO/IHEHUST AKCHOM JIMHEHHOTO MPOCTPAHCTBA U AKCHOM
HOpMBI it npocrparcTia Cla, b] mpeqraraeTcs mpoBecTrn CaMOCTOSITENh-
HO.

Onpenenenne. Yepes RL[a, b] Gymem 0603HAYATHE HOPMUPOBAHHOE
npocrpanctso hyukmumit f(x), abcomoTro naTerpEpyembx (o Pumamny)
Ha unrepsase (a,b) ¢ HOpMOit

b
I Il RLA[a.b) :/If(:c)|dx.

[Ipu 3TOM GymEM OTOXKAECTBIISITH AOCOMIOTHO UHTErpUpyeMble (hyHK-
b

unu f(z) u g(z) rakue, aro [|f(z) — g(z)|dz = 0. Nubimu cioBamuy,
a
CYATAETCA, 9TO TaKue (DYHKIMA COOTBETCTBYIOT OJHOMY U TOMY YK€ 3JI€-

MenTy mpocrpancTsa RL1[a, b].

B wacrHOoCTH, MBI OTOXRAecTBAsSeM dDyrkmmu f(x) u g(z), oTamaaro-
IIMecst Ha, MHOZKECTBE HyJI€BOH Mepbl (HAIPUMED, B KOHEYIHOM 9YHCJIE TO-
4eK). DTO CBA3AHO C TEM, 4TO Ipu n3MeHeHun (QYHKIUM HA MHOKECTBE
HYJIEBO} MepBI MHTErpas OT 3TOH (DyHKINM HE MEHSETCH.
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Jlerko  Buzmers, 910 || fllRLi[ap)  AelicTBHTENBHO  yIOBIIE-
TBOpdAeTr ~ aKCHOMaM ~ HOPMbLL — JeTBeprag — aKCHOMa  HOPMBI
~VfeF: |fl=0— f=0» BomoONHAETCI WMEHHO B CHJIy CO-
rJlameHus 06 OTOXKIeCTBJICHUM.

Ounpegenenne. Oyuxuuio f(z) OyaeM HA3BIBATD K6AIPATIUYHO UH-
mezpupyemoti na uarepsane (a,b), ecmm
1) dbyuxmua f(z) nmeer ma (a,b) He 6oIEE KOHEIHOTO UHCIA OCO-

OeHHOCTEH, T.€. CYIMIECTBYIOT UUCIA X(,...,T1: a4 =20 < 21 < ... <
< xy = b rakue, uro ays moboro ¢ € {1,...,I} u ama m060ro oTpesKa
B

[, B] C (z4-1,2;) murerpan Pumana [ f(z)dz cymecrByer B cOOCTBEH-

a
HOM CMBICJIE,

b
2) unrerpan [ f2(z)dz cxomurcs.
a

Onpenenenne. Yepes RLs[a, b] Gynem 0603HAIATH €BKIMIOBO TPO-
crpanctBo dynkumit f(x), kBagpaTnaHo mHTErpEpyemMbix (o Pumamny)
Ha unrepsase (a,b) cO CKANAPHBIM IPOU3BEICHUEM

b
(f.9) Z/f(x)g(x) dx.

Bynem oroxpecrisarh dyuakuuu f € RLs[a,b] u g € RLs[a,b] Takue,
b
aro [(f(z) — g(z))*dz = 0.

Jlerko  mpoeepuTh, uTO mpocTpaHcTBO  RLs[a,b]  ymomme-
TBOPAET BCEM AaKCHOMaM eBKJHWJIOBa IPOCTPaHCTBa. Akcmoma
&feF: (f,f)y=0— f=0» pomomadgerca B CHIy COLJAIICHAS
00 OTOKJICCTBJICHUN.

IMockonbky RLsa,b] — €BKINIOBO NPOCTPAHCTBO, TO B HEM MOXKHO
BBECTH €BKJIMJOBY HOPMY:

b
8Lt = V(2 ) = W.

Bamerum, uro ecau || f|| — eBrIMIOBA HOPMA B HEKOTOPOM E€BKJIHIO-
BOM TIDOCTPAHCTEE, TO CKAJIAPHOE MPOUW3BEICHUE B ITOM TIPOCTPAHCTEE
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MOXKHO OIpeeuThb M0 (hopMyJie

(£.9) = 5 (IF + 9l = NI = 1) 1)

Hockombky aasa #opM || fllcia)s | flIRL, (a5 BPIPAKeHHe (1) me ymo-
BJIETBOPSIET AKCHOMaM CKaJIIPHOTO Tpoussenenusi, T0 mHOopMbl Cla, b],
RL[a,b] me aBIAOTCA €BKIUTOBBIMHU.

JIemma 1. 1) Cupasemnuso Brmouenue Cla,b] C RLs[a,b], npuaem
Ifl8Latas < VO—a I flcay Yf € Cla,bl.
2) Cnpasemmuso Brtouenue RLs[a,b] C RL4[a,b], npuaem
I flRL [ap) < Vb—a I fllrLofap) VS € RLz[a,b].
,Z[OKaBaTeJIBCTBo. 1) Iycrs f € Cla,b]. Torma wunTerpamsr

f fx)dx n f f?(x) dr cymecTByIOT B COGCTBEHHOM CMBICTIE, CIEI0BA-

Teano (byHK]_u/Iﬂ flx) KBaLLpaTI/Iqu unTerpupyema Ha (a, b).
Kpose oo, ||l rrafa = \/ff2 w)dr < \/(b—a) Juax | (2)]” =
=vb—allflcia,p-

2) Iycrs f € RLsa,b]. Torma dyukiusa f(x) nuMeer ne Gojiee KOHEY-
HOTO uncia ocobennocreit Ha [a, b]. Onpenennm bynaxmun g(z) = | f(x)],
h(z) = 1. llockonbKy byHKIUE g U h SIBISAIOTCS 3JIEMEHTAMY €BKJIAIOBA
npocrpanctsa RLs[a, b, To nnsg HUX cnpaBemBo HepaBeHCTBO Kormm—
BymnskoBckoro (g,h) < lgll ||h||

3amedasd, uro (g,h) = f|f ) dr = ”f”RLl[a,b]; ||9||RL2[a,b] =

= |fllrLs[a,b]s ||hHRL2 @b = Vb—a, momydnm HepaBeHCTBO
I fllzLifap) < VO —a || fllRLo[a,p)- 13 3TOTO HEpaBencrsa u ycnosus f €

b
€ RLsla,b] cnenyer, uro ||f|grr,jap < +00, T.€. unrerpan [ |f(z)|dz

cxonmrest, a 3uaunt, f € RLq[a,b]. O

Omnpenenenne. Ilycts F' — HopMupoBamHOe mpocTpancTso. Ilocie-
JOBATENBHOCTD { f1, } smemenToB mpocrpancrea F HaseiBaeTca crodsuet-
ca k snementy f € F, ecom ||fi, — f|| — 0 mpu k — oo.
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3aMeTuM, YTO CXOAMUMOCTDH MOCIEIOBATENBHOCTH (DYHKIUH fi, €
€ Cla, b] mo mopme mpocrpanctsa Cla, b] 03HAYAET PABHOMEDPHYTO CXOIIH-
MOCTh (DYHKIMOHAILHON nocienosarenbaoctu { fi ()} ma orpeske [a, b].

Cx0auMOCTDb LOCIEA0BATEIbHOCTH (PYHKIUH fi 10 HOpME IPOCTPaH-
crBa RLq(a,b] HazpiBaeTCst crodumocmolo 6 cpedrem, a IO HOPME TIPO-
crpaucrBa RLs[a,b] — crodumocmvio 6 cmvicae cpednezo xeadpamusmo-
20.

3 HepaBeHCTB, JOKA3aHHBIX B JieMMe 1, CJIeIyeT, 9TO U3 paBHOMED-
HO# cxoauMOCcTH (DYHKIIMOHAIBHON MOCJIEI0BATETHHOCTH BBHITEKAET CXO-
JAMOCTDB 3TOH TOCIeIOBATETHHOCTH B CMBICTE CPEIHEr0 KBAJIPATHIHO-
ro, a U3 CXOAUMOCTH (PYHKITHOHAIHHOMN MOCIEI0BATETHHOCTH B CMBICTIE
CpeHero KBaJAPATUIHOIO BBITEKAET €€ CXOJAUMOCTb B CPETHEM.

Onpenenenne. IlocienoBarenbuocts {fr} 3J€MEHTOB HOPMUPO-
BAHHOTO MPOCTPAaHCTBA F' Ha3biBaeTCsd @yHIaMeHMasbHOT, €CTN

Ve>0 INeN: Vkn>N<— |f,— fill<e.

Onpegenenne. HopMUpOBaHHOE IPOCTPAHCTBO I’ HA3BIBACTCH NOA-
HbLM, €CITH B 3TOM IIPOCTPAHCTBE Jiobad (dbyHIaMeHTalbHas I0CIe10Ba-
renbHOCTD { fi,} cxomuTces K HEKOTOpOMY 3mementy f € F.

13 kpurepus Komu cXOAMMOCTH IIOCIEI0BATEJIBHOCTH TOYEK IIPO-
crpancTBa R” cjemyer moHOTa TPOCTpaHcTBa R™.

ITpocrpancteo Cla,b] Takke saBAsgETCS TOMHBIM. JleHCTBATEIBHO,
MyCTh TOCJIEA0BATEIBHOCTD HEMPEPBIBHBIX Ha [a, b] dbyrkunit fi(z) dyn-
JaMeHTanbHa. B cumy kpurepus Koru paBHOMEpPHO# CXOIUMOCTH (PYHK-
MUOHABHOM MOCTIEI0BATETBHOCTH TTOCTENOBATENLHOCTE { [ ()} paBHO-
MEpHO cXOmuTcst K HekoTopoii dbyukuuu f(x). [pu srom dbyakmus f(x)
OyJeT HempepbIBHOI Ha [a, b], KAK PABHOMEPHBII TPEIE MOCIeI0BATE b
nocTu menpepsBEbX Gyuknumit. Urax, 3f € Cla,b] : || fe—fllcas — 0
npu k — o0.

Ipocrpancrea RL1[a,b] u RLs[a,b] He ABMAIOTCA NONTHBIME, TAK KAK
CyHecTByIOT (PyHIAMEHTAIBHLIE [OCIEJI0BATEIbHOCTH 3JIEMEHTOB 3THX
MPOCTPAHCTE, HE MMEIOIIUE MPEJEJOB B COOTBETCTBYIOMIUX MPOCTPAH-
crBax. OxaswiBaercsi, 9ro Jrobas yHIAMEHTAIbHAS MOCIEI0BATEb-
HOCTB 3E€MEHTOB mpoctpanctBa RLj[a,b] mnm RLs[a,b] mmeer npemen
B Gomee mmpokom mpocrpanctse Lila,b] wnmu Lsla,b] cooTBercTBeHHO.
IIpocrpancreo L [a, b] HaspBaercs npocTpancTBom DyHKIHUi, urmezpu-
pyemwiz no Jlebezy, a npocTpancTso La|a, b] — mpocrpancreom dbyHKImMiA,
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Keadpamuuno unmezpupyemus no Jebeey. B oTamame OT mMpOCTpaHCTB
RL[a,b], RLs[a,b], mpoctpancrsa Li[a,b], La[a, b] mommsr. Tak xe, kKak
u npocrpanctso RLs[a, b], mpocrpanctso La|a, b] aBnseTcs eBKINIOBBIM.

Onpepnenenne. Iloamoe eBKINIOBO TPOCTPAHCTBO HA3BIBACTCS
2UNbOEPMOBHLM TTPOCTPAHCTBOM.

U3 cka3aHHOTO BBIMIE CIEAYET, ITO MPOCTPAHCTBO Lala,b] rumsbep-
togo. IIpocrpancrea Cla,b], RL1[a,b], Li[a,b] e ssnstorca rumsbep-
TOBBIMHU, TakK KaK OHU HeeBKJIUAOBbHI. IIpocrpanctBo RLs[a, b] Takxke He
SIBJISIETCS THIIH0EPTOBBIM, IOCKOJIBKY OHO HETIOJTHO.

Onpenenenne. Ilycrs muOXKecTtBa A u B jile;kar B HOpMHPOBaH-
HOM mpocrpancrBe F. MuOxkecTBO A HA3BIBAETCS NAOMHbLM NOIMHO-
arcecmeom MHOKecTBa B, ecin

1) ACBmu

2)VbeB Ve