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Strongly convex sets of radius R

Let X be a Banach space.
Definition. (A. Pli§, Ch. Olech, H. Frankowska, E. Polovinkin...) A
nonempty set A C X is strongly convex of radius R > 0 if

A= () Bglz), BCX

The subset of centers B C X is arbitrary.

Define g4(z) = élelgﬂﬂs — al|.

Let R>0, Ujx(R)={r€ E|0< oslz)< R}
Let m(u, A) be the metric projection of the point u on the set A.




Proximally smooth set with constant R

Definition. (J. Borwein, F. Clarke,...). A set A C E is called prozimally smooth with
constant R, if the distance function u — g4(u) continuously differentiable on the set U4(R).
Definition. (F. Clarke) We shall say that the set A C F satisfies the supporting condition

of weak convezity with constant R > 0, if from the inclusions u € Uy(R) and z € w(u, A)
we have the following inequality

0A (er i (u—x)) > R.

lu—z|

The following theorem gives characterization of proximally smooth sets.

Theorem 1. (F. Clarke, R. Stern, P. Wolenski, F. Bernard, L. Thibault, N. Zlateva...)
Let E be a uniformly convex and uniformly smooth Banach space; A C E be a closed
subset, R > 0. Then the following conditions are equivalent :

(1). The set A satisfies the supporting condition of weak convexity with the constant
R.

(2). The set A is proximally smooth with constant R.

2).
(3). The projection mapping u — w(u, A) is single valued and continuous on the set
Ua(R).






Metric projection:
strongly convex and proximally smooth sets

Let X be a real Hilbert space.
1. (M. Balashov, M. Golubev). Let A C X be a strongly convex set of radius

R, op(x;) >r >0,i=1,2. Then

R
A) — Al < — x9]]. 1
(21, 4) = w(z2, A)| < 77— lla1 = oo (1)

2. (F. Clarke, R. Stern, P. Wolenski). Let A C X be a proximally smooth
set of radius R, 04(x;) <r < R, i=1,2. Then

(a1, 4) — w(as, A)] <

[z1 — @2l. (2)




Level sets of functions

Next two results were obtained by J.-Ph. Vial.

Let f : X — R be a strongly convex function with constant sz, i.e. the
function f(x) — %Hx”g is convex. Let @ € R, L(a) ={z € X | f(z) < a}
and M = sup |f'()|]. Then the set £ ¢(a) is strongly convex

zeLy(a), f'(z)€d f(x)
of radius R = %

Let f : X — R be a function with the Lipschitz continuous gradient with
the Lipschitz constant L on the lower level set Lr(a) = {z € X | f(z) <

a}. Let m = inf ||f'(z)||. Then the upper Lebesgue set of the form
€0 L)

Up(a) = {r € X | f(z) > a} is proximally smooth with constant R = -




Strongly convex set, f" eLip

We shall consider the next problem in a real Hilbert space X:

max f(z). (1)

T€EA

(i) The set A is strongly convex of radius r > 0,
(ii) The function f : X — R has the Lipschitz continuous gradient on the
convex set A with constant L > 0,

i) r < I where m = inf ||f/(2)].
(i) r < 7 Jinf |1f()]




Strongly convex set, ' eLip

Theorem 1.

Suppose that conditions (i) — (iii) take place in the problem (1). Then
the iteration process xg € 0 A,

r4 1 = argmax(f'(z), x), k=0,1,2,3,...
r€A

converges to the unique solution zy ot the problem with the rate of geo-
metric progression with common ratio ¢ = % <1, 1e.

|zk+1 — 20l < qllzg — 20]|-




Proximally smooth set, strongly convex function

Now

min f(z). (2)

r€EA

(i) The set A is a closed proximally smooth with constant of proximal smooth-
ness It > 0,

(ii) The function f : X — R is a strongly convex with constant of strong
convexity s > 0,

(i) Let @ € R, L ¢(a)NA # 0 and the function f has the Lipshcitz continuous
gradient with constant L > 0 on the set £ (),

iv) Suppose that 24 < R, where M = sup || f(z)]].
»
reLf(a)




Proximally smooth set, strongly convex function

Theorem 2.

Suppose that conditions (i) — (iv) take place in the problem (2).
Then for any initial point zy € AN L ¢(«a) the iteration process

!
vp1 = Pa (2, — tf(z1)) b=
R

converges to the unique solution zy € A of the problem (2) with the rate of
geometric progression with common ratio

(t) = 1 V1= 2tx+2L2 € (0,1), t= b ;
q _R—tM ) y _LQ—%’

namely,
k11— 20l < q()llzg — 20l



Thank you!




