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1. Preliminaries

One of the most significant mathematical achievements of Ghiyath al-Din Jam-
shid Mas’ud al-Kashi is al-Risala al-Muhitiyya (“The Treatise on the Circumfer-
ence” ), which is also known as Risala-i muhitiyya, or just Muhitiyya. This mas-
terpiece of computational techniques, written longhand in Arabic by al-Kashi
himself, was completed in Samarqand in July 1424 (Sha’ban 827 A.H.L.). This
original manuscript of al-Risala al-Muhitiyya [1] is Number 162 of the mathe-
matics collection (Number 5389 of the general collection) of the central library
of the Astane Qudse Razawi, Mashhad, Iran. At the conclusion of al-Risala
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al-Muhitiyya, al-Kasht wrote, katabahoo muallefohoo, which means “written by
its [the] author”. Several other sources confirm that [1] is indeed the authen-
tic manuscript of al-Risala al-Muhitiyya, including Abu’l-Qasim Qurbant [9, p.
130] and the staff at the central library of the Astane Qudse Razawi. Also, on
the second page of [1], the authenticity of this copy has been certified by Baha
al-Din al-‘Amilt (1532-1610)!, who had this copy of al-Risala al-Muhitiyya in
his possession for some time. Moreover, E.S. Kennedy in the review of [7]
[MR0055264 (14, 1051a)], stated that the Mashhad Shrine Library copy was
written in al-Kasht’s hand. Based on this original manuscript, A. Qurbani [9]
has written a Persian translation of the introduction of al-Risala al-Muhitiyya.
Paul L. Luckey [7] has written a German translation with a detailed commen-
tary of the introduction of this treatise as well. Also, Boris A. Rosenfeld and
Adolf P. Youschkevitch have written a Russian translation of the introduction
of al-Risala al-Muhitiyya with commentaries [13].

In the introduction of al-Risala al-Muhitiyya, al-Kasht stated that the cal-
culations of 7 by Archimedes (c. 287-212 BC), Abu’l-Wafa’ al-Buzjan1 (940-
998), and Abu Rayhan al-Biruni (973-after 1050) motivated him to write this
treatise on improving the estimation of 7 by these three renowned mathemati-
cians. Al-Kasht did not criticize Archimedes’ calculation of 7, he just discussed
Archimedes’ method and his result. However, he not only stated al-Buzjani’s
and al-BirtinT’s methods as well as their results, but he also indicated their
errors. In the case of al-Buzjant we will see that al-Kashi’s judgment was pre-
mature. Finally, he stated that in using his method to find the perimeter of a
circle in which its diameter is six hundred thousand times the diameter of the
sphere Earth, the difference between his calculations and the actual value will
not reach the breadth of a horse hair.

Our goal in this paper is to present, for the first time, an English transla-
tion of the introduction of al-Risala al-Muhitiyya based on Qurbani’s Persian
translation (Figure 1). Also, we will comment on the errors of al-Buzjani and
al-Birunt as noted by al-Kashi.

2. Notes

Note 2.1. In both the Arabic and the Persian languages there is not a word
which is equivalent to the word “circumference”. In both of these languages
we use the word muhit for both the circumference of a circle as well as the
perimeter of a geometric figure. Thus, we see where the word al-Muhitiyya (“on
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Figure 1: Introduction of al-Risala al-Mubhitiyya

the circumference”) comes from. However some Persian scientists, including
al-Birtni, used the word dowr which means “around” instead of muhit for the
circumference.
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Figure 1: Continuation: Introduction of al-Risala al-Mubhitiyya

Note 2.2. The fractional part of numbers in al-Risala al-Muhitiyya are
written in sexagesimal system. Sexagesimal system is the first place-value
system in history. To write a number in sexagesimal system we use modern
‘comma and semi-colon’ notations. That is, in the sexagesimal system the digits
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are separated by commas, and the integral and fractional parts by semicolons.

Note 2.3. Al-Kasht used the following units of measurements in al-Risala
al-Muhitiyya:

1 farsakh ~ 12000 adru’ =~ 6 km

1 dira’ ~ 24 qasabat ~ 50 cm

1 isba = 1 finger = 6 times the width of a medium-size grain of barley
Width of a medium-size grain of barley ~ 6 sha’rat (plural of sha’ra)

1 sha’ra = The breadth of a horse (mane) hair

Adru’ is the plural of dira’ ~ 50 cm and it is different from the Iranian zar
~ 104 cm. We note that the value of dira’ varies from country to country.
For example, in Syria it is about 68 ¢m while in Egypt it is 58 cm.

7

Qasabat is the plural of gasaba ~ 3.55 m. In old Persian it used to be called
qasab (or nab). However, this measurement is no longer in use in modern day
Iran.

Farsakh =~ 6 km and its plural is farasikh in Arabic and farsakhha in Per-
sian. In Persian farsakh is also called farsang or parasang, and in Arabic
farsakh is also called farsak.

3. Translation

In this section we present a complete English translation of the introduction
of al-Risala al-Muhitiyya. The source of our translation will be Qurbant’s
Persian translation of the introduction [9, pp. 134-137] of the original Arabic
manuscript of al-Risala al-Muhitiyya [1]. However, to make sure that nothing
is lost in translating from Persian to English, we have consulted the original
Arabic manuscript as well. To make the translation more legible and more
suitable in English, we paraphrase some sentences and we break up al-Kasht’s
(and hence Qurbant’s) long sentences into shorter sentences. We insert a
superscript number in the Persian manuscript to indicate the beginning of a
sentence in the English translation. The superscript number at the beginning
of a sentence in the English translation corresponds to the same number in the
beginning of the corresponding sentence in the Persian manuscript. We must
note that a superscript number at the end or somewhere in the middle of an
English sentence will indicate a footnote only. We do not feel it is necessary to
include the English translation of Qurbani’s footnotes. The translation starts
with the superscript 1 in Figure 1 and ends at the end of the sentence that
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started with the superscript 27 in Figure 1. Extra words or phrases in square
brackets have been inserted by the author to clarify a word or sentence.

In the Name of God, Most Gracious, Most Merciful

2Thanks be to the deserving God Who is aware of the ratio of the
diameter to the circumference? and Who knows the measurements
of every compound and [every]| trivial, and Who is the creator of
the Earth and heavens, and He is Who [is able to]| place light in
darkness. 2And praise and peace be upon Muhammad Mustafa who
is the center of the circle of prophethood and the circumferencels| of
the diameters of guidance and righteousness, and [praise and peace
be upon] his family and his virtuous companions.

4Now, the most needy servant of the Exalted God’s forgiveness
Jamshid son of Mas’ud son of Mahmud Tabib Kashani [physician
from Kashan| known as Ghiyath who asks for good circumstances
from God says: °Archimedes has proven that the circumference
[of a circle] is smaller than three times its diameter by less than
% of the diameter and larger than three times of the diameter by
less than % of the diameter?. SHence, the difference of these two
quantities is &= [of the diameter]. "Therefore, the circle that its
diameter is 497 adru’, or gasabat, or farasikh, its circumference is
about one dira’, one gasaba, or one farsakh, majhool or mashkook*.
8And the circumference of the greatest circle of the sphere Earth®
is about five farasikh magjhool. ?Because its diameter [the diameter
of the greatest circle of the Earth| in terms of farasikh is almost
five times as much as the mentioned quantity® [the diameter of the
above circle]. 19And in the region of falak al-burooj [Zodiac] [the
circumference| is much more than one hundred thousand farasikh
maghool”, and these amounts that are [this much] large for the cir-
cumferences what are they going to be in [the calculation of the]
area[s|®? 'This is because he [Archimedes] calculated the perime-
ter of the inscribed [regular| polygon with 96 sides which is less than
the circumference of the circle. !?Because each side of this [regular
polygon] is smaller than the length of its corresponding arc of the
circle and the sum of all sides is less than the circumference of the
circle. '3And [Archimedes] calculated the perimeter of the similar
circumscribed polygon and with the help of the First Figure [Propo-
sition] of the First Article [Book I] of his book [see Comment 4.1]
he has proven that this [latter perimeter]| is larger than the circum-



THE INTRODUCTION OF AL-RISALA AL-MUHITIYYA.:... 909

ference of the mentioned circle and their difference is as we stated
above [1-].

4But, Abu’l-Wafa’ al-BiizjanT obtained an approximation for
the half of the chord of ﬁ of the circumference of the circle? with
the assumption that the diameter of the circle is 120 [units] and
he multiplied this result by 720 to obtain the perimeter of the in-
scribed [regular] polygon with 720 sides. !°Also, he calculated the
perimeter of the similar circumscribed [regular] polygon with 720
sides and has said that if the diameter of the circle is 120 [units],
then its circumference would be 376 units and a fraction'®, where
this fraction is more than 0;59, 10,59 and less than 0; 59,23, 54,12
and the difference of these two quantities [fractions] is 0;0, 12, 55, 12.
16 And [this] difference in the greatest circle of the sphere Earth ap-
proximately will amount to one thousand adru’. "However, in
finding the value of the chord of half of a degree, he [ al-Buzjani]
has erred [see Comment 4.2]. '8Because, he has taken the value
of this chord as 0;31, 24,55, 54,55 which is not correct and its true
value is 0; 31,24, 56, 38, 36. Later [in the conclusion section] we will
give a reason for this.

YHowever, Aba Rayhan al-Birtini calculated the chord of two
parts of the 360 parts of the circumference of the circle!’ and he
calculated the perimeter of the inscribed [regular] polygon with 180
sides equal to 6; 16,59, 10,48,0 and the perimeter of the similar cir-
cumscribed [regular| polygon with 180 sides equal to 6;17, 1,58, 19, 6.
20He has taken the half of the sum of these two [perimeters] as
the circumference of the circle and with the assumption that the
diameter!? of the circle is the unit he has converted this [the cir-
cumference] into a fraction in Indian [Arabic] numerals with multi-
ple digits in its denominator. 2!And in a circle that is equal to the
greatest circle of the sphere Earth this approximately will reach one
farsakh. *?However, he [al-Biriini] has erred in the [calculation] of
the chord of a two degree [arc]. **Because, he has taken this chord
as 0;2,5,39,43, 36 while he should have taken it as 0; 2, 5, 39, 26, 22.
24We must know that he [al-Birtini] has recorded the sine of the arc
of one degree which is half of the chord!'? of a two degree arc in the
table of sines of his Qanoun al-Masudr as 0;1,2,49,43, which is
correct, but he has calculated its double incorrectly [see Comment
4.3].

%5Since these works [calculations] were confusing we [al-Kashi]
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wanted to determine the circumference of the circle with the as-
sumption that its diameter is known in terms of a certain measure-
ment in such a way that we would be certain that in a circle that its
diameter is six hundred thousand times the diameter of the sphere
Earth, the difference between the result of our calculations and the
actual value [of the perimeter] would not reach the breadth of a
hair. 26A hair that its breadth is one sixth of the width of an aver-
age grain of barley'* and whatever is smaller than that [that is, the
difference between his value and the actual value of the perimeter]
is not important. 27And while I am asking for help from the dear
bestower God Who is the guidance to the right path, I wrote this
treatise on the determination of the circumference consisting of ten
sections and a conclusion, and I named [entitled] it al-Muhitiyya.

4. Comments

Comment 4.1. We know that the famous Archimedes’ bounds for 7 is
Proposition 3 of his treatise On the Measurement of the Clircle, which is a small
treatise with only three propositions, and there is no Book I in this treatise.
Therefore, al-Kashi must has been referring to a collection of Archimedes’ work
which contained On the Measurement of the Circle. Most likely al-Kashi was
referring to Majmu’ al-Rasa’il (“Collection of Treatises”) by Nasir al-Din al-
Tust that contains the Arabic translation of On the Measurement of the Circle
as well as other Archimedes’ treatises. For a complete list of Archimedes’ work
and their translations throughout the history including Majmu’ al-Rasa’il the
reader is referred to [5, pp. 230-231].

Comment 4.2. Al-Kasht did not mention the work of al-Buzjani that
al-Kasht used as his source for pointing out al-Buzjani’s error. According to
Qurbant [9, p. 137], al-Kashi most likely was referring to statements made
by Nasir al-Din al-Tust (1201-1274) in his Taksir al-Da’ira which is an Arabic
translation of Archimedes’ Division of the Circle. In the commentary al-Tust
stated:

...For example, let us assume that [the point] C' is the center of
a circle and the arc AB is equal to % of the circumference of that
circle. We connect [draw] the chord AB. Based on the mentioned
principles’ and al-Biizjani’s calculations, the length of the chord
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AB is equal to 0;31,24,55,54,55. Now, if we take the diameter as
120 parts, then this value would be the chord of half of a degree.
Next, if we take this chord as one side of the inscribed [regular]
polygon with 720 sides, then the perimeter of this polygon would
be 376; 59, 10, 59...

This is exactly what al-Kasht attributed to al-Buzjani in the introduction of
al-Risala al-Muhitiyya. However, Woepcke [14] has shown that the number that
al-TusT has taken as the chord AB is in fact the sine of one half of one degree and
not the chord of one half of one degree which al-Btizjant himself obtained in his
Kitab al-Kamil (“Complete Book”), which is a simplified version of Ptolemy’s
Almagest. Therefore, it was al-Kashi who erred and not al-Buzjani.

Comment 4.3. According to Qurbani [9, p. 138] whatever al-Kashi stated
in the introduction of al-Risala al-Muhitiyya about al-Biruni and his calcula-
tion of the circumference of a circle was obtained from al-Biruni’s Qanoun al-
Mas’udr. In Chapter Five of Book III of Qanoun al-Mas udz, al-Biruni recorded
the chord of a two degree arc as 0; 2, 5,39, 43,36 which as al-Kashi pointed out
in the introduction of al-Risala al-Muhitiyya is incorrect and is larger than the
actual value of the chord of a two degree arc. This larger value of the chord of a
two degree arc which al-Birtint used as a side of a regular inscribed polygon with
180 sides resulted in a larger perimeter for this regular inscribed polygon. Also,
since he used this value of the chord of a two degree arc to obtain the length
of each side of a similar regular circumscribed polygon with 180 sides, again
he obtained a larger value for the perimeter of the circumscribed polygon than
its actual value. He used the perimeters of these inscribed and circumscribed
regular polygons in a unit circle to find two approximations for 7 in sexagesimal
system. Namely, 3;8,29,35,24 and 3; 8, 30, 59, 10, respectively. In the decimal
system these values are 3.141742 and 3.141744 where both of these values are
larger than 3.14166, the known value of m by Greeks and Indians at that time.

5. Footnotes

!Baha al-Din al-‘Amili was born in 1532 in Lebanon and lived there until
he was 10 years old. Then, he spent the rest of his life in Iran where he died
in 1610 in Isfahan, and upon his wishes he was buried in Mashhad next to the
shrine of Imam Reza.

2Here al-Kashi refers to the fact that 7 is irrational and its exact value
cannot be found.
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3If d represents the diameter of a circle, then 3d + %d < circum ference <
3d + %d, and hence the ratio of the circumference of a circle to its diameter
is less than 3% and larger than 3%; that is, 3% <Tm< 3%, the Archimedes’
bounds for 7.

4The words majhool and mashkook in both Arabic and Persian literally
mean unknown and suspicious, respectively. However, here the author believes
al-Kasht meant that the error would one dira’, one gasaba, or one farsakh.

°In both the Arabic and the Persian languages, “sphere Earth” means
“planet Earth”.

6This indicates that al-Kasht assumed that the diameter of Earth is about
5 x 497 = 2485 farasikh.

"Therefore, al-Kashi assumed that the diameter of the falak al-burooj is
more than 49700000 farasikh.

8That is, when the error in the calculations of the circumferences where we
are just using the first power of the radius is this high, then in the calculations
of areas and volumes where we use the second and the third powers of the radius
will be much higher. This is for circles and spheres only, of course.

9That is, the chord corresponding to half of a degree.

10Tt was customary to write the integral part of a number in decimal system
and the fractional part in sexagesimal system as we see here.

HThat is, the chord of a two degree arc.

12 According to Qanoun al-Mas"idz this is half of the diameter (see Comment
4.3).

13This can be seen immediately from congruent right triangles.
1Here by a hair al-KashT meant a horse hair.

5That is, principles that are based on Ptolemy’s Almagest for calculating
the length of the chord of an arc of a circle, or other similar principles used by
astronomers.
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