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ABSTRACT

This document contains the supplemental methods relating to the aerodynamic approximations and the implementation of
AvInertia that we used for the paper entitled "Birds can transition between stable and unstable states via wing morphing".
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Glossary
b wingspan
cm mean chord
cr wing root chord, i.e. c(0)
crmax maximum wing root chord for one specimen
c(y) wing chord as a function of the span position
CLαt

lift-slope of the tail (accounting for interaction effects)
CLα

lift-slope of the wing-body configuration
lt absolute distance between the flyer’s CG and the tail’s aerodynamic centre
MAC mean aerodynamic centre
NP neutral point of the full flyer
NPwb neutral point of the wing-body configuration
St total tail area
Sw total wing area
VH tail volume coefficient
x position along the x axis, chordwise
xc/4 position of the quarter chord along the x axis
x̃c/4 position of the quarter chord of the standard mean chord along the x axis
y position along the y axis, spanwise
ycen y position of the wing’s centroid
α angle of attack of the full flyer
ε downwash angle due to the wing
η dynamic pressure ratio at the horizontal tail

1 Aerodynamics - Estimation of the wing-body neutral point
To estimate the neutral point of a bird’s wing-body configuration, we leveraged our previous study on rigid gull wing-body
configurations across the in vivo range of motion of elbow and wrist flexion and extension1. In this previous study, we extracted
the neutral point of the wing-body configurations by fitting a linear model to the change of the pitching moment with the lift
force2, 3 and provided the morphological information about the associated wing shapes. We used the same wing orientation as
the current work. The aerodynamic results were calculated using a numerical lifting line model which was validated with wind
tunnel tests on 3D printed wings. As it was not feasible to replicate this analysis for each species in this study, we investigated
if there was a metric that could be used to appropriately estimate the neutral point using morphology alone. We assumed that
the bird’s neutral point could be approximated by the wing-body configuration neutral point. This approximation is appropriate
if the wing produces the majority of the lift as is expected with a furled tail4, but Section 2 discusses the implications of
incorporating the tail.

Our approach was informed by traditional aerodynamic theory which predicts that the aerodynamic centre of a 2D thin
airfoil will be at the quarter-chord location5, this work can be extended to lifting line theory for steady flight conditions
(commonly used in gliding flight) or blade element theory for revolving airfoils (commonly used in flapping flight). However,
2D thin airfoil approximations do not hold for the thick airfoils known to be used on the proximal wing sections of bird wings6

nor for 3D wing shapes5. Although advances in analytical methods have resulted in mathematical relationships that account for
constant taper ratios or sweep7, 8, little information exists for wing shapes as complex as bird wings who have substantial and
often nonlinear distributions of geometric twist, taper, sweep, and dihedral. Therefore, we investigated six different chord-based
metrics2, 8, 9 to establish which would best approximate the neutral point. The origin for all metrics within this study was set at
the shoulder joint. This investigation included:

1. Root chord. A simplistic approach that estimates the neutral point to be at the quarter chord of the root chord. This
approach cannot account for a neutral point shifting forwards of the root leading edge.

2. Mean chord. The mean chord is first found as8:

cm =
Sw

b
, (1)
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Next, we located the most interior span section that had a chord equal to cm. At that span section we extracted the leading
edge position along the x axis and added it to the quarter chord of cm while accounting for any wing twist at this span
section. This final value was taken as the quarter chord position of the mean chord.

3. Mean projected chord. Similar approach as the mean chord but the wing area used is that calculated by projecting the
wing periphery onto the x-y plane.

4. Mean aerodynamic chord. Similar approach as the mean chord but the mean aerodynamic chord is calculated as8:

MAC =

∫ b/2
0 c(y)2dy∫ b/2
0 c(y)dy

, (2)

This value is calculated numerically for the wings by disctretizing the wing along the y axis into 1000 segments. All
integral equations that follow used the same discretization.

5. Centroid area chord. In this approach we first numerically calculated the position of the wing’s centroid along the y
axis as8:

ycen =

∫ b/2
0 c(y)ydy∫ b/2
0 c(y)dy

(3)

Then, at this span location we calculated the chord of the wing. Similar to the approach in the mean chord we determined
the quarter chord and leading edge position.

6. Standard mean chord. This method allows use to numerically calculate the quarter chord position directly as8:

x̃c/4 =

∫ b/2
0 c(y)xc/4(y)dy∫ b/2

0 c(y)dy
, (4)

Finally, we normalized each of the output quarter chord positions from the six different metrics by the maximum root chord
(crmax ) of the specimen. This normalization ensures that the result could be scaled for different sized individuals. To assess the
fit of each normalized metric to the gull’s measured neutral point we fit log-transformed linear models in R:

ln
(
|xNPwb |
crmax

)
∼ A ln

(
|x?|
crmax

)
+B. (5)

Note that for all configurations investigated in our previous study, the neutral point had a negative position on the x axis (aft
of the shoulder joint), which allowed us to take the absolute value of the data. Surprisingly, the best fit to our data was the
standard mean chord (metric 6) as shown by a low model offset (B) and higher adjusted R2. The other mean chord parameters
(metrics 2 and 3) were a particularly bad fit to our data because often the mean chord was located distally so folding the wrist
caused a substantial aftward shift of the estimated quarter-chord location. All model fit parameters are listed in Table 1. With
this information, we calculated the relationship for each other species in our study with the exponent of 0.8 and assuming that
e−0.052 = 0.949≈ 1 as:

|xNPwb |
crmax

=

( |x̃c/4|
crmax

)0.8

. (6)

We imported this relationship into our comparative analysis and computed the quarter chord position of the standard mean
chord for each specimen and configuration. Next, we checked if the quarter-chord position was in front of the shoulder and if
so we switched the signs of the output. This essentially reflects the exponential trend that was established for the gull wings
into the positive neutral point region.

We verified that our key static margin findings were not substantially affected by the selected exponent by performing a
sensitivity analysis. We found that despite varying the exponent from 0.7 to 1.1, all the optimal phenotypes for maximum static
stability were stable whereas the optimal phenotypes for minimum static stability were unstable. Specifically, as the scaling
parameter increased, we found that the optimal phenotype for the maximum static margin shifted from 31% to 15% of the
maximum root chord and the minimum static margin shifted from -13% to -19%. Thus, increasing the exponent effectively
serves to shift the results towards instability but our evolutionary findings remain supported. As the gull represents the only
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Supplemental Table 1 | Linear fit results for each chord metric.

Chord metric name Metric A (95% CI) B (95% CI) Adjusted R2

root 1 0.833 (0.764, 0.902) -0.997 (-1.015, -0.980) 0.358
mean projected 2 0.083 (0.062, 0.105) -1.102 (-1.127, -1.077) 0.053

mean 3 0.054 (0.033, 0.074) -1.115 (-1.145, -1.084) 0.025
mean aerodynamic 4 0.152 (0.135, 0.169) -0.930 (-0.960, -0.900) 0.235

centroid area 5 1.349 (1.285, 1.414) 1.436 (1.310, 1.562) 0.624
standard mean 6 0.812 (0.789, 0.835) -0.052 (-0.084, -0.021) 0.832

species with which we are able to estimate the relationship between geometric parameters and the neutral point across the full
range of flexion and extension, we have selected to proceed with the gull-informed exponent of 0.8.

In all, this result provides insight into the aerodynamic implications of morphing however this was informed by an
aerodynamic analysis of only one species for rigid wing-body configurations. It will be important for future studies to account
for inter-specific differences as well as a neutral point shift due to flexibility and porosity. In addition, we assumed that pitching
moment caused by the lift force dominates the resultant moment similar in a manner similar to traditional aerodynamic analyses,
however this work should be extended in the future to account for the effect of drag as well.

2 Aerodynamics - Estimation of the neutral point shift due to a furled tail
In the previous section, we established a morphological-based metric to estimate the neutral point of the wing-body configuration.
The neutral point of the wing-body configuration is assumed to be a close approximation to the total flyer’s neutral point because
in our study we assumed that the tail is furled and thus produces a minimal lift. In practice, any additional surface area on a flyer
will affect its aerodynamic properties. Further, on traditional aircraft the tail is a major contributor to the overall stability due to
the tail aerodynamic centre always remaining aft of the centre of gravity. Proper estimation of the tail contribution requires
a detailed analysis of the aerodynamics of the tail and body-wing-tail interactions, but it is possible to make a preliminary
estimation the tail contribution with standard aerodynamic theory. We used a standard equation2, 3, 10 to estimate the tail’s effect
on the neutral point to the wing-body configurations (NPwb) as:

NP = NPwb−
CLαt

CLα

(
1− dε

dα

)
ηVHcm (7)

Where the tail volume coefficient is defined as:

VH =
ltSt

cmSw
(8)

Note that chord (cm) introduced in equation 8 is canceled out in equation 7. For plotting purposes we selected to use the
mean value of all the mean chords calculated at each morphed configuration for each individual specimen. This allows a
comparable metric to the traditional aircraft metrics published by Raymer10. We estimated that the tail aerodynamic centre was
at 25% of the tail length, although future work will need to account for the expected shift due to low tail aspect ratio. Figure 1
shows the estimated tail volume per individual as a function of the overall body mass. The range for each specimen is largely
caused by the changes in the total wing area (Sw). Of note, traditional aircraft tail volume coefficients usually vary between 0.4
to 1 and many of these bird tail volumes are substantially lower10, 11.

Next, we must estimate the factors that multiply the tail volume coefficient in equation 7. First, it is known that the dynamic
pressure at the tail will be lower than that at the wing due to the resultant wing wake, which indicates that η < 13. Next, because
of the tail will have a substantially lower aspect ratio than the wing while it is furled, we estimated that the lift-slope of the tail
will be lower than that of the wing (i.e.

CLαt
CLα

< 1). Finally, dε

dα
is also always below one due to the downwash from the main

wing3, 10. For traditional aircraft in subsonic flight, this value decreases as the wing aspect ratio and taper ratio increase and
as the distance between the tail aerodynamic centre and the centre of gravity increases10. Each of these characteristics varies
substantially across bird species. Because dε

dα
is subtracted from one in equation 7, decreasing dε

dα
will effectively increase the

tail contribution to the neutral point shift. Collectively, because all three discussed multiplying factors are expected to be less
than one, we selected each value to be 0.9 for birds:

CLαt
CLα

(1− dε

dα
)η ≈ 0.73. We selected 0.9 as it is expected to overestimate
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Supplemental Fig. 1 | Tail volume coefficients as a function of the body mass for the investigated specimens.

this multiplying factor. We selected to overestimate this factor because this will return the most aft NP shift and provides a
highly conservative view on the validity of our evolutionary results.

With these inputs we solved equation 7 and equation (8) in the main manuscript to obtain the maximum and minimum static
margin for each specimen and then calculated the mean value for each species. Next, we fit a Ornstein Uhlenbeck (OU) model
to the data following the similar procedure detailed in the methods. This analysis revealed that even when accounting for the
tail’s effect on the neutral point there is evidence that evolution selects for a stable maximum static margin (max θsm = 38% of
crmax , α = 2.718,σ2 = 0.255) and an unstable minimum static margin (min θsm =−6% of crmax , α = 0.395,σ2 = 0.022). As
expected, the phenotypic optimum values of both the maximum and minimum static margin models shifted towards increased
stability, but there was evidence of stronger selection pressure (α) than in the wing-body configurations alone. As with our key
results, this could additionally suggest that birds have the ability to shift their neutral point in front of their centre of gravity
to balance the positive tail lift that is required for weight support in slow gliding flight12. It is important to highlight that we
expect inter-specific variation within the multiplying parameters and that the selected value substantially overestimates the
tail’s contribution and likely results in a more stable output. In all, these results are expected to provide solely a preliminary
estimation of the tail’s contribution.
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3 AvInertia - General Procedure

Muscles
Bones
Primary feathers
Secondary feathers
Skin/coverts/tertiary feathers

Legs

Alula Radiale & Ulnare

x

yVRP

joint 
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67
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Supplemental Fig. 2 | Dorsal view of entire bird modeled as a composite of simplified geometric shapes.

The final outputs from AvInertia are returned in the pre-selected origin and axis system: the bird (vehicle) reference point
(VRP) and “full bird" frame of reference (always right-handed axes). In our work, we selected the VRP to be the location where
the neck attaches to the torso (Fig. 2) . This is approximately the center of the spinal cord if cut at the clavicle. The x-axis
points forwards along the center of the bird, z-axis points ventrally and y-axis points along the right wing. The selection of
the origin and axis system is user-specific but must be consistently followed for all inputs. All measurements input into the
program should be defined relative to this same origin unless otherwise noted in this document.

Multiple frames of reference are utilized throughout this program. Each individual section will detail the appropriate frame
of reference utilized.

3.0.1 High level methodology
1. Model all bird components as a simplified geometric shape.

2. Determine moment of inertia tensor (I) and center of gravity (CG) of each component within a frame of reference and
about an origin that simplifies their formulation.

3. Transform I and CG to be within the full bird frame frame of reference with the VRP as the origin. This procedure is
highly variable and the following sub-sections detail how each component is transformed to be in this final frame of
reference.

4. Combine I and CG of each component appropriately.

5. Shift the origin of I to be about the final full CG location.

Note Parallel axis theorem is only valid between an arbitrary point and the center of gravity, not between two
arbitrary points13. This was accounted for within the code.

3.0.2 Required measurements
1. Full bird mass, mbird

2. Single wing mass, mwing

3. Position of the wing defined by ten key landmarks (Fig. 2). Note that the identity of Pt11 varies among species; see
“birdmeasurements_readytorun.csv" in the publicly available data repository for total feather counts. In addition, we do
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not include Pt5 and Pt7 as these positions were not needed within the analysis. We did not renumber to avoid confusion.
• Pt1: Humeral head

• Pt2: Center of motion of the elbow joint

• Pt3: Center of motion of the wrist joint

• Pt4: Distal tip of the carpometacarpus

• Pt6: Wing leading edge ahead of the wrist joint

• Pt8: The distal tip of the final primary feather
(usually P10)

• Pt9: Distal tip of the fourth-to-last primary
feather (usually P7)

• Pt10: Distal tip of the first secondary feather
(S1)

• Pt11: Distal tip of the final secondary feather

• Pt12: The most proximal location along the lead-
ing edge of the wing

3.0.3 Assumptions
1. Base geometric shapes are the greatest assumption within this code although it is commonly used for estimating the

inertial characteristics of complex objects13. Biological specimens are variable and the accuracy of this assumption will
vary between different species.

2. Wings were aligned so that the point on the wrist joint is in line with the shoulder along the y axis and along the x axis.
The wing was then rotated so that the point on the feather tip at the wing root was at the same height (on the z axis) as the
shoulder. However, this is not inherent to AvInertia and any wing alignment can be input.

4 AvInertia - Wing Approximations
The wing is modeled as a composite structure of bones, muscles, feathers and skin. When computing the final bird inertial
properties it is possible to model both symmetric and asymmetric wing shapes. In this work, we focused solely on symmetric
configurations.

4.1 Bones
The major wing bones (humerus, radius, ulna and carpometacarpus) are modeled as hollow cylinders with solid end caps14, 15.
The radiale and ulnare are modeled as point masses at the wrist joint (Pt3). In addition to all physical measurements, we must
know the location of the beginning of the bone and the end of the bone to extract the appropriate orientation.

bonel

t end

ror i

z

x

bone
frame

Supplemental Fig. 3 | Simplified bone diagram including the referenced frames of reference.

4.1.1 Methodology
1. Calculate the end cap thickness from:

mbone

ρbone
= 2(πr2

otend)+π(ro
2− ri

2)(lbone−2tend) (9)

2. Calculate the mass of each end cap and the hollow cylinder.

3. Determine I and CG of the hollow cylinder (eqn. 13 and 21) and two end caps (eqn. 14 and 21) with respect to the bone
specific frame of reference and origin (Fig. 3).

4. Transform each I and CG to be measured with the VRP as the origin.
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5. Sum I of the hollow cylinder and two end caps.

6. Transform I and CG to be expressed within the full bird frame.

7. Radiale and ulnare estimated as point masses on Pt3 within the full bird frame.

4.1.2 Required measurements
1. Mass of each bone, mbone

2. Length of each bone, lbone

3. Average radius of each bone, ro

4.1.3 Assumptions
1. Density (ρbone) treated as constant 2060 kg/m3 for all major bones16.

2. Inner radius (ri) assumed to be 78% of the outer radius17.

3. Neglect all other wing bones.

4. Carpometacarpus length and mass include the first digit as well.

5. CG is at the center of the measured bone length. This may differ slightly from that extracted using the Optitrack
markers. The start of the bone is assumed to be at the most proximal Optitrack marker.

4.2 Muscles
The muscles in the wing are grouped into the brachial, antebrachial and manus regions and assuming that the muscle mass
is stretched the length of the major wing bones. In addition to all physical measurements, we must know the location of the
beginning of the bone and the end of the bone associated with each muscle group to extract the appropriate orientation.

4.2.1 Methodology
1. Calculate the cylinder radius based on the mass and muscle density for the current group.

2. Determine I and CG of the cylinder (eqn. 14 and 21) within the bone frame of reference and origin (Fig. 3).

3. Transform each I and CG to be measured with the VRP as the origin.

4.2.2 Required measurements
1. Mass of each muscle group, mmuscle

2. Length of each bone, lbone

4.2.3 Assumptions
1. Density (ρmuscles) was assumed to be 1100 kg/m−3 for all groups18. This is slightly higher than 1060 kg/m−3 that

was calculated for muscles alone19 because we did want to include the tendons and connective tissues in the overall
calculation.

2. Muscles are stretched along the length. In reality, muscles will be more heavily grouped to the start and end section but
for simplicity we assumed a constant muscle width along the bone length.

3. Radius of the muscles is determined based on the muscle group mass, estimated muscle density and the length of the
bones.

4.3 Flight feathers
The flight feathers including all primaries and secondaries are modeled as a composite object (Fig. 4). The calamus is
modelled as a hollow cortex cylinder20, the rachis as a hollow cortex exterior square pyramid and a solid medullary interior
square pyramid20, 21, and the vanes as flat rectangular plates. In addition to all physical measurements, we must provide the
approximate location of the feather tip and root to extract the appropriate orientation.
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Supplemental Fig. 4 | Simplified feather diagram including the referenced frames of reference.

4.3.1 Methodology
1. Calculate the approximate vane mass assuming vanes are composed of solid cortex cylindrical barbs with a previously

determined22, 23 barb radius (rbarb) and spacing (dbarb) per:

nbarbs = lvane/(dbarb +2rbarb), (10)

mvane = ρcortexnbarbswvaneπr2
barb. (11)

2. Substract the proximal and distal vane masses from the total feather mass m f to determine the total mass of the rachis
and calamus (mrc).

3. Calculate the inner radius (rical ) of the calamus and width of the interior rachis pyramid by ensuring that mrc is equal to
the mass predicted by the volume and density of the calamus and rachis components:

mrc = ρcor(π(r2
ocal
− r2

ical
)lcal +

4
3
(r2

ocal
− r2

ical
)lvane)+ρmed(

4
3

r2
ical

lvane). (12)

4. Determine I and CG of the calamus (eqn. 14 and 21) within the calamus frame assuming a hollow cylinder.
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5. Determine I and CG of the rachis (eqn. 18 and 22) within the rachis frame assuming exterior cortex and interior medullary
retangular pyramids.

6. Determine I and CG of each vane (eqn. 19) within their respective vane frames assuming flat rectangular plates with a
mass calculated in Step 1.

7. Transform each vane property into the rachis frame.

8. Combine the rachis and vane I and CG properties.

9. Transform rachis and vane I and CG to be expressed in the calamus frame, (rotate by θvane) with the origin as the start of
the feather.

10. Combine I and CG for the rachis and vane with the calamus components.

11. Transform I and CG to be expressed in the feather frame. Up to this point all of this inertial data can be computed with
no knowledge of the current wing positioning. For this reason, the code has two seperate functions relating to the feather
inertial calculations.

12. Transform I and CG to be expressed in the full bird frame using information about each individual feather positioning
and orientation.

13. Alula feathers estimated as a point mass on Pt6 within the full bird frame.

4.3.2 Required measurements

1. Mass of each feather, m f

2. Length of the calamus, lcal

3. Length of the vane, lvane

4. Outer radius of the calamus, rocal

5. Distance between barbs, dbarb

6. Radius of feather barbs, rbarb

7. Average width of proximal and distal vanes, wvane

8. Interior angle between calamus and rachis, θvane

4.3.3 Assumptions
1. Density of cortex (ρcor)21, 24–27 and of medullary (ρmed)25, 28 material treated as constant 1150 kg/m3 and 80 kg/m3,

respectively.

2. Shape of feathers was assumed to be constant within a species. We measured the shape properties for only one specimen
but, individually measured the mass of each specimen’s feathers. Then we assumed isometric scaling to adjust the length
and area measurements for each feather as necessary.

3. Length of medullary part of the rachis extends all the way to the feather tip21.

4. Mass of vanes is based on previously measured barb radii and distance between barbs22, 23.

5. Proximal and distal vane barb properties are treated as constant. Note that previous work did find slight but measurable
differences between the vanes that will be neglected in this work29.

6. Alula feathers are treated as a point mass on Pt6 although their structure differs between species.

7. Feather positioning:

• The base of the secondaries are equally spaced along the ulna and their tips are equally spaced along the line
between Pt10 and Pt 11 (last secondary).

• The base of P1 through P6 are equally spaced along the carpometacarpus and their tips are equally spaced along
the line between Pt10 and Pt9.

• The base P7 and up are located at the end of the carpometacarpus (Pt4) and their tips are equally spaced along the
line between Pt9 and Pt8.

8. Feather orientation:

• Primaries lay flat on the plane defined by Pt3, Pt4 and their tip position as defined above.

• Secondaries lay flat on the plane defined by Pt2, Pt3 and their tip position as defined above.
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4.4 Tertiaries and skin/coverts
The tertiary feathers and skin/coverts are modeled as flat triangular plates. The tertiary feather sections are defined as two
sections, with vertices as follows: 1) Pt12, Pt2 and the trailing edge of the wing at the body and 2) Pt11, Pt2 and the trailing
edge of the wing at the body. The skin/coverts section vertices are defined by Pt12, Pt2 and Pt6.

4.4.1 Methodology
1. Given the input positions calculate I and CG based on the general polygon formulations30 within a frame of reference

and about an origin that simplifies their formulation.

2. Transform I and CG to be within the full bird frame and shift so that the VRP is the origin.

4.4.2 Required measurements
1. Mass of the skin and coverts, mskin

2. Mass of the tertiaries, mtertiaries

4.4.3 Assumptions
1. Skin density (ρskin) treated as constant (1060 kg/m3) based on a previously measured muscle-only measurement19, 31.

This was used to calculate the final skin thickness based on ensuring that the volume would return the known mass of the
section.

2. Tertiary density is treated as constant and equal to the cortex density (ρcor)21, 24–27 of 1150 kg/m3. As with the skin
this was used to calculate the final thickness of the tertiary sections based on ensuring that the volume would return the
known mass of the section.

3. Tertiary mass is divided equally between the two tertiary sections.

5 AvInertia - Rest of the bird approximations
5.1 Head, neck, legs and tail
The head (including the beak) was modeled as a solid cone, neck was modeled as a solid cylinder, legs were point masses and
the tail was modeled as a flat rectangular plate.

5.1.1 Methodology
1. Calculate I and CG of the head (eqn. 16 and eqn. 22), neck (if used, eqn. 14 and eqn. 21) and tail (eqn. 19).

2. Calculate I and CG of the legs as point masses placed on the ventral sides of the bird.

3. Transform I and CG to be within the full bird frame and shift so that the VRP is the origin.

5.1.2 Required measurements

1. Mass of the head, mhead

2. Length of the head (tip of beak to neck), lhead

3. Radius of the head (maximum), rhead

4. Mass of the neck, mneck

5. Length of the neck outstretched, lneck

6. Radius of the neck, rneck

7. Mass of the tail, mtail

8. Length of the furled tail, ltail

9. Width of the furled tail, wtail

10. Length of the torso + tail, ltot

11. Mass of both legs, mleg

12. x-location of leg insertion, lleg

5.1.3 Assumptions
1. Head/beak CG was measured on the specimens and we found that for all of the measured species the head CG was

within 15% of the quarter of the head length (See “VerificationData.xlsx" tab “HeadCGVerification" in the publicly
available data repository). Thus, we assumed that a solid cone would be a fair approximation of the shape.

2. Neck was only included for some species that are known to stretch out their neck while in a cruise flight configuration.
If not outstretched, the neck mass is added to the head mass. This can be adjusted for general use.

3. Legs modeled as point masses however some birds do stick their legs behind their body while in flight. Because grebes
have very minimal tails and fly with their legs directly behind their bodies the grebes’ legs were treated as a tail. However,
for other species this effect was neglected in our work and should be investigated in future studies.
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5.2 Torso
The torso is modeled as a structure composed of a hemiellipsoid, partial elliptical cone and either a full elliptical cone (3
individuals) or elliptical cylinder (33 individuals) (Fig. 2). Due to the complex structure, the center of gravity position of the
torso + tail must be measured and thus the code largely functions to estimate the associated moment of inertia for the torso. In
the study, we performed a sensitivity analysis for up to 15% error of the total torso length on the CG measurement.

1. Calculate the volume of each component assuming an elliptical cylinder for the back piece.

2. Option 1: If the calculated average density places the CG within 5% of the measured value, use the elliptical cylinder and
continue to step 5.

3. Option 2: If not, calculate if the average density using an elliptical cone for a back piece places the CG within 5% of the
measured value. If so, use the elliptical cone and continue to step 5. Figure 2 illustrates option 2.

4. Option 3: If not, use an elliptical cylinder and an optimization routine to vary the density between each of the three
sections of the torso. The routine minimizes the difference between the output densities and the calculated average density
for the full torso. In addition, we assume that the CG is moved forwards by 5% of the total length. This is necessary to
ensure reasonable densities. We assumed that density measurements could be very low due to the possibility that the
majority of the volume is made from loosely packed feathers. The lowest density was found to be 42 kg-m−3 for the end
section of a storm petrel. All section densities can be seen within the “VerificationData.xlsx" tab “TorsoDensities" that is
included within the publicly available data repository.

5. One of the three above options will provide the final calculated volume, mass and output CG.

6. Given these parameters for each section, calculate I (eqn. 20, 17 and 15) and CG (eqn. 23 and 22) for each component in
the torso frame, where ztorso =−x f ullbird , xtorso = z f ullbird and ytorso = y f ullbird .

7. Transform I and CG to be within the full bird frame and shift so that the VRP is the origin.

5.2.1 Required measurements

1. Mass of the torso and legs, mtorso

2. Full torso length, ltorso

3. Mass of both legs, mleg

4. Body width at leg insertion, wleg

5. x-location of leg insertion, lleg

6. Maximum body width, wmax

7. Maximum body height, hmax

8. x-location of maximum body width, lbmax

9. x-location of the CG of torso + legs, CGx

10. z-location of the CG of torso + legs, CGz

5.2.2 Assumptions
1. Minimum density allowed by the optimizer for the front section is 200 kg/m3.
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Appendix A: Base moment of inertia tensors

All tensors are listed in a published handbook32 except for the elliptical cone calculation which was computed for this project.

1. Hollow cylinder. ro is the outer radius, ri is the inner radius, l is the length and m is the mass. Origin is at the center of
mass. Used for the bone interior, neck and feather calamus.

I = m

 1
12 (3(r

2
o + r2

i )+ l2) 0 0
0 1

12 (3(r
2
o + r2

i )+ l2) 0
0 0 1

2 (r
2
o + r2

i )

 (13)

2. Solid cylinder. r is the radius, l is the length and m is the mass. Origin is at the center of mass. Used for the bone end
caps and muscles.

I = m

 1
12 (3r2 + l2) 0 0

0 1
12 (3r2 + l2) 0

0 0 1
2 r2

 (14)

3. Elliptical cylinder. a is half the maximum height along the x direction, b is half the maximum width along the y
direction, l is the length, and m is the mass. Origin is at the center of mass. Used for the last portion of the body if
required.

I = m

 1
12 (3b2 + l2) 0 0

0 1
12 (3a2 + l2) 0

0 0 1
4 (a

2 +b2)

 (15)

4. Solid cone. r is the radius of the cone base, h is the height and m is the mass. Origin is at the center of the cone’s base,
not the center of mass. Used for the head/beak.

I = m

 1
10 (

3
2 r2 + l2) 0 0

0 1
10 (

3
2 r2 + l2) 0

0 0 3
10 r2

 (16)

5. Elliptical cone. l length until the tip of the cone, A is half the maximum height along the x direction, B is half the
maximum width along the y direction, and m is the mass. Origin is at the base of the cone, not the center of mass. Used
for the back two-thirds of the body.

I = m

 1
10 (

3
2 B2 + l2) 0 0

0 1
10 (

3
2 A2 + l2) 0

0 0 3
20 (A

2 +B2)

 (17)

6. Solid square pyramid. w is the entire width of one side of the pyramid base, h entire height of the pyramid and m is the
mass. Origin is at the center of the pyramid’s base, not the center of mass. Used for the rachis.

I = m

 1
20 (w

2 +2h2) 0 0
0 1

20 (w
2 +2h2) 0

0 0 1
10 w2

 (18)

7. Flat rectangular plate. w is the entire width of one side, h entire height and m is the mass. Origin is at the center of
mass. Used for the feather vanes and tail.

I =
1

12
m

(w2 +h2) 0 0
0 h2 0
0 0 w2

 (19)

8. Solid hemi-ellipsoid. a is half the height along the x direction, b is half the width along the y direction and c is half the
length along the z direction. Origin is at the base of the hemi-ellipsoid, not the center of mass. Used for the front third of
the body.

I =
1
5

m

(b2 + c2) 0 0
0 (a2 + c2) 0
0 0 (a2 +b2)

 (20)

13/18



Appendix B: Base center of gravity vectors
1. Cylinder. (hollow, solid, elliptical or circular) l is the length. Origin at the center of the base.

CG =

 0
0
1
2 l

 (21)

2. Pyramid. (circular, square or elliptical) h is the height. Origin at the center of the base.

CG =

 0
0
1
4 h

 (22)

3. Hemi-ellipsoid. c is the height. Origin at the center of the base.

CG =

 0
0
3
8 c

 (23)
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Appendix C: Illustrations of the required measurements

full bird mass
mbird

single (right)
wing  mass

mwing

single (left)
wing  mass

mwing

Supplemental Fig. 5 | Entire bird measurements.

humerus mass
mbone

radius mass
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Supplemental Fig. 6 | Wing specific measurements.
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x
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mass of
the head

mhead length of
the head
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of the head
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the tail
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mass of
the legs
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Supplemental Fig. 7 | Body specific measurements.
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