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A Kakeya set in R" is a compact set £ C R" containing a unit line segment in every
direction, i.e.
11
Vee S" 'Jx e R":x+tec EVt e [—5,5] (1)
where S"! is the unit sphere in R". This paper will be mainly concerned with the
following issue, which is still poorly understood: what metric restrictions does the property
(1) put on the set E?
The original Kakeya problem was essentially whether a Kakeya set as defined above
must have positive measure, and as is well-known, a counterexample was given by Besi-

covitch in 1920. A current form of the problem is as follows:

Open question 1: Must a Kakeya set in R" have Hausdorff dimension n?

When n = 2, the answer is yes; this was proved by Davies [19] in 1971. Recent work on
the higher dimensional question began with [7]. If dimE denotes the Hausdorff dimension
then the bound dimFE > ”T“ can be proved in several ways and may have been known
prior to [7], although the author has not been able to find a reference. The recent work
[7], [60] has led to the small improvement dimE > 2. We will discuss this in section 2
below.

Question 1 appears quite elementary, but is known to be connected to a number of
basic open questions in harmonic analysis regarding estimation of oscillatory integrals.
This is a consequence of C. Fefferman’s solution of the disc multiplier problem [23] and
work of Cordoba (e.g. [18]) and Bourgain (e.g. [7], [9], [10]). We will say something about
these interrelationships in section 4. There is also a long history of applications of Kakeya
sets to construct counterexamples in pointwise convergence questions; we will not discuss
this here, but see e.g. [25] and [54].

For various reasons it is better to look also at a more quantitative formulation in terms
of a maximal operator. If § > 0, e € S"!, a € R" then we define

o) = {r e B : (2 —a) -¢| < 3. |(z — )] < 3}
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where 2+ = z — (z - e)e. Thus Tf(a) is essentially the d-neighborhood of the unit line
segment in the e direction centered at a. If f : R" — R then we define its Kakeya maximal
function f5 : Sl — R via

1
fite)= s —— [ |
O R T (a)] Jrd )

This definition is due to Bourgain [7]. It is one of several similar maximal functions that
have been considered, going back at least to [18].

Open question 2: Is there an estimate

Ve > 03Ce : || f§lln(sn1y < Ced || flInVSf (2)

Roughly speaking, this question is related to question 1 in the same way as the Hardy-
Littlewood maximal theorem is related to Lebesgue’s theorem on points of density. As
was observed by Bourgain [7], an affirmative answer to question 2 implies an affirmative
answer to question 1; see Lemma 1.6 below. Once again, when n = 2 it is well known
that the answer to question 2 is affirmative, [18] and [7]. In higher dimensions, partial
results are known parallelling the results on question 1.

Questions 1 and 2 clearly have a combinatorial side to them, and the point of view we
will adopt here is to try to approach the combinatorial issues directly using ideas from
the combinatorics literature. In this connection let us mention a basic principle in graph
theory (the “Zarankiewicz problem”; see [5], [24], [40] for this and generalizations): fix s
and suppose that {a;;}i,7, is an n x m (0,1) matrix with no s x s submatrix of 1’s.
Then there is a bound

H{(i,j) rai; =1} < C4 min(mnk% o nm!Ts 4 m) (3)

To see the relationship between this sort of bound and Kakeya, just note that if {£;}7,
are lines and {p;}, are points, then the “incidence matrix”

Wij = 0 lfpz¢€]

will contain no 2 x 2 submatrix of 1’s, since two lines intersect in at most one point. Much
of what we will say below will have to do with attempts to modify this argument, and also
more sophisticated arguments in incidence geometry (e.g. [17]) to make them applicable
to “continuum” problems such as Kakeya.

There are several difficulties with such an approach. It is sometimes unclear whether
applying the combinatorial techniques in the continuum should be simply a matter of extra
technicalities or whether new phenomena should be expected to occur, and furthermore



many of the related discrete problems are regarded as being very difficult. A classical
example is the Erdos unit distance problem (see [17] and [40]) and other examples will be
mentioned in section 3.

Of course, much work has been done in the opposite direction, applying harmonic
analysis techniques to questions of a purely geometrical appearance. A basic example is
the spherical maximal theorem of Stein [51], and various Strichartz type inequalities as
well as the results on the distance set problem in [22], [11] are also fairly close to the
subject matter of this paper. However, we will not present any work of this nature here.

The paper is organized as follows. In section 1 we discuss the two dimensional Kakeya
problem, in section 2 we discuss the higher dimensional Kakeya problem and in section
3 we discuss analogous problems for circles in the plane. Finally in section 4 we discuss
the Fefferman construction and a related construction of Bourgain [9] which connects the
Kakeya problem also to estimates of Dirichlet series. Section 4 contains several references
to the recent literature on open problems regarding oscillatory integrals, but it is not a
survey. Further references are in [10], [58], and especially [52].

We have attempted to make the presentation self-contained insofar as is possible. In
particular we will present some results and arguments which are known or almost known
but for which there is no easy reference.

The author is grateful for the opportunity to speak at the conference and to publish
this article.

List of notation

[a]: greatest integer less than or equal to .

p’: conjugate exponent to p, i.e. p' = ﬁ.

D(z,7): the disc with center z and radius r.

|E|: Lebesgue measure or cardinality of the set E, depending on the context.
E*¢: complement of E.

dimFE: Hausdorff dimension of E.

H(E): s-dimensional Hausdorff content of E, i.e. Hy(E) =inf(}_;rj: E C U;D(z;,7;))

Te(s (a): 0-tube in the e direction centered at a, as defined in the introduction. Sometimes

we will also use the notation Te5 ; this means any tube of the form Te5 (a) for some a € R".
C(z,7): circle in R? (or sphere in R") with center x and radius r.

Cg(x,r): annular region {y € R" :r — 0 < |y — x| <7+ 6}

x Sy x < Cy for a suitable constant C.

1. The two dimensional case

We will start by proving the existence of measure zero Kakeya sets using a variant on
the original construction which is quick and is easy to write out in closed form; to the
author’s knowledge the earliest reference for this approach is Sawyer [42]. A discussion of
various other possible approaches to the construction may be found in [21].




For expository reasons, we make the following definitions.

A G-set is a compact set E C R? which is contained in the strip {(z,y) : 0 < x < 1},
such that for any m € [0, 1] there is a line segment contained in E connecting z = 0 to
x = 1 with slope m, i.e.

Vm e [0,1]FeR :max+be E Ve €[0,1]

If ¢ = {(z,y) : y = mx + b} is a nonvertical line, § > 0, then 55 =2 {(z,y): 0< 2 <1
and |y — (mx +b)| < d}.

Remark 1.1 It is clear that existence of G-sets with measure zero will imply existence
of Kakeya sets with measure zero. Note also that if ¢ is a line with slope m then S? will
contain segments connecting x = 0 to x = 1 with any given slope between m — 2§ and
m + 29.

We now describe the basic construction, which leads to the slightly weaker conclusion
(Lemma 1.2) that there are G-sets with measure < € for any € > 0. It can be understood
in terms of the usual sliding triangle picture: start from a right triangle with vertices
(0,0), (0,—1) and (1,0); this is clearly a G-set. Subdivide it in N “lst stage” triangles
by subdividing the vertical side in N equal intervals. Leave the top triangle alone and
slide the others upward so that their intersections with the line x = 0 all coincide. Next,
for each of the 1st stage triangles, subdivide it in N 2nd stage triangles, leave the top
triangle in each group alone and slide the N — 1 others upward until the intersections of

the N triangles in the group with the line x = % all coincide. Now repeat at abscissas
2 3 N-1

No NN
Now we make this precise. Fix a large integer N and let Ay be all numbers in [0, 1)

whose base N expansion terminates after N digits, i.e.

N
a; .
aEAN(:)a:Z;m with a; € {0,1,... N — 1}
]:
To each a € Ay we associate the hne segjment {, connecting the y axis to the line z =1
with slope a and y intercept — ] 1 ~7+r-- Lhus

(Nt —741)a
Ni+1

Mz

={(t,04(t)) : 0 <t <1}, where ¢,(t)

j=1

Lemma 1.1 For each ¢ € [0, 1] there are an integer & € {1,..., N} and a set of N*~!
intervals each of length 2N~* whose union contains the set {¢,(t) : a € Ax}.
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Proof Choose k so that % <t < % Define a,b € Ay to be equivalent if a; = b;
when j < k — 1. There are N*~! equivalence classes, and if @ and b are equivalent then

0ult) — )] = |30 LTI Z ),

ji>k
max(j — k, 1)|a; — bj|

S Z N_]+1

>k

N -1 max(j — k, 1)
< NF+L Z Ni—Fk

ik
N -1 2

S TR S N

when N is large. O

Lemma 1.2 Let N be sufficiently large. Then there is a G-set E C [0, 1] x [—1, 1] which
intersects every vertical line in measure < %, in particular |E| < %

Proof We let
EN = UOLGAN S]Z_
Then Ey contains segments with all slopes between 0 and 1, by Remark 1.1. If ¢ € [0, 1],
then by Lemma 1.1 there is k£ € {1,..., N} such that the intersection of £ with the line

x =t is contained in the union of N*~! intervals of length 2N=% + 2NN < 4N~*_ The
lemma follows. 0

Existence of measure zero Kakeya sets now follows by a standard limiting argument,
most easily carried out via the following lemma.

Lemma 1.3: For every G-set E and every € > 0,1 > 0, there is another G-set F', which
is contained in the e-neighborhood of F and has measure < 7.

1
Proof Let ¢ be small, let {m;} = {jé}?jo and for each j, fix a line segment ¢; =
{(z,y) : 0 <2 <1,y=mz+b;} C E with slope m; connecting z = 0 to z = 1 and form
the parallelogram Sg,. Let A; be the affine map from [0, 1] x [—1, 1] on Sg, Aj(z,y) =
(x,m;x + bj + dy) and consider F' = U,,A,,,(Ey) for a large enough N; here Ey is as
in Lemma 1.2. A; maps segments with slope ;1 to segments with slope m + dp so F' is
a G-set. Clearly it is contained in the d-neighborhood of E. Furthermore A; contracts

areas by a factor § so |A;(Ey)| < 4% for each j, hence |F| < +. O



Corollary 1.4 There are Kakeya sets with measure zero.

Proof We construct a sequence {F,,}°°, of G-sets, and a sequence of numbers {¢,}>°,

converging to zero such that the following properties hold when n > 1; here F'(e) = {z:
dist(x, F') < €} is the e-neighborhood of F' and E is the closure of E.

(i) F(€,) C Fro1(€n—1)
(il) |Fn(en)| < 27™.

Namely, we take Fj to be any G-set, and we set ¢ = 1. If n > 1 and if F,,_; and
€,—1 have been constructed then we obtain F), by applying Lemma 1.3 with ¢ = ¢,_; and
n = 2"". Since F), is compact, (i) and (ii) will then hold provided ¢, is sufficiently small.

The set N, F,(€,) is then a G-set with measure zero. O

Remarks 1.2. The construction above easily gives the following variant (used e.g. in

23]): with § = {sN~, there is a family of disjoint d-tubes {Tg(:c]) M, C R? where

M =~ ¢ ' with the property that the union of the translated tubes Tg (x; + 2e;) has
measure < +.

Namely, a calculation shows that if a,b € A and a < b then ¢,(1) < ¢p(1), i.e. the
ordering of the intersection points between the ¢, and the line z = 1 is the same as the
ordering of slopes. Hence if we regard ¢, as extended to a complete line, then no two /¢,’s
intersect in the region x > 1, and in fact in the region x > 2 any two of them are at least
N~ apart. Now for each a € Ay we form the rectangle R, with length 1, width %N*N,
axis along the line ¢, and bottom right corner on the line x = 1. Clearly R, C S,, so
U R, is small by Lemma 1.2. On the other hand, if R, is translated to the right along
its axis by distance 2 then the resulting rectangles are disjoint. We may therefore take
{Tg(xj)} to be the set of translated rectangles.

1.3. Analogous statements in higher dimensions may be obtained using dummy vari-
ables.

Measure zero Kakeya sets in R™ may be constructed by taking the product of a Kakeya

set in R? with a closed disc of radius % in R"? (or for that matter with any Kakeya set in

R"2), and a family of roughly 6~ """ disjoint Te‘;(a)’s such that the union of the tubes
T 65 (a + 2¢) has small measure may be obtained by taking the products of the tubes in
Remark 1.2 with a family of ~™? disjoint é-discs in R" 2.

We now discuss the positive results on questions 1 and 2 in dimension two. Proposition
1.5 was first stated and proved in [7] although a similar result for a related maximal
function was proved earlier in [18].

We will work with restricted weak type estimates instead of with LP estimates; this is



known to be equivalent except for the form of the §~¢ terms.! We will say (see e.g. [53])
that an operator T" has restricted weak type norm < A, written

1T Fllg00 < Allfllp

if |{z :|Txe(x)] > A} < (@)q for all sets E with finite measure and all A € (0, 1];
here y g is the characteristic function of E.

Proposition 1.5 The restricted weak type (2,2) norm of the Kakeya maximal operator
f— fg in R? is < (log%)%.

More explicitly, suppose that £ C R* and A € (0,1]. Let f = xg, and let Q = {e €
St fg(e) > A}. Then

£

Proof Let (e, f) be the unoriented angle subtended by the directions e and f, i.e.
(e, f) = arccos(e - f). We start by mentioning two trivial but important facts. First, in

R"™, the intersection of the tubes Tea(a) and T}S(b) satisfies

: 5 5 < 4]
diam(7; (a) N Ty (b)) < 70(6’ R (4)
for any a and b and therefore also
5 Sy < 0"
TN T S 5 )

Next, if Q is a set on the unit sphere S"~! C R™ and if § > 0 then the d-entropy N5 ()
(maximum possible cardinality M for a d-separated subset {e;}1, C Q) satisfies

N;() 2 1 (6)

~ 5n71

Now we assume n = 2 and give the proof of the proposition. Fix a d-separated {e; }j]\il C
Q, where M 2 %‘ For each j, there is a tube T; = Tg(aj) with |T; N E| > MTj| = 4.
Thus

MX S ) |T;NE|

J

'We work with restricted weak type estimates for expository reasons only. We believe this makes the
1
results more transparent; however, it is well known that actually [|f5]|z2(s1) < (log3)z||f||l2- The latter

estimate is proved in [7] and also follows from the proof below, plus duality, as in [18].
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- [Yu
By
1
< [EE1) xnlle
J
1 1
= |E|Z()_IT;nTl)>

7,k
1 52 1
< |Flz2 E - )2
S B (jk 9(ej,ek)+5)

. 5 1
For fixed k the sum over j is < Zﬂjf’“‘g% R < dlog 5. We conclude that MM <

| )2 (Mblog %)% which gives the result since M 2 % O

Now we show how to pass to the Hausdorff dimension statement. The next result is
Lemma 2.15 in [7].

Lemma 1.6 Assume an estimate in R”

175 llg.00 < CO™ [ fllpa (7)

Then Kakeya sets have dimension at least n — pa.

Proof Fix s < n — pa. Let E be a Kakeya set and for each e € S"~!, fix a point z,
such that z. +te € E when t € [—%, %] We have to bound H,(E) from below, so fix a
covering of E by discs D; = D(z;,r;). We can evidently suppose all r;’s are < 1.

Let o = {j: 27 <r; <27¢"DY 1y = |5 and E, = EN (U{D; : j € %i}). Also
let D; = D(x;,2r;), and Ej, = U{D; : j € % }.

Then Uy E), = E, so for each e the pigeonhole principle implies |[{t € [—3, 3] : z. + te €
Ey}| > & for some k = k., where ¢ = 5 . By the pigeonhole principle again, we can find

w2

a fixed k so that k = k. when e € Q, where Q C S"! has measure > 7z With this &, we

note that Ej, contains a disc of radius 27% centered at each point of Ej; it follows easily
that if e € Q then |72 (z.) N E,| = kT2 " (z.)|. With f = Xz, we therefore have

et fooi(e) 2 CTRT?H 2 k72
On the other hand, by the assumption (7)
e fi(e) 2 7Y S (2| Bl )

and |Ey| S 1275 So (K225 (1,27k)5)7 > k=2, or equivalently vy, > k5 (1+0)2km—pa),
1
Letting ¢ =n — pa — s > 0, we have Ej rs > 12 ks > 201+ 3) gke > constant. 0
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Applying this with p = n = 2 we see that Proposition 1.5 implies Davies’ theorem
that Kakeya sets in R? have dimension 2. Likewise it follows that yes on question 2 for a
given n will imply yes on question 1 for the same n.

Remark 1.4 It is clear that the logarithmic factor in Proposition 1.5 cannot be dropped
entirely, since then the above argument would show that measure zero Kakeya sets could
not exist. In fact it has been known for a long time that the exponent % cannot be
improved, and U. Keich [29] recently showed that even a higher order improvement is
not possible in Proposition 1.5 or in its corollary on LP for p > 2. On the other hand, a
number of related questions concerning logarithmic factors have been solved only recently
or are still open. In particular we should mention the results of Barrionuevo [2] and Katz
[26],[27] on the question of maximal functions defined using families of directions in the
plane.

Remark 1.5 An interesting open question in R? is the following one, which arose from
work of Furstenburg.

For a given o € (0, 1], suppose that F is a compact set in the plane, and for each
e € S! there is a line £, with direction e such that dim(¢, N E) > «. Then what is the
smallest possible value for dimE?

Easy results here are that dimFE > max(2a, % + ) and that there is an example with
dimFE = % + %a. We give proofs below. Several people have unpublished results on this
question and it is unlikely that the author was the first to observe these bounds; in all
probability they are due to Furstenburg and Katznelson.

The analogous discrete question is solved by the following result due to Szemeredi and
Trotter [56] (see also [17], [40]).

Suppose we are given n points {p; } and k lines {¢;} in the plane. Define a line and point
to be incident, p ~ ¢, if p lies on ¢. Let Z = {(¢,7) : p; ~ ¢;}. Then |Z| < (kn)3 + k + n,
and this bound is sharp.

We note that the weaker bound |Z| < (kn)i+k-+n follows from (3) and was known long
before [56]. To see the analogy with the Hausdorff dimension question, reformulate the
Szemeredi-Trotter bound as follows: if each line is incident to at least u points (u >> 1),
then (since |Z| > kpu)

n 2 min(u2k?, uk) (8)

Now assume say? that F has a covering by n discs D; of radius 0. Consider a set of k ~ ¢~ *

2In this heuristic argument we ignore the distinction between Hausdorff and Minkowski dimension.



d-separated directions {e;}. For each j the line /., will intersect D; for at least 5~ values
of . We now pretend that we can replace points by the discs D; in Szemeredi-Trotter and
apply (8) with = 0% k= 0"". Since k > p we would obtain n > 57%*%‘“, i.e. that the
bound dimFE > % + %Oz should hold.

In one situation to be discussed in section 3, it turns out that this kind of heuristic
argument can be justified leading to a theorem in the continuum. In other situations such
as the present one, it seems entirely unclear whether this should be the case or not, but
still the discrete results suggest plausible conjectures.

If correct the bound dimFE > % + %Oz would be best possible by essentially the same
example (due to Erdos, see [40]) that shows the Szemeredi-Trotter bound is sharp.

We start by recalling that if {n;} is a sequence of integers which increases sufficiently
rapidly, and if o € (0,1) then the set

e 13 . -
Td:f{xe(i,i):V]Elp,qEZ:qgn?‘and \x—g\gnf}

has Hausdorff dimension «. This is a version of Jarnik’s theorem - see [21], p. 134,
Theorem 8.16(b).
It follows that the set 1—y
T = {t: il eT}
also has dimension «.

For fixed n, consider the set of all line segments ¢;;, connecting a point (0, %) to a point
(1,%4/2), where j and k are any integers between 0 and n — 1. Thus ¢j, = {(z, ¢;x(2)) :
0 < x < 1} where ¢u(z) = (1 — )2 + 2£/2. Tt follows using e.g. [32], p. 124, example
3.2 that every number in [0, 1] differs by < n~?(logn)? from the slope of one of the £;;’s,
so the set G, = UijZ_:(log")S is a G-set.

Define

1—
n=1t:

Qn =A{ /5

If t € Qy, then let S(¢) = {p;i(t) Z;io. For any j and k we have (£v/2) !¢, (t) = 2LE2E

qn
a rational with denominator gn. We conclude that |S(t)| < gn < n'™® hence | U (S(¢) :
te@,)| Sn't3 and

13
is a rational number £ € <Z’ Z) with denominator ¢ < n“}

(*) The set {(z,y) € G, : |[v — | < 5 for some ¢ € Q,} is contained in the union of
< nt3e discs of radius n~2(logn)?.

Now we let {n;} increase rapidly and will recursively construct compact sets F; such
that Fj.1 C Fj, each Fj is a G-set and the set {(z,y) € F; : x € T"} is contained in the
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union of njl-+3°‘ logn; discs of radius n;Q(log n;)?. Namely, let F be any G-set. If F} has
been constructed it will be of the form

M ol
Ui, 5y,

for a certain ¢, where ¢; = {(z,m;z +b;) : 0 < x < 1} for suitable m; and b;, and
every number in [0, 1] is within 0 of one of the m;. As in the proof of Lemma 1.3 we let
Ai(z,y) = (x,mx + dy + b;). We make n;;; sufficiently large and define

Fj+1 = Ui]\ilAi(an-Fl)

Clearly Fji1 C Fj, and it follows as in Lemma 1.3 that the resulting set is a G-set. The
covering property is also essentially obvious from () provided n,4; is large enough, say
log(nji1) >> M.

Let F'=nN,F};, and let E = {(z,y) € F': x € T'}. Then the covering property in the
construction of Fj implies that dim£ < %(1 + 3a). On the other hand F' is a G-set, and
if ¢ is a line segment contained in F, then dim(¢ N F) =dim7” > «. This completes the
construction.

We now discuss the bound dimF > max(2«, % + «). The bound dimFE > 2« can be
derived from Proposition 1.5 by an argument like the proof of Lemma 1.6; we will omit this.
To prove the bound dimE > 3 + a (which corresponds to the easy |Z| < (kn)t +k+n
under the above heuristic argument) fix a compact set F and for each e € S! a line
¢, which intersects E in dimension > «. Let {D,;} = {D(z;,r;)} be a covering. Fix

01 < B < a; we have to bound Ej rj%Jrﬁl from below. As in the proof of Lemma 1.6
welet By = {j : 27%F <y < 27*UY = S| and Ep, = EN(U{D; : j € Si}).
We start by choosing a number k and a subset Q C S! with measure > k—12 such that
if e € Q then Hz(l. N Ex) > C~'k~2, using the pigeonhole principle as in the proof of
Lemma 1.6. Let v = % Since Hg(I) < |I|° for any interval I, it follows that for a
suitable numerical constant C, and for any e €  there are two intervals I= on /, which
are C~1k™7- separated and such that Hg(Ey N IE) = k72 Let {e;}M, be a 27*-separated
subset of Q with M > z—z (see (6)) and define

T:{(j+,j,,i)62kXka{l,...,M}:[;:ﬂEkﬂDjJr;é(Z),[;ﬂEkﬂDj_75@} (9)

We will count 7 in two different ways.

First fix 7, and j_ and consider how many values of 7 there can be with (j,,j_,7) € 7.
We will call such a value of i allowable. If the distance between D; and D;_ is small
compared with &7 then there is no allowable 7, since the distance between I and I
is always > C~'k~7. On the other hand if the distance between D; and D;_is 2 k77,
then because the {e;} are 2 *-separated, it follows that there are < k7 i’s such that £,
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intersects both D;, and D;_. Hence in either case there are < k7 allowable i’s. Summing

over 7, and j_ we conclude that
AR (10)

On the other hand, for any fixed 4, the lower bound Hg(Ej, N I}) 2 k=2 implies there
are > k=72%5 values of j, such that I SNEND;, # () and similarly with + replaced by
—. So |T| 2 M(k=72*%)2. Comparing this bound with (10) we conclude that

ve > k28 M
> (14395 +A)k
> 2(%+51)k
146
and therefore > jex, 7 = constant. O

2.The higher dimensional case
We will first make a few remarks about the corresponding problem over finite fields,
which is the following:

Let F, be the field with ¢ elements and let V' be an n-dimensional vector space over
F,. Let E' be a subset of V' which contains a line in every direction, i.e.

Vee V\{0}Ja eV :a+tec EVteF,

Does it follow that |E| > C1¢"?

Of course C), should be independent of ¢q. One could ask instead for a bound like
Ve > 03C,¢ : |E| > C’,:gq”*6 or could restrict to the case of prime fields [F,, or fields with
bounded degree over the prime field.

So far as I have been able to find out this question has not been considered, and the
simple result below corresponds to what is known in the Euclidean case.

1 n+2

Proposition 2.1 In the above situation |E| > C'q 2

We give the proof since it is based on the same idea as the R" proof but involves no
technicalities.

First consider the case n = 2, which is analogous to Proposition 1.5. We will actually
prove the following more general statement, which we need below: suppose (with dimV =
2) that E contains at least £ points on a line in each of m different directions. Then

|E| Z mq (11)

To prove (11), let {£;}72, be the lines. Any two distinct ¢;’s intersect in a point. Accord-
ingly

12



1
—gm < Z|Eﬂ€j|

2 .
J
< |EE 1063
ik
= |E2(m(m —1+q))?
< |E|3(mq)?

where we used that m < ¢+ 1. It follows that |F| 2 mgq. Taking m = ¢+ 1 we obtain
the two dimensional case of Proposition 2.1.

Now assume n > 3. Then E contains ~ ¢" ! lines {¢,;}. Fix a number u and
define a high multiplicity line to be a line ¢, with the following property: for at least
of the ¢ points = € /i, the set {j : x € ¢;} has cardinality at least ;+ 1. Consider two
cases: (i) no high multiplicity line exists (ii) a high multiplicity line exists.

In case (i) we define E = {x € F : x belongs to < i ¢;’s}. Then E intersects each ¢,
in at least 4 points, by definition of case (i). Each point of E belongs to at most 1 lj’s so
we may conclude that

q"—1
-1

|E| > |E|
> pu' Y |EN]
J
> plgog"!

In case (ii), let {II;} be an enumeration of the 2- planes containing ¢;. By definition
of high multiplicity line there are at least & lines ¢;, j # k, which intersect ¢;. Each one
of them is contained in a unique II;, and contains ¢ — 1 points of II; which do not lie on
Ui Let L; be the set of lines ¢; which are contained in a given II;. Then by (11) we have
|ENTIL N (V)| 2 ¢q|Li]. The sets II; N (V'\¢) are pairwise disjoint so we can sum over
i to get |B| 2 ¢ 3 |4 > 5

If we take p to be roughly "2 we obtain |E| > ¢"% in either case (i) or (ii), hence
the result. 0

Remark 2.1 General finite fields do not always resemble the Euclidean case in this sort
of problem. For example, the Szemeredi-Trotter theorem is easily seen to be false (e.g.
[5] p. 75). A counterexample involving one line in each direction as in remark 1.5 may
be obtained in the following way: let ¢ = p? with p prime, let a be a generator of F, over
[F, and in the two dimensional vector space V over F,, let ¢;; be the line connecting (0, j)
to (1,ka). Here j and k are in F,. This is a set of p* lines containing one line in each
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direction other than the vertical. For given ¢ € F,, let Sy = {y € F, : (t,y) € Ujplj}-
If ¢ is such that a7 € F, then it is easily seen that S, coincides with (1 — ¢)F,, and if
t =1 then S; = alF,. This gives p “bad” values of ¢ such that S; has cardinality p. Let
E =U{(t,y) : y € S¢}, where the union is taken over the bad values of t. Then {/;;} and
E give a configuration of p? lines and p? points with p? incidences, matching the trivial
upper bound from (3).

In the R™ context, arguments like the proof of Proposition 2.1 can still be used, except
that one has to work with tubes instead of lines and measure instead of cardinality, and
take into account such issues as that the size of the intersection of two tubes will depend
on the angle of intersection via (4). This was perhaps first done by Cordoba (e.g. [18] -
see the proof of Proposition 1.5 above). We will present here the “bush” argument from
[7], p. 153-4 which shows the following:

Proposition 2.2 || f¥[ln11,00 < Cn(;i%HanTH’l

Proof Using (6), we see that what must be shown is the following: if {Tg HL, are

tubes with 0-separated directions, I is a set and [E N T, | > )\\Tg\, then

|E| > 6" N VM (12)

To this end we fix a number p (“multiplicity”) and consider the following two possi-
bilities

(i) (low multiplicity) No point of E belongs to more than p tubes Tg .
(ii) (high multiplicity) Some point a € E belongs to more than p tubes Tg )

o 1 5
In case (i) it is clear that |[E| 2 p=" 32, [ENT.|, hence
|E| > ptMAI" (13)

In case (ii) we fix a point @ as indicated and may assume that a belongs to Tg when

Jj < p+1. If Cyis a suitably large fixed constant, then |Tg N D(a,Cy*N\)| < %|Tg|
Accordingly, for j < p+ 1, we have

A\
IENTY N D(a,Cy A > 5|ng| > Ao

. . . S
If j,k < u then Tg N Tei contains ¢ and has diameter < e DY (4). It follows

~Y

that if O(e;, ex) > C1§ for a suitably large C, then the sets £ N Teé; N D(a, Cy ' N)¢ and
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EnN Te(i N D(a,Cy ' \)¢ are disjoint. We conclude that

|E| > N - As"

where A is the maximum possible cardinality for a Clg—separated subset of {e]}é‘ill

Since the {e;} are - separated, we have "> X"y and therefore
1Bl 2 3o (14)

We conclude that for any given p either (13) or (14) must hold. Taking p ~ ATV
we get (12). O

Further remarks: 2.2. Bourgain [7] also gave an additional argument leading to an
improved result which implies dim(Kakeya)> "TH + €,, where €, is given by a certain
inductive formula (in particular e3 = é) A more efficient argument was then given by
the author [60], based on considering families of tubes which intersect a line instead of a
point as in the bush argument; this is the continuum analogue of the proof of Proposition

2.1. It gives the following bound:

Ve3Ce : || flly < Ced™ Y £l (15)
where p = 2 and ¢ = (n — 1)p/. This is the estimate on L? which would follow by
interpolation with the trivial ||f(’§||C>O < 6| £|l1 if the bound (2) could be proved.

In particular, it implies the dimension of Kakeya sets is > Other proofs of esti-
mates like (15) have also recently been given by Katz [28] and Schlag [45]. However in
every dimension n > 3 it is unknown whether (15) holds for any p > "TJFQ and whether
dim(Kakeya)> 242,

2.3. Proposition 2.2 is also a corollary of the L* — L™ estimate for the X-ray
transform due to Drury and Christ [20],[18] (see also [39], [16] for related results). Con-
versely, a refinement of the argument which proves (15) can be used to prove the estimate
on L"3 which would follow from (2) and the result of [20] by interpolation, at least in
the three dimensional case. See [62].

2.4. We briefly discuss some other related problems. The classical problem of Nikodym
sets has been shown to be formally equivalent to the Kakeya problem by Tao [58]; we
refer to his paper for further discussion. Another classical problem is the problem of (n, 2)
sets: suppose that E is a set in R™ which contains a translate of every 2-plane. Does it
follow that E has positive measure? At present this is known only when n = 3 [33] or
n = 4 [7]. The argument in [7], section 4 shows the following: suppose that (2) can be
proved in dimension n — 1, or more precisely that a slightly weaker result can be proved,

namely that for some p and ¢ there is an estimate

n+2
-

||fg||Lq(5n—2) S 5ia||f||Lp(Rn71) with a < % (16)
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Then (n,2)-sets have positive measure.

However, note that (16) would imply by Lemma 1.6 that Kakeya sets in R""" have
dimension > n — 2. In fact if an estimate (16) is true for every n then one could answer
question 1 affirmatively by an argument based on the fact that the direct product of
Kakeya sets is Kakeya. It may therefore be unlikely that the (n,2)-sets problem can be
solved without a full understanding of the Kakeya problem. However, the most recent
results on it are those of [1].

2.5. If one considers curves instead of lines, then it is known that much less can be
expected to be true. This first results in this direction are in [8]; see also [10], [35] and
[49].

Added in proof Bourgain recently improved on the results discussed here in sufficiently
high dimensions, by showing that the dimension of a Kakeya set in R" is greater than an
for suitable explicit o > % We refer to his forthcoming paper for the details.

3. Circles

In this section we will discuss some analogous problems about circles in the plane, or
(essentially equivalent) fine estimates for the wave equation in 2 + 1 dimensions. These
problems are much better understood than the Kakeya problem and yet they present
some of the same difficulties.

A prototype result due to Bourgain [6] and Marstrand [34] independently is that

(*): A set in R?* which contains circles with arbitrary centers must have positive
measure.

Bourgain proved a stronger result which has the same relation to (x) as question 2
does to question 1. Namely, define a maximal function

o df

M) =sup [ Ifa+re)|5

Then HMfHLp(Rz) < Hf”LP(RQ)’ p > 2. As is well-known, this maximal function

was introduced by Stein [51] and he proved the analogous inequality in dimensions n >
3; the range of p is then p > ~*5. Stein’s proof was based partly on the Plancherel
theorem and Bourgain’s argument in the two dimensional case also used the Plancherel
theorem, whereas Marstrand’s argument was purely geometric. We will discuss some
further developments of the latter approach.

A variant on the Kakeya construction due to Besicovitch-Rado [4] and Kinney [30]

shows the following:

(x%) There are compact sets in the plane with measure zero containing circles of every
radius between 1 and 2.
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We will call such sets BRK sets. The distinction between () and (**) can be under-
stood in terms of parameter counting: a set as in (%) is a subset of a 2-dimensional space
containing a 1-parameter family of 1-dimensional objects, so whether it has positive mea-
sure or not can be expected to be a borderline question. This is analogous to the question
of Kakeya sets which also contain n — 1-parameter families of 1-dimensional objects. On
the other hand a set as in (x) contains a 2- parameter family of 1-dimensional objects in
a 2-dimensional space.

A further related remark is that analogous constructions with other 1-parameter fam-
ilies of circles have been done by Talagrand [57]. For example, he shows that for any
smooth curve v there are sets of measure zero containing circles centered at all points of

7.

It is natural to ask whether the dimension of a BRK set must be 2 or not. This question

also has a maximal function version; the relevant maximal function is the following Mg:
if f:R*— R then Msf:[%,2] - R,

1
Mgf(r) = Slip W o) |f] (17)

One shows analogously to Lemma 1.6 that a bound (for some p < 00)
VedCe « | M5l oz < Ced [ f Iy (18)

will imply that BRK sets have dimension 2. Note that existence of measure zero BRK sets
implies the 6~ € factor is needed. This is similar to the situation with the two dimensional
Kakeya problem. However in contrast to the latter problem it is not possible to take p = 2
in (18). In fact p must be at least 3; this is seen by considering the standard example f =
indicator function of a rectangle with dimensions & x v/9.

Remark 3.1 Sets in R" with measure zero containing spheres of all radii may be shown
to exist for n > 3 also, and the maximal function (17) may be defined in R". However, in
that case the questions mentioned above are essentially trivial, since the correct estimate
for the maximal function is an L? — L? estimate, is easy and implies that sets containing
spheres with all radii have dimension n. Namely, the estimate

IMsflls < (logh)2 | f]l2 (19)

can be proved analogously to Proposition 1.5 and is also closely related to some of the
Strichartz inequalities for the wave equation (cf. [41]), due to the fact that spherical
means correspond roughly to solutions of the initial value problem Ou = 0, u(-,0) =

f,24(-,0) = 0 after taking 251 derivatives. These remarks are from [31]. From a certain
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point of view, the “reason” why the higher dimensional case is easier is the following: if
|r — s| &~ 1 then

5" if C(z,r) and C(y, s) are tangent
C N ~ ’ ’ 2
[Col,r) N Cyly, s)] { 5 if C'(z,r) and C(y, s) are sufficiently transverse (20)

making the first possibility “worse” than the second in R? but not in higher dimensions.

We now consider only the two dimensional case and will formulate a discrete analogy
like the analogy between the Szemeredi-Trotter theorem and the question mentioned in
Remark 1.5. The relevant problem in discrete geometry is

Given N circles {C;} in the plane, no three tangent at a point, how many pairs (i, j)
can there be such that C; is tangent to C;?

For technical reasons we always interpret “tangent” as meaning “internally tangent”,
i.e. a circle C'(z,7) is “tangent” to C(y, s), written C(x,r)||C(y, s), iff |x —y| = |r — s|.

We will call this the tangency counting problem. We’re not aware of any literature
specifically about this problem, but known techniques in incidence geometry (related to
the Szemeredi-Trotter theorem) can be adapted to it without difficulty. One obtains the

following bounds for 7 ws (1,7) : Ci]|Cy}-

(i) (easy) |Z| < N3. This follows from the fact that the incidence matrix
{ 1 if Cjl|C;
aij =

0 otherwise

contains no 3 x 3 submatrix of 1’s (essentially a theorem of Appolonius: there are at
most two circles which are internally tangent to three given circles at distinct points) and
therefore contains at most O(N3) 1’s by (3).

(i) (more sophisticated) Ve > 03C¢ < oo : |Z| < N2T€. This follows readily from the
techniques of Clarkson, Edelsbrunner, Guibas, Sharir and Welzl [17]. We will not discuss
their work here; we just note that they prove the analogous N 27€ bound in the three
dimensional unit distance problem: in our notation, given {(z;,7;)}Y, C R* x R, there
are < N2+€ pairs (i, 7) with |z; — z)2 + (r; — ;)2 = 1.

There is no reason to think that the bound (ii) should be sharp.> However, (ii) leads

3Tt may be more natural to consider a slightly different formulation of the problem: drop the as-
sumption that no three circles are tangent at a point, and consider the number of points where two are
tangent instead of the number of tangencies. With this reformulation, a standard example involving
circles with integer center and radius shows that the exponent % would be best possible as in the unit
distance problem.
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to a sharp result on the BRK sets problem and a proof of the maximal inequality (18)
with p = 3. The heuristic argument is the following: assume we know a bound < N¢
in the tangency counting problem, where o > % Let £ be a BRK set and consider its

d-neighborhood E9. Let {r;}*, be a maximal d-separated subset of [£,2]; then M ~ %

and B9 contains an annulus Cs(xj,7;) for each j. By (20), we should have to a first
approximation |Cs(x;,7;)NCs(z, 14 )| ~ 52 if C'(xj,7;) and C(z;, r;) intersect tangentially
and |Cgs(x;,7;) NCs(zp, 11)| = 6% if they intersect transversally. Accordingly we would get
>k Cs(xy,my) N Cslay, )| S 67 5 4672 82 S 527, and then the argument in the
1 3
proof of Proposition 1.5 shows that |Es| 2 52(®72) 50 one expects dimE > 2 — s(a—3).
It turns out that it is possible to make this argument rigorous and to obtain a corre-
sponding result ((18) with p = 3) for the maximal operator. The first lemma below keeps
track of the intersection of two annuli in terms of their degree of tangency; it is of course
quite standard and is used in one form or another in most papers in the area, e.g. [6] and
[34]. The second lemma is due to Marstrand ([34], Lemma 5.2), although he formulated
it slightly differently. It gives a quantitative meaning to the theorem of Appolonius used
5
in the proof of the N3 tangency bound.

We introduce the following notation: if C'(z,r) and C(y, s) are circles then

d((x,7), (y,8)) = [ —y| + |r — 5]

Az, 1), (y,8)) = llz =yl = |r = s]]

Note that A vanishes precisely when the circles are “tangent.” In Lemmas 3.1 and 3.2
below, we assume that all circles C(z,7) etc. have centers in D(0, 1) and radii between 3
and 2.

Lemma 3.1 Assume that z # y. Let d = d((z,7), (y,5)), A = A((z,7),(y,s)), and
e =sgn(r —s)X= ( =y+re. Then

ly—z|’

)
VO+AY(O+d)
A+0

(b) Cs(z,7) N Cgs(y, s) is contained in a disc centered at ¢ with radius e

(a)Cs(z,m) N Cs(y, s) is of measure S 0 -

Proof We use the following fact: if 1 > 0, e > 0 then the set {z € [—7, 7| : |cosz—p| <
€} is (i) contained in the union of two intervals of length < —<5— and (ii) contained in

v/ 1=l
an interval of length < /|1 — p| + € centered at 0.

To prove the lemma, we use complex notation and may assume that + =0, r =1, y
is on the positive real axis and s < 1. Note that then e = 1. If d < 44 then the lemma is
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trivial, and if y < ¢ — § then y + s < 1 — 2§ so that Cg(0,1) N Cs(y,s) = 0. So we can
assume that d > 40 and y > %l -0 > %.

If z € C5(0,1) N Cy(y, s) then clearly |z — €| < § for some § € [—m,7]. It suffices
to show that the set of # which can occur here is contained in two intervals of length

< m and in an interval of length < ﬁT*g centered at 0.
+A)(0+

'GThe point ¢ must belong to Cy5(y, s), i.e. |[e” —y| — s| < 20 and therefore, since
e =yl +s[ =1,
e —yl* = s* <6

We can express this as

1+ y? — s o 9

|Cosg_£| <2<

2y y ~d
Let pn = #, € = C’g. Then p is positive, and |1 — u| = |82_(21y_y)2‘ R~ ‘1_25y_y| ~ 2.
Apply fact (ii) in the first paragraph. The set of possible 6 is therefore contained in an

interval of length < 4/ AT“; centered at 0. This proves (b), since we are assuming d > 0.

Estimate (a) follows from (b) if A < 4. If A > 4, then fact (i) in the first paragraph gives
the additional property that # must be contained in the union of two intervals of length
< 0/d ) O
~ VAN (0 a)Otd)

Lemma 3.2 (Marstrand’s 3-circle lemma) For a suitable numerical constant Cj, assume
that €,¢, A € (0,1) satisfy C’O% < A, Fix three circles C(z;,7;),1 < i < 3. Then for § < ¢
the set

de

O {(e,r) R xR A((w,7), (m3,75)) < € Vi,
d((ﬂf, T)7 ('rh TZ)) >t VZ, Cé‘(l’, T) N C(S(xu Ti) # (Z) VZ,
dist(Cs(x,7) N C5(xi,1:), Cs(w,m) N Cy(xy,75)) = A Vi, j i # j}
is contained in the union of two ellipsoids in R* each of diameter < % and volume < i—?’g

Proof This will be based on the inverse function theorem. We remark that the sketch
of proof given in [61] is inaccurate.
We will actually work with a slightly different set, namely, with

Qe = {(z,7) € RZxR: A((z, 1), (z5,13)) < € Vi, d((z,7), (z4,1;)) > t Vi,
lei(z,7) —ej(x,r)| > AVi,j:i#j}

“i—% This is sufficient since by Lemma 3.1 (b), Q  will

Ti—
| | Et?

where e;(z,7) = sgn(r — r;)

contain Qﬁ y provided Cj is sufficiently large.
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If €1, ..., e4 are unit vectors in R? which are contained in an arc of length x, then the
reader will convince herself or himself that

[(er — e2) A (€3 — €q)| S pler — €] e — e (21)
and furthermore if ey, €9, e3 are unit vectors in R? then
[(e1 —€2) A(e1 — e3)| = |er — 2] [e2 — es] [e3 — e (22)

Here A is wedge product, (a,b) A (¢,d) = ad — be.
Consider the map G : R? x R — R? defined by

|x — x| — |r — 7y
G(x,p) = |z — xa| — |1 — 19
|x — x3| — |r — 73]
Fix (£, p) € Q,). Observe that
61(£7p) _1
€3(€,p) —1

where “~” means that the two matrices are equal after each row of the matrix on the
right hand side is multiplied by an appropriate choice of +1.

We can assume that |e1(€,p) — e5(€,p)| > lex(€, p) — ea(6 )] = lealés p) — ea(€, o)l
Let = le1(§, p) — es(&,p)|, v = |ea(§, p) — es3(&, p)|; then we have p > v 2 X and also
le1(&,p) — ea(€,p)| ~ p. Tt follows by (22) that |det DG(E, p)| ~ p?v. Furthermore,
all entries in the cofactor matrix of DG(E, p) are easily seen to be < u. Let E(&,p) =
{(z,7) € R* xR : |[DG(&,p)(z — &, 7 — p)| < Ae} for an appropriate large constant A
which should be chosen before Cy. Then the preceding considerations imply E(¢, p) is an
ellipsoid with

diam(E(¢, p)) S ﬁ (24)
B S, (25)

We claim that if (z,r) € E then DG(x,r)DG (&, p)~! = [+ E, where [ is the 3 x 3 identity

matrix and E is a matrix with norm < ﬁ, say.

A matrix calculation shows that each entry of (DG(x,7) — DG(&, p))DG(&, p)~! has

the form (detDG(E, p))ei(x, 1) — ei(&, p)) A (e;(&, p) — ex(&, p)) for appropriate i, 7, k.
We will show below that .
lei(z, 1) —ei(& ) S — (26)

tv
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If we assume this then the claim may be proved as follows. (26) implies in particular that
all the vectors e;(z,7) and e;(§, p) belong to an arc of length < p. Accordingly, using
(21),

| det DG(&, p) ' (ei(w,7) — (€, p)) A (&;(€, p) — ex(€, p))]
< pldet DG(E, p) 7 les(w,7) — ei(€, p)| e (€, p) — ex(&, p)
<

2 \-1. €
po (W)

tv

which is small.

To prove (26) we abbreviate e; = ¢;(£,p). Fix ¢ and let ef € R? be a unit vector
perpendicular to e;. If we define j and k via {i,7,k} = {1,2,3}, then a little linear
algebra shows that ef = a(e; —e;) + (e; —ex) with ||+ || < v~!. Furthermore, if we let
(v1,v2,v3) = DG(E, p)(x —&, 7 —p), then by (23) we have |(e; —e;)- (x —&)| = |v; Lv;| < 2€
and similarly [(e; — e;) - (z — §)| < 2e. We conclude that |ef - (z — §)| < <, hence
lef - (x — )| S & since x; — § is parallel to ;. Also |z — 2;] > % by (24), so
Tl < ©

|lx — x| ™ tv

‘ *
4

This implies that for an appropriate choice of 4

€
e, ) el £ (27)
Note though that r —r; and |z — x;| are nonzero on E (¢, p): this follows from (24), since €
is small compared with ¢ so that | —z;| = ¢t = |p—r;|. So (z,7) — e;(x,r) is a continuous
function on E(¢, p) and therefore the sign in (27) is independent of (z, ). So (26) holds
and the claim is proved.

If A is large enough then the claim implies via the usual proof of the inverse function
theorem that G is a diffeomorphism from a subset of E(, p) onto a disc of radius 2e,
say. In particular, F(§, p) must contain a point (z,r) with G(x,r) = 0. Then C(z,r) is
internally tangent to each C'(z;,7;); note that by (26) and the bound on the diameter of F,
we have (z,7) € Qet ) and furthermore, by the claim E(z,r) and E(§, p) are comparable

22
ellipsoids (each is contained in a fixed dilate of the other). Appolonius’ theorem implies
there are only two possibilities for the circle C'(z,7), and we have just seen that (&, p)
must be contained in one of the two E(x,r)’s and that they have the proper dimensions.

OJ

Proposition 3.3 For any p < % there is an estimate

I -
M5 fllg < CO25 VI f |y, q = 20
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This implies by the proof of Lemma 1.6 that BRK sets have dimension > 2 — %(% —1)

for any p < g, i.e. dimension > %. Proposition 3.3 was proved (in generalized form) in
[31]; it is the partial result which corresponds to the bound (i) in the tangency counting
problem. The sharp result ((18) with p = 3) incorporating the technique from [17] is

proved in [61].

Proof This will be similar to the proof of the %—l—Oz bound in remark 1.5. The p = 1 case

is trivial* so it suffices to prove the following restricted weak type bound at the endpoint:
1 |E| s

[{r € (5.2 Mgxm(r) > A} < 0(5;A§ ) (28)

6 A3

We may assume in proving (28) that the diameter of the set E is less than one. Conse-
quently in defining Mg f we may restrict the point = to the disc D(0, i) Thus it suffices
to prove the following.

Assume that A € (0,1] and there are M 3d-separated values 7; € [3

5,2] and points
z; € D(0,1) such that |E N Cg(xz;,7;)| > A|Cg(x;,7;)|. Then

uloy

E
M < C( |1 |8)
563

(29)

We can assume that M is large; for M smaller than any fixed constant (29) holds
because M # 0 implies |E| 2 AJ.

To prove (29) we let p (“multiplicity”) be the smallest number with the following
property: there are at least % values of j such that

[ENCs(xy,ry) 0 {z: [{i o € Cslai,m) | < p}l > %|05(93j77“j)| (30)

The main estimate is L
B MsATs (31)

Before proving (31) we introduce some more notation, as follows. For any ¢ € [4, 1]

and € € [6, 1], let
0., Mo t
t — Cfl “Na/T T R S
a(t,e) = Cr (D) (=~ + 575)

Here « is a sufficiently small positive constant, and C] is a positive constant (easily shown
to exist) which is large enough that

> a2k, 2'5) < 1 (32)
10

4The p = 2 case was also known prior to [31]; it follows from results of Pecher [41].
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for all M and 6. Let A(t,¢) = al(t, e)%, A(t,e) = a(t,e)u, M(t,e) = a(t,e)%. Also, for
each 7,5 € {1,..., M} let

Ay = max(0, | |z; — ;] = [ri =1 |) (33)

and for each j € {1,..., M}, t € [0,1],e € [0,1], let

St,G(xj,Tj) déf {’L . Cd(l‘j,?“j) N Cé(l‘l,ﬁ) 7& @,t S |T2‘ — Tj| S 2t

and € S Aij S 26}

Avelzy,ry) e {o € Cs(ay,ry)  |{i € Suelwy,ry) - @ € Cylai,m)}| > 7ilt, €)}

Lemma 3.4 There are numbers ¢ € [0, 1] and € € [d, 1] with the following property
There are > M(t, ) values of j such that [Aue(z;, ;)| > A(t, €)|Cy(z;,75)]

Proof This is a routine pigeonhole argument. By the minimality of u there are at least
Y values of j such that |Ej| > %|05(:L‘j,’l°j)| where

E; = ENCylxj,r;) n{a: [{i 2 € Cylair)}| 2 p}

For any such j and any x € Ej, (32) implies there are t = 2%§ and ¢ = 2!§ such that
x € Aw(x;,7;). Consequently, using (32) again, for any such j there are ¢t = 2¢§ and
e = 2'§ such that

[Ave (x5, m5)] = A(t, €)|Cy(aj,75)] (34)

By (32) once more, there must be a choice of ¢ and e such that (34) holds for at least

M (t, €) values of j. This finishes the proof.

We fix once and for all a pair (¢, €) for which the conclusion of Lemma 3.4 is valid, and
will drop the ¢, e subscripts when convenient, i.e. will denote A(¢,€) by A, etc. We split
the proof of (31) into two cases:

where C} is a sufficiently large constant.

In case (i), which is the main case, we let S be the set of M circles in (29), and let S be
the set of at least M circles in Lemma 3.4. Let Q be the set of all quadruples (7, 1, ja, j3)
with C(xz;,7;) € S, C(zj,,r;,) € S for i = 1,2,3 and such that j; € Sy ¢(x;,7;) for each
i € {1,2,3} and furthermore dist(C(z;,7;)NCs(z;,, 5,), C5(xj,7;)NCs (x5, 75.)) = C5 A
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for all i,k € {1,2,3} with ¢ # k. Here Cj is a suitable constant which should be chosen
before C5.

We will make two different estimates on the cardinality of (). On the one hand, the
diameter bound in Lemma 3.2 implies that for fixed ji, j2,j3 there are < %sz values
of j such that (j,j1,Je,J3) € Q. Also it follows from the definition of () that there
are < Mmin(M, %)2 possible choices for (ji, j2,j3) : there are at most M choices for
J1, and once j; is fixed there are < min(M, %) possibilities for each of j5 and j3, since
|15, — 1| < |rjy — 15| +|r; —rj| <4t for i =2 or 3. We conclude that

Q1 S SX " Mmin(M, 57 (3)

On the other hand, if we fix j with C(z;,7;) € S then (provided Cj has been chosen
large enough) we can find three subsets Fi, Fy, F3 of Ay ¢(z;,7;) such that dist(£, F,) >
205\, 1 # m, and |F}| 2 6 for each [. For fixed [, we let S; be those indices i € Sy ¢(x;,7;)
such that F; N Cg(xi, ;) # 0. The sets Cg(x,73), i € S; must cover F; at least 7z times.
So

1E€S]
2
For each fixed i we have |F} N Cg(xs,7)| % by Lemma 3.1(a). Consequently
1Sy = 0 EA/te (36)

It is easy to see using Lemma 3.1(b) that if i, € S; for [ = 1,2, 3 then (j, 1, 1s,13) € Q.
So
Q1 2 (6 e

If we compare this with (35) we obtain

R t oM
< A M, =)=
IU/ ~ t%e% mln( 75) M
or equivalently
N K ORI OLC LRSS
wS MEAT —9(0\L MO\E . t
a(t,e) (E)Q(T)Q lfM S S

The expression in the brace is bounded by a constant by the definition of a(, €), provided
o < 5. So we have proved (31) in case (i).
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In case (ii), we fix j with C(z;,7;) € S and make the trivial estimate |Sie(z;,7;)| <
min(M, ). It follows that

XS S Y |Cslayry) N Cyla, )|
i€Se(j,r;)

N

6" \/te

where we used Lemma 3.1(a). Thus @ < Xﬁl\/% min(MTé, 1). Using the hypothesis (ii)

we therefore have

min (M,

A< 7t minM2
€ t
1.€.
M<Amﬁ{aww??a@% 2
~ aft,€) 3 (DB (MO) if M < 4

1

T5» S0 we have proved

The expression in the brace is bounded by a constant provided a <

(31).

Completion of proof of Proposition 3.3 Let £ = {i : = € Cs(xi,mi)| < p} With nota-
tion as above we have

E| > |E| > p 'Y |ENCylay,r))
j

> MG
> AsMis
by (31). Consequently (M(S)% < 5|1E)1§ and the proposition is proved. O
6 3

Further remarks 3.2. We mention some other recent related work. Schlag [43] found
an essentially optimal P — L9 estimate in the context of Bourgain’s theorem. If we
define

Myf(z) = sup ——

—_— f
1<r<z [Cg(z,7)] Cg(w)| |

then there is an estimate

VedCe|[Ms flls S 06576”ng

and modulo 6~ € factors all possible L? — L4 bounds for M s follow by interpolation from
this one. Alternate proofs and further related results are in [46], [61] and [44]. On the
other hand a number of endpoint questions remain open. The best known is the restricted
weak type (2,2) version of Bourgain’s theorem.
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3.3. A more central open question is the so-called local smoothing conjecture [48],
[36] in 2 4 1 dimensions. See section 4 below. This is a problem “with cancellation” and
likely not susceptible to purely combinatorial methods without additional input. On the
other hand, it would imply (18) with p = 4 via the Sobolev embedding theorem and is
therefore close to including some of the results of [17]. This means perhaps that a proof
not involving any combinatorics would have to contain a significant new idea.

3.4. One can give a discrete heuristic for the Kakeya problem analogous to the one
for the BRK sets problem. What follows is an observation of Schlag and the author.

There is a substantial literature on incidence problems for lines in R?:; these problems
appear to be quite difficult and are largely open. One relevant paper is Sharir [47], where
the following problem is considered:

Let {@};V:l be lines in R* and define a joint to be a point where three noncoplanar
¢;’s intersect. Then how many joints can there be?

If 7 is the set of joints then as is discussed in [47] the natural conjecture is | 7| < N2,
which would be sharp by taking ~ v/N planes parallel to each of three given planes and
considering the lines formed by intersecting two of the planes; any point where three
planes intersect will be a joint. The “easy” bound in this problem is |7| < N T which
is proved in [14] using a suitable version of (3). The bound VedCe : |J| < CeNT1Te is
proved in [47] using similar techniques to [17].

The heuristic is that a bound | 7| < N® should imply that (in R?) dim(Kakeya)> —%.
Namely, define a p-fold point in an arrangement of N lines to be a point where at least
lines intersect with (say) no more than half of these lines belonging to any given 2-plane.
Then any bound of the form |J| < N leads to a corresponding bound |P,| < (%)a
where P, is the set of p-fold points. This may be seen (rigorously) as follows: let P, be
the set of u- fold points in the arrangement. Let A be a large constant and take a random
sample of the N lines according to the following rule: each line belongs to the sample
independently and with probability %. Then with high probability the sample has
cardinality < %. Furthermore, it is not hard to show that any point of P, will be a
joint for the lines in the sample with probability at least 1 — u~5, where B is large if A
is large. It follows that with high probability at least half the points of P, will be joints
for the sample, hence |P,| < (W)O‘.

Now the heuristic part of the argument: suppose we have a Kakeya set F with (say,
Minkowski) dimension 3. Fix ¢ and take a d-separated set of directions and a line segment
in each direction contained in E; this gives an arrangement of ~ 62 lines {¢,}. Let B9
be the d-neighborhood of F; thus |E5| ~ 6°, so E9 is made up of roughly 67 é-discs. A
typical point in the d-neighborhood of E should belong to roughly 6~®= §-neighborhoods
of £;’s, since otherwise the “low multiplicity” arguments discussed e.g. in section 2 would

show easily that |E5\ >> 0% Hence if we ignore the distinction between points and
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d-discs then we are dealing with an arrangement of 62 lines with 6 6=~ -fold points.
We conclude that up to logarithmic factors

ie. 0> %

a—1"
Under this heuristic the result of [47] would correspond to an improvement over g
on Kakeya, and the fact that the joints problem is open would seem to indicate that
questions 1 and 2 are quite difficult even on a combinatorial level, if in fact the answers
are affirmative. In this connection, we note that Schlag [45] has proved an analogue of
the 3-circle lemma in this context and has used it to give an alternate proof of the result

dim(Kakeya)> I (originally due to Bourgain [7]) which corresponds to the result from

[14] via £ = 7/74/:. However, it is not easy to put the argument of [47] into the continuum
and the author believes that in contrast to the situation considered in [61] it may not be
possible to do this in a reasonably straightforward way.

A further remark is that special cases of the three dimensional Kakeya problem cor-
respond to results analogous to [61] with circles replaced by families of curves satisfying
the cinematic curvature condition from [48]. For example, the case of sets invariant by

rotations around an axis is a problem of this type as is discussed in [31].

4. Oscillatory integrals and Kakeya

It seemed appropriate to include a discussion of the basic open problems in harmonic
analysis connected with Kakeya, but we will not attempt a complete survey and will not
say anything about the proofs of the deeper results. We will just state some well-known
open problems and show how they lead to questions 1 and 2.

Let f be the Fourier transform and if m is a given function, then let T,,f be the
corresponding multiplier operator,

Tof =mf

Two longstanding problems in LP harmonic analysis are the following:

Restriction problem: is there an estimate

[fdolly < [1f1|e(ao) (37)

for all p > %, where o is surface measure on the unit sphere S*~! C R"?

Bochner-Riesz problem: let m g be a smooth cutoff to a d-neighborhood of Sl e,

mg(€) = o(67' (1 — [¢])
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where ¢ € C5°(R) is supported in (—3, 3). Then is there an estimate
VedCe : [T fllp < €Il fllp (38)

when p € [2n, 207

Both these problems can be formulated in a number of different ways; the formulations
we have given are not the original ones but are well-known to be equivalent to them. In
fact it would also be equivalent to prove (37) in the weaker form || fdo|, S || flle, p > 2.
This is a consequence of the Stein-Nikisin theory as is pointed out in [7], section 6.

A third problem of more recent vintage [48] is

Local smoothing Let u be the solution of the initial value problem for the wave equa-
tion in n space dimensions,

Then is there an estimate
Ve > 03Cc : [[ull @z < Cellfllne (39)

when p € [2, 2%]? Here || - [|¢ is the inhomogeneous LP Sobolev norm with e derivatives.

In all these problems it is well-known that the exponent % would be optimal. See [52].
For example, in the last problem this may be seen by considering focussing solutions where
f is spread over a d-neighborhood of the unit sphere and u(-,t) is mostly concentrated on
a 0-disc when ¢ € (1,14 9).

When n = 2, estimate (37) was proved by Fefferman and Stein and then (38) by
Carleson and Sjolin, in the early 1970’s (see [52]). Estimate (39) is open even when n = 2
however; the known partial results on L*(IR?) correspond to loss of % derivatives ([36];
an improvement to loss of % — € derivatives appears implicit in [12], p. 60). In general
dimensions, the following implications are known.

(39) = (38) = (37) = (2)

The first implication is due to Sogge, the second which is deeper is due to Tao [58],
and Carbery [13] had shown earlier that the second implication can be reversed in a
slightly different context (replace spheres by paraboloids). We refer to [58] for further
discussion. Here though we will only be concerned with the last implication which makes
the connection with the Kakeya problem. Essentially this is due to Fefferman [23], another
relevant reference is [3] and the result as presented here is from [10]. A basic open problem
in the area is to what extent the last implication can be reversed. An alternate proof of
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the two dimensional Carleson-Sjolin result along these lines was given by Cordoba [18]. In
three or more dimensions, progress on this problem was initiated by Bourgain (see [10])
who obtained a numerology between partial results which however does not show that (2)
would imply (37). For a recent improvement in the numerology see [38] and [59].

A problem of a somewhat different nature is

Montgomery’s conjecture Assume 7' < N2. Consider a Dirichlet series,

N

D(s) = Z anpn’

n=1

where |[{a,}|le= < 1. Let 7 be a 1-separated subset of [0,7]. Then

VedCe: > [D(t)]> < NY(N + |T|)N

teT

An easy consequence (or reformulation) would be that
Vel - / ID(1)[2dt < NE(N + |E|)N (40)
E

if £ C [0,7] with the stated hypotheses on T" and D(s). This is an estimate on the
measure of the set of large values of D(s) and would also imply estimates of LP norms
with p > 2. See [9] and e.g. [37] for these remarks as well as some discussion of the
relationship between (40) and open problems in analytic number theory. Estimate (40)
can perhaps be thought of as an analogue of (37) where the oscillatory sum operator
{an} — D(s) replaces the extension operator f — fdo. Bourgain [9] showed that (40) is
again related to the Kakeya problem.
In the rest of this article, we will discuss implications of this type, i.e.

oscillatory integral estimates = Kakeya estimates

We first show that (37) implies (2), and will record the corresponding implications
between partial results. Let us recall the results that would follow from (37) using Holder’s

inequality and interpolation with the trivial bound Hf/dTIHOO < [ fllerao), say

2n n+1,

Fdoll < il 41
If 0’||qN||f||Lp(da>,p<n_l,q>n_lp (41)

This bound for p < 2 (plus its endpoint version where ¢ = Z—ﬂp' ) is a well-known theorem

proved by Stein and Tomas in the 1970’s and the case p = ¢ < QZ—J:} + € for suitable € > 0
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was proved more recently by Bourgain [7] using considerations related to question 2. See
[52] and [10].

Proposition 4.1 Assume (41) holds for a given p > 2 and ¢ > 2. Then, with r = ()’

and s = (%)’, the restricted weak type (r,s) norm of the Kakeya maximal operator is

< 621 Consequently the Hausdorff dimension of Kakeya sets is > 2r —n = q{—qQ —n.

In particular (37) implies (2).

Proof First let {T;}L,, T; = Tg(aj) be any collection of d-tubes with J-separated

directions e;. Let Tj = {x € R™ : 6’z € T;} be the dilation of T} by a factor § %, and let
X; and x; be the characteristic functions of 7T and T] respectively. Let C; be a spherical
cap with radius ~ § centered at e;, e.g. C; = {e € S" ' i e-e; > 1 — C716°} where
C' is a suitable constant. Take a bump function supported in C}, say ¢; € C3°(C;) with

o2 ~
hills =1, ¢; > 0 and ||¢;]ly &~ 6™ ", and let 1;(&) = €270 @iy (¢). If & € T}, then the
integral

m(x) _ Q/)j (6)6—2ﬂi§~md€ _ 6—27riej~(x—572aj) / ¢j (6)6—27ri(§—ej)~(x—572aj)d€

Sn—1 Cj
defining w/]%(x) involves no cancellation, so
[¥do] Z 8" 'X; (42)

Now consider the function f = > ; €%; where the ¢; are random £1’s. Since the supports
of the v; are disjoint we have

1
1 lzo(sn-y S (NO" 1)
and therefore, by the assumption (41),
Ifdolly S (N6 ) (43)

for any choice of £. On the other hand, if we let [E denote expectation with respect to
the choices of £, then by Khinchin’s inequality and (42)

E(|fdol|?) 2 6% (3" %))
J

pointwise. If we integrate this inequality and compare with (43) we obtain

1Y X
J

< (N§"hy»

N N
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Rescaling by 62, then taking 2th roots,
5= HZx]Hq (N5" )7

Now let F be a set, f = yg and
Q= {e: f3(e) 2 N}

Let {e;};7; be a maximal d-separated subset of Q and for each j choose a d-tube Tj as
above with |[E'NT;| > A|Tj|. Then

NAH < Z|TﬂE|

S \EV"HZXJHQ

< |E|176 (Nén—1)5572(n71)+4f
Using (6) this implies that
Q' S AT B[ s

ie. |Q <A YE|707257Y which is the bound that was claimed. The dimension state-

ment in the proposition then follows from Lemma 1.6, and the last statement also follows

by letting p — nT” and using well-known formal arguments. O

Remarks 4.1. The original Fefferman construction was of course a counterexample;
essentially he showed

If the disc multiplier were bounded on LP with p # 2, then families of tubes with the
property in Remark 1.2 could not exist.

The paper [3] applies the argument from [23] to the restriction problem in the above
way but the result is again formulated as a counterexample. The formulation as an

implication concerning the maximal function is from [10].

4.2. 'We present another application of the Fefferman construction which shows the
following.

Claim For any n > 2,p > 2, K < o0, there are solutions of [Ju = f in n space
dimensions, with || f|le < 1, suppf C D(0,100) x [0,1], and

/ T Py (44)
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The analogous statement with the xz-gradient replacing the t-derivative can be proved
in a similar way. The statement can be understood as follows: the energy estimate for the
wave equation implies via Duhamel’s principle that ||Vu(-,t)|2 < || fll2 if say t € (2,3)
and f is supported in R™ x [0,1]. The claim says that there can be no such estimate
in P, p > 2, even if one is willing to average in ¢ as in (39) and to restrict to bounded
f with compact support. The claim was proved by the author after discussions with S.
Klainerman but it is very close to the surface given [23]. The analogous statement for
the initial value problem is essentially that (39) fails if the W?€ norm is replaced by the
LP norm on the right hand side; this is a formal consequence of [23] as was probably first
observed by Sogge.

The construction below by no means rules out an estimate with loss of e derivatives.
In fact the estimate f;’ 194, O o @nydt S NI fllpe With 2 < p < 22 and any € > 0 would
follow from (39) via Duhamel.

Proof of the claim If 2 € R™ then we will use the notation z = (z,,7), T € R"" .
For an appropriate constant C' and any small enough ¢ there is a solution of Ou = f
with

I flle <1, suppf C {(z,t) :0<t<1,0<uz <1,z <4}

and
%4> C' when 2 <t <3,z €Y" (45)

where Y? is a subset of {x € R" : 2 < x; < 3, |Z| < 6} with measure > C~1§" 1.

This is essentially just the fact that there are high frequency solutions of the wave
equation travelling in a single direction tangent to the light cone, which implies we can
find f with the indicated support and such that u restricted to 2 <t < 3 is also mostly
concentrated where |Z| < §. The conclusion then corresponds to conservation of energy.

A rigorous argument can be based on the explicit choice

fx,t) = @™ N g(2)(571T) y ()

where N is very large, ¢, 1, x are fixed nonnegative C§° functions, ¢(0) = 1,suppyp C
D(0,1), suppp =suppx = [0, 1] and ¢ and y are strictly positive on (0,1). Let u be the
corresponding solution of the wave equation. Then u is given by the formula

u(x,t) _ /€2wix-£Sin(27;(;|g| S)|§|)€f2m'Nng(€l - N)é”’lz/}(ég)x(s)dﬁds

One can differentiate for t and then evaluate the resulting integral precisely enough to
obtain (45) in the region |z —¢| < 3, |z| < C~'4. We omit the details.
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If E is a set in space-time then we will use the notation F* = {x € R" : (z,t) € E}. By
Remarks 1.2 and 1.3 we can find disjoint d-tubes {T;}}1, in R" (M =~ ¢~ =1y such that
the tubes T obtained by translating the 7;’s by 2 units along their axes are all contained
in a set With small measure a(8). Let II; = Tj x [0,1] € R* x R, and let I, = T} x [2,3].
By the first step of the proof there are functlons u; and f;, Ou; = f;, with f; supported
on Iy, || fillee < 1, and | a’| > const on a subset Y; C II; which satisfies Yi|~ 0" ! for
each t € (2,3). Let Z = U,Yj; then | Z < a(0) for any t € (2, 3).

Let {¢;} be random +1’s. Consider the functions u = > €;u;, f = >, €;f;, which
satisfy Ou = f. The II,’s are disjoint, so || f||oc < 1 for any choice of ¢;’s. On the other
hand, by Holder’s and Khinchin’s inequalities, for any fixed ¢ € (2, 3) we have

E o Pde)s ) 2 a() VR (. 1)[2de)
(. ) (. )
= (12/Z|8u]xt|dx

z (1—2)Z|Yt| Na 1—5

which shows there can be no estimate of the form

( / 2 ||LpRn>dt) < Clfll

with p > 2 when f has support in D(0,100) x [0,1]. We then also obtain (44), since an
estimate to L;(L%) would imply an estimate to L7(L{) (; = 3(3 + ) by interpolation
with the energy estimate to L(L2). O

We now discuss the argument from [9] relating (40) to (2). Bourgain showed there
that Montgomery’s conjecture if true would imply Kakeya sets have full dimension and
a bound like (2) with a different L? exponent. We reworked the argument a bit for
expository reasons and in order to obtain the precise result (40)=(2).

The logic is that (40) implies a Kakeya type statement for arithmetic progressions,
which in turn implies (2) for all n. Thus the implication (40) = (2) follows by combining
Propositions 4.2 and 4.3 below.

If v € (0,1),0 € R, then we denote

PE(B):{xG[O,I]:|x—(jl/+ﬁ)| < 0 for some j € Z}

ie. P,fs (B) is the d-neighborhood of the arithmetic progression with modulus v which
contains [, intersected with [0, 1].
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Proposition 4.2 Assume the conjecture (40). Then for any e there is Ce such that the
following holds.

(x) Fixn € (0,1), 6 € (0,n). Let E C [0,1] be such that
W eYIBeR: [F2(B)NE| = NP({B) (46)

2
where A € (0, 1] satisfies A > C’e(%)*e-n, and where Y is a subset of (2,7) with |[Y| > 5

100"
Then )

|E| > C&(%)EA

Proof This will be formally similar to the proof of Proposition 4.1 if one makes the
analogy

line segment «— arithmetic progression
spherical cap «— interval of integers

Claim 1: Let N and T be as in (40) and let €y be a suitable constant. Then, for
v € [§,N] and 8 € R, the Dirichlet series

ds)= S ety (47)
nifn—[v]|<€o

satisfies

|d(s)| 2

3=

when s < T and dist(s, 2nvZ + ) < VT.

Proof This is the “short sum” construction in [9]. Assume at first that v € Z. The
Taylor expansion of the logarithm function shows that n's = piseis(*7*+0(*7)%)) 5o that
e~iv(nV)pis = yiseiln=)*TE+isO((*7)") | Thus the sum (47) involves no cancellation and
the bound follows immediately. The general case (i.e. v ¢ Z) follows by replacing v
by [v] and noting that this does not significantly affect the hypothesis on s, since if

dist(s, 2mvZ + 3) < V/T then dist(s, 2r[v]Z + B) < VT + CL < VT.

We therefore define P,(8) = {z € [0,T] : dist(s, 27vZ + ) < VT}. We also fix a
number ¢ > 0 and let C¢ be a suitable constant.
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Claim 2 Assume (40) and let E be a subset of [0, T'] with the following property: there
is a set Y C [§, N] with |Y| > &, such that for any v € Y there is 3 = 8(v) € R such

that |E N P,(6)] > A|P,(8)|. Then
|E| > C'N~€T A (48)
provided A > CeN 6%.

Proof Let €y be as in claim 1, choose a maximal 260% + 1-separated subset {v; }]]‘il C
Y, denote P; = P, (f3;) and let x; be the characteristic function of P;. Construct Dirichlet
series d;(s) = ZMW[WHSGO% a,n’ via claim 1 so that |d;(s)]> 2 Xx;. Let D(s) =
Zj €;d;(s) where the €; are random £1’s. By Khinchin’s inequality

E(lD(s) Z X; (49)

pointwise. On the other hand the coefficient intervals for the d; are disjoint so for any
choice of £1, D(s) will be a Dirichlet series with coefficients bounded by 1. Integrating
(49) over E and using (40), we obtain

N & X
F2IENAI 5 B[ DG
j=1

< NN +|E|)N

~

We have M =~ /T, and for each j we have |[ENP;| > )\%. So we obtain TA < N¢(N+|E|).
Under the stated hypothesis on A this implies (48).

Proposition 4.2 follows from claim 2 by rescaling: set T = § 2 and N = nd 2, and
make the change of variables © — Tz, v — Tv. O

Proposition 4.3 If (%) holds then (2) holds in all dimensions n.

Proof We first observe that () implies a generalization of itself via a well-known formal
argument (one of the arguments in the Stein-Nikisin theory, see [50], p. 146). Namely,

drop the hypothesis |Y'| > I5. Then, with the other hypotheses unchanged,

'?'(i) (50)

To prove (50), let pY be the dilation of Y by p. One can find numbers {p;}}2, C (3,2),
where M ~ ‘g‘ so that ¥ &/ U;p;Y satisfies |Y| > 5. Let E = U;p,E. Then E satisfies

(46) when v € Y so |E| > )\(5 )€, hence |E| 2 AM~ (5 )€ which is (50).

Bl Z A
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Now we consider the Kakeya problem, and will give without detailed proof a few
reductions made in [7], p. 152.

A. In order to prove (2) it suffices to prove the following inequality: let E be a set in
R", let 2 be a subset of S"~! with || > %, and assume that for any e € (2 there is a tube

T9(a) such that [T (a) N E| > A|T9(a)|. Then
Ve > 03C¢ : |E| > C 16 N\" (51)

To make this reduction one first observes that (2) is equivalent to the corresponding
restricted weak type statement,

E
o€ 5% f3(e) 2 A} S 71 (52)

where f = xp, and then uses the above argument from [50] to reduce (52) to the case

where the left hand side is > 1. Furthermore, if |E N Tg (a)] > )\|T65 (a)| even for one
choice of e and a then clearly |E| > A6"*. It follows that in proving (51) we can assume
A >,

B. We define Q to be the unit cube [0,1) x ... x [0,1). Let N be an integer to be
fixed below, such that % < 4. If v € Z", then we define @, to be the cube [%, VITH) X
oox [ty When we refer below to a +-cube we always mean a cube which is of the

NN
form @, for some v € Z". In proving (51) we can assume that E is contained in Q; this
follows easily since the tubes Teé (a) have diameter < 1. Furthermore we can assume that
E is a union of 1--cubes; see [7].

C. It is easy to see that fg(e/) < C’fg(e) if e — €'| <4, since any tube Tg(b) can be
covered by a bounded number of tubes of the form Ted (a). Accordingly if Q2 is asin A., C4
is a constant, and if dist(e, Q2) < ;4 then there is a such that |T65(a) NE| > C_l)\\Tf(aﬂ
where C' depends on Cf.

In proving (51) we may assume that
1
QN{eeS" e > §}|

is bounded below by a constant depending on n only, since we can always achieve this
by an appropriate choice of coordinates. In addition, as indicated above we may assume
A > §, and we may certainly assume that € is small. Fix integers N and B satisfying the
following relations:

B
BTIN? x X and = ~§ 5
and — (53)
Then N = (5)\)1:226, so that
N§ is large, N < 673, B is large, and BN™™ < B! (54)
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Define a map @ : R" — R via

[Nx] N [N, [Nz, 1] Nz,

O(x) = N e +...+ N N

Then ® maps Q into [0,1). We make a few additional remarks about the definition:

(i) Note the distinguished role played by the last coordinate.
(ii) ® maps %—oubes on intervals of length N~", hence if E is a union of %-cubes then
D(E)| - ||
(iii) Suppose that « € R™. Then z belongs to a unique +-cube Q,. Define 7(z) (“tower
over z”) via
T(x) =U(Q, : p; = v; when j < n and |u, — v,,| < B)

Then, for any =, ® maps 7(x) on an interval of length 23+1.
(iv) Suppose that w = (&,... %) where the {k;} are integers. Set v(w) = o %

Then ® maps any arithmetic progression {z + jw}ez to an arithmetic progression in R
with modulus v(w).

A lattice vector will be by definition a vector in R"™ of the form

kl kn
w = ( N N)
where the {k;} are integers with k; € (25, %) and >k < 2k;. Thus any lattice
vector w satisfies |w| ~ 5. We note that if e € S"! satisfies ¢; > 3 then |e — ﬂ\ < 6 for
approx1mately lattice Vectors w, namely all the lattice vectors w = N which correspond
to integer Vectors k such that |k — te| < 1 for some ¢ with ¢ ~ % Accordingly, for an
appropriate constant A there are 2 ( )" lattice vectors w such that dlSt(‘ |,Q) < AJ.
We denote this set of lattice Vectors by A.

If w € A, then we will abuse our notation slightly and denote the tube T% (a) by Tg(a).

By C. above, for each w € A we can choose a € R" so that \Tg(a) NE|l 2 )\\Tg(a)|. It
then follows by an averaging argument® that there is ' € R" such that

[EN(ULir(d + jw)| 2 A ULy 7(d + jw) (55)

5Namely: let m be the measure of the set UB > 7(a" 4+ jw); m is clearly independent of o', and
furthermore if © € R" is given then the measure of the set O’I ={d : 2z e UL 7(d' + jw)}| is also

comparable to m. If © € T6( ) then, since £ < 6 and |w| < &, the set o, will be contained in T6( ),

~

the dilation of T5( ) by a suitable fixed constant. It follows that | 70 (a) |EN (UL 7(d + jw))|da’ >
3¢\ A 5 5
fTé(a)ﬂE oz |dz > Am|TO(a)| = Am|T?(a)|, so (55) holds for suitable a’ € T (a).
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Now set p = 4}3”- By (iv) above, the image of the progression a',a’ + w,---a’ + Bw

under & is an arithmetic progression 3, f4+v(w), - - -, +Bv(w). By (iii), ®(UZ,7(a'+jw))
is a union of intervals containing the points of this progression, with the length of each
interval being less than p and comparable to p. Since E and Uf:ﬂ'(a’ + jw) are unions of

+-cubes, (55) and (ii) then imply that |®(E) N P?(B)| 2 A|P?(3)|. We conclude:

N

If v = v(w) for some w € A, then there is # such that

[P2(8) N E| 2 AIP2(B)] (56)

Let Y = {v € R: |v—v(w)| < N for some w € A}. It follows easily that (56)
continues to hold (for suitable 3) for any v € Y. Note that Y C (55, %) (because of
the requirement 25 < ki < ¥) and also [Y| 2 B~ since the set {v(w) : w € A} is
N "-separated and has cardinality > (%)™

Now A is large compared with B~ - (B(BN™")?)7¢ by (53), (54), so we can apply
(50) with n = B™!, § = BN, and with % > B~"D_ We conclude that |®(E)| >

AB~(=D(B3N-2")€_ Again using (53) and (54), we obtain [®(FE)| > A" N-27°€ > \n0n7¢,
But F is a union of 1-cubes so |E| = |®(E)|, and since € is arbitrary this proves (51). O
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